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THEORY OF EQUATIONS, 


SECTION I. 

ON THE GENERAL PROPERTIES OF EQUATIONS. 

DEFINITIONS AND PBINCIPLBS. 

1. Every equation under a rational form involving the 
powers of only one unknown quantity a?, may, by dividing* 
its two members by the coefficient of the highest power of op , 
and transposing the terms, be reduced to the form 

where a?% the highest power of ar, is positive, and its coeffi¬ 
cient is unity; and the coefficients of the other 

powers of aj, are known quantities which may be positive, or 
negative, or zero. 

The equation is said to be of the number of dimensions, 
or of the degree, which is expressed by the index of the 
highest power of x which it involves; and to be complete, 
when it contains all the other inferior powers of aj, and a con¬ 
stant or absolute term; otherwise, to be incomplete. 

Every quantity or expression, real or imaginary, which, 
when substituted foi»aj in the expression a:^+^,aj"“* +... 
makes the whole vanish, is called a root of the equation 

a?" + + ... + +i>, = 0. 

To solve an equation is to find all its roots. 

Obs. To effect the g^eral solutioft of equations, wouldf^ 
be to find the expreswons foi? all the roots of an equation ol^ 
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any assigned degree in terms of its coefficients, the coefficients 
being general symbols. This has hitherto been done only 
for equations of a degree not exceeding the 4**^ ; and even for 
cubic equations, it will be seen that the functions of the co¬ 
efficients which express the roots, are insufficient to give the 
numerical values of the roots when they are all real; hence 
we are led to suppose that if we could obtain general formulfe 
for the roots of equations of the 5**^ and superior degrees, wc 
should be unable to obtain from them the numerical values 
of the roots by the simple substitution of the numerical values 
of the coefficients. 

This supposition has been confirmed by the successive 
investigations of Geometers, who have shewn that the general 
solution of an equation whose coefficients are indeterminate, 
and whose roots have no particular relations to one another, 
is impossible beyond the fourth* degree. It has also been 
shewn by Abel that, if two roots are so connected that one 
of them can be expressed rationally in terms of the other, 
the equation, if its degree be a prime number, is solvable by 
radicals; and if a composite number, its solution depends on 
that of equations of inferior degrees. And more recently 
Gallois has demonstrated that, in order that an irreducible 
equation, whose degree is a prime number, may be solvable 
by radicals, it is necessary and sufficient that, any two of its 
roots being given, the others can be obtained rationally from 
them. 

2. ' It has therefore become necessary to invent methods 
for obtaining, either exactly or approximately, the roots of 
numerical equations; and which, although only applicable 
to such equations, depend for their demonstration upon cer¬ 
tain general properties of equations. The investigations con¬ 
stituting the Theory of EquatioUs, which may in general be 
conducted by processes purely algebraical and elementary, 
brides affording a knowledge which will have its use in 
almost every branch of Analysis, will be found particularly 
serviceable as an exercise to the mathematical student; they 
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naturally distribute themselves under these three heads, 1st 
those relating to the general theory of equations, that is, to 
the properties whieh are common to all equations; 2ndly, to 
the solution of numerical equations, that is, to the determina* 
tion of values either exact or approximate of the roots of an 
equation whose coefficients are given numbers j and 3rdly, to 
the algebraical. solution of equations, that is, to the determi¬ 
nation of an expression composed of the coefficients of a given 
equation, which, substituted for the unknown quantity, shall 
identically satisfy the equation. These investigations it is 
the object of the following Treatise to exhibit; not under the 
separate heads above named, but intermixed in such a manner 
as shall seem most convenient to the learner. 

3. If the signs of the terms of any equation be all posi¬ 
tive, it cannot have a positive root; and if the signs of a com¬ 
plete equation be alternately positive and negative, it cannot 
have a negative root. 

For, in the former case, every positive quantity, substi¬ 
tuted for £c, will give a positive result, instead of making the 
whole vanish, and therefore cannot be a root; and in the 
latter case, every negative quantity, substituted for ar, will 
give a positive or negative result, according as the degree of 
the equation is even or odd, instead of making the whole 
vanish, and therefore cannot be a root. 

4. If a quantity a be a root of the equation 

a?" + ...+;?« = 0, 

the first member is divisible hy x —a without a remainder, 
and conversely. 

Suppose the expression which 

we shall hereafter denote by/(re), to be divided by a; - a ; 
now since a; — a is only of one dimension with respect to x, 
the division may be carried on till we obtain a remainder in¬ 
dependent of £c; let ^ be the quotient, in which only positive 
powers of x will enter, and the remainder; - 
f(^) = Q' (x — a) +JS .( 1 ). 
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ihi» identical equation write a ht ai, then the first 
memher becomes'zero, because a is a root of /{os) s 0$ also 
the term Q,{x^a) vanishes, since one of its factors vanishes 
Imd the other cannot become infinite; thereforei2»0; and 
since B does not contain it is not altered bj substitating 
a for X, and tiierefore zero is the value of ^ in equation (1), 
whatever be the value of x; that is, /{x) is exactly divisible 
by a? — a. 

' Conversely, if the expression be 

divisible by a; —a without a remainder, a is a root of the 
equation 

X* + Pj + jj.a?’'"® +... +pn = 0* 

¥oTff{x) =5 Q,{x — a)j where Qis a polynomial containing 
only positive powers of as; if therefore a; = a, /(a) s= 0, or o is 
a root of the equationy (a;) =* 0. 

5. Hence, since a is evidently a root of as" —a^^O, 
a^* — a* is divisible by as •- a, whether n be odd or even; 

_and the quotient == af"* + ax"^ + ... + a”~\ 

J^lb, when n is even, as" — a* is divisible by aj + o; since in 
that case, — a is a root of as* — a* = 0. 

When n is odd, — o is a root of oj* + a* = 0; therefore in 
this case, + a* is divisible by a; + a, but not by aj — a. If n 
is even, af+a" is divisible by neither a? + a nor a? — 

6. To find the quotient and remainder, when the exr 
pression af*+j?,af^ + ... +p^ is divided by aj —o, a being any 
quantity. 

Let the division be carried on till the remainder is in¬ 
dependent of Xj and let Q be the quotient and B the re¬ 
mainder ; 

af+pja!*^+^,®^ + ... +Pu = Q (a? — o) + jB.(1), 

in which identical equation, since B does not contain a;, and 
^ contains only positive powers of a;, if we write, a for x, 
' we get , 
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that is, the remainder, after dividing f{x) by is equal 
to /(«), the value assumed by f(m) when in it a is written 
for X, 

Next, substituting this value of ^ in equation (1) and 
transposing, we have 

of" —a**{a^ — o*-*) +j)^ {a^ — 4-... 

but the quantities £c" —a", —... are all divisible Igr 

x — a; therefore, effecting the division, we get (Art. 5) 

+ oa?""* + a^x*~* 4 ... 4 a""* 

4^1 (aj"-*4 aa;’^4 o*a;’^4... 4 4 ... 4^n-i — Ql 

or, arranging the result according to powers of x, 

Q = a?*”^ 4 (a 4J?,) a;*“* 4 (a“ 44i?a) + 

(a” 4 ^,o* 4 p^a 44 ... 4 (a""* 4 
4i?8a’‘"*4... +Pn.i) ; 

that is, in the quotient oif{x) divided by a; — a, the coefficient 
of the first term a;*"^ is unity; and the coefficients of the other 
terms are formed, one from the other, by multiplying the 
coefficient of the preceding term by a, and adding the co¬ 
efficient of that term in f{x), which involves the same power 
of a; as the preceding term does. 

EXISTENCE OF ROOTS AND FACTORS. 

7. If two quantities a and 5, when substituted for x 
in the expression /(a;), give results affected with different 
signs, one root at least of the equation/(aj) =0 lies between 
them. 

Suppose a<hi and suppose a to give a positive result, and 
h a negative result, when substituted for x in the expression 
/(a;). Let P be the sum of the positive, N the sum of the 
negative terms in ^*( 3 ;); then when x^a^ P— AT is positive 
orP>N| and when a? = 5, P—iV is negative or P<N; let 
X change by insensible degrees from a tor then P and AT 
both increase, but P increases slower than AT, since when 
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consequently, for some intermediate value of 
a>.between a and 6, P^Nf or P—^*=0, or^(aj) becomes equal 
to zero; this value tberefore is a root of the .equation. 

If the smaller quantity a gave a negative result, the proof 
would be precisely similar. 

Also, since the first member of the equation may pass 
several times from positive to negative, or from negative to 
positive, by the substitution of gradually ascending values 
between a and 6, it follows that several roots of /{x) =^0 
may be comprised between a and b, and we are certain that 
one is. 


8. Hence, if there exist no real quantity which, sub¬ 
stituted for Xj will make f{x) vanish, f[x) must be positive 
for every value of x; for f{x) became negative for any 
value b, since by putting it under the form 


/(x)=x>(l+&+a+...+fj, 


and substituting co , that is a quantity indefinitely large, for x, 
we necessarily obtain a positive result (ao)" (the quantity 
witkito the brackets being reduced to unity), the equation 
f{x)=0 would have a real root, lying between b and oo 
(Art. 7), which is contrary to the supposition. 

Also, if mf{x), we substitute — oo for x, we evidently 
get a result (—oo)**; i.e. +co , or — co, according as n is 
even or odd. 


9. It is always possible to assign such a finite positive 
value to X, that for that and every greater value, f{x) shall 
be positive; and such a finite negative value, that for that and 
every greater negative value, f{x) shall be positive or negative, 
accofding as n is even or odd. 

Let p be the greatest coefficient without regard to signs; 
then if 

a;*>^ (3;“"^ + ®"“*+ ... +£c + 1 ) > p~—~ i 
i ^ll ei course have 
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because in the latter inequality some of the terms may be 
negative, and no positive term is greater than the correspond¬ 
ing term in the former case. Now the inequality 

. a:" > « ^^ is satisfied, if 3 ;*= or > x” —^ , 

or if £P = or >p +1; therefore ^ +1, and every greater number, 
is a value of x which makes the first term of 
+Pn greater than the sum of all the other terms; or makes 
the value off{x) positive. 

Again, let a; = — y; then, according as n is even or odd, 
x” +... + pn^iX + p„ becomes 

f-py~'+'--~Ps^I/+P,^> 

or - {f -py-^ + ... +p^i/ -p»). 

Now by what has already been proved, the value p + J, 
and every greater value for y, makes the former expression 
positive, and the latter negative; but this value of y corre¬ 
sponds to — +1} for a:, at the same time that the preceding 

functions of y correspond to f{x ); therefore the value — (p+1), 
or any greater negative value for x, makes x''-\-py~^-^...+p^ 
positive or negative, according as n is even or odd. 

This proposition shews what term in f{x) is the most im¬ 
portant, when very large values are given to x; viz. the term 
which involves the highest power of x ; since a moderate value 
p + \ for a; makes a?” exceed the aggregate of the remaining 
terms oif{x). 

10. Every equation of an odd degree, has at least one 
real finite root of a sign contrary to that of its last term ;#md 
every equation of an even degree with its last term negative 
has at least two real finite roots of different signs. 

First, let the equation be of an odd degree with its last 
term negative; then x—d gives a negative result, and x=p+\ 
gives a positive result (p being the greatest" coefficient with¬ 
out rega^ to signs); therefore the equation has at least 
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veal TCK^ Ifilielast tenn 

be then os^O pvea a positive result, and ay»-(p+l) 

giv^ a negative restilt; therefore the equation has at least 
one real negative root between 0 and — (p+1). 

Secondly, let the equation be of an even degree with its 
l^t term negative; then x = 0 gives a negative result, and 
each of the values, a;=p + l, a; = —-(jj + l), gives a positive 
result; therefore the equation has at least two real roots, one 
positive between 0 and p +1, and the other negative between 
0 and — (p + 1). 

Obs. The mere existence of the roots may be proved, 
without reference to Art. 9, as follows. 

In an equation of an odd degree, if the last term be 
negative, a; = 0 gives a negative result, and x=co gives a 
positive result; therefore, there is at least one real root be¬ 
tween 0 and 00 , or one positive root. Similarly, if the last 
term be positive, a? = 0, a; = — oo, gives results with diflPerent 
signs, and therefore include between them at least one real 
negative root. 

If tlite equation be of an even degree with its last term 
negative, then aj = 0 gives a negative result, and a; = ± oo , 
a positive result; therefore the equation has at least two real 
roots of different signs. 

11. If Ml equation have only one change of signs, it can 
only have one positive root. 

Since the equation has only one change of signs, it will 
have one or more positive terms, and all the rest will be nega¬ 
tive therefore (Art. 10) it will necessarily have a positive 
root a ; let be the last positive term, and let the equa¬ 
tion be divided by and it will be 

then'when the two parts become equal, but if aj> «, 

the first part increases and the second diminishes; and if 
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x<a (continuing positive), the fijst ps4 
second increases; therefore it is impossible that for anj pQin^ 
tive value except aj=o, the two parts should be equal, or that 
the equation should have more than one positive root. 

12. Hence, we are certain of the existence of a real finite 
root in every equation unless it be of an even degree with its 
last term positive, in which case it may have no real root; 
but then there may, and, as will hereafter be shewn, must' 
exist an impossible expression of the form a+ /d (a and 
/3 being possible quantities) which, substituted ur a? in/(a?), 
will make the whole vanish. We shall therefore, for the 
present, assume that every equation admits a root of the form 
a + a and /3 being real finite quantities, or either 

of them being zero ,* that is, we shall assume, not only that 
every equation has a root expressible by algebraical symbols, 
but that a+/3y/—l is the form which the root necessarily 
takes. 


13. Every equation has as many roots as it has dimen¬ 
sions, and no more. 

Since every equation has necessarily a root real or ima¬ 
ginary, let a, be a root of/(£c)=0; theu/(£c) is divisible 
by x — a^; let (x) be the quotient, 

/(oj) denoting a polynomial of » —1 dimensions, exactly 
similar* to/(a;), and having therefore the same properties. 
Hence (a?) =0 must have a root real or imagina^; let 
this bea 5 j,.and let^(£c), a polynomial of w-2 dimensions, 
be the quotient {x) divided by £c - at,; 

•••/W = (®-«a)/>(»). 
and f{x) -{x- aj (a -n,) f^{x). 

Similarly, f,{x) ^ {x-a,) {x) ; and proceeding in this 

manner,, we shall at last come to a quotiei^t of only one 
dimension in ^ (» — <»«) where(a;) is numerical, and 



mtist^ual unity, because the coefficient of x* mf(x) is unity, 
so that 

therefore, by successive substitutions, we have 

/(®) ~ (*^“^9) 

Now in order that the product of n simple factors may 
vanish, it is sufficient that any one of the factors should 
vanish; therefore we shall satisfy the equation/(») = 0, by 
giving to X any one of the n values a,, o,, otg,... a». 

Neither can we satisfy it by any other values; for, if 
possible, let e be a root of f{x) = 0, e being different from 
each of the quantities o^, a,, then /(e) or (e — a,) 

(c —aj ... (e —aj must be equal to zero; but this is im¬ 
possible since not one of the factors is so; therefore e is not 
a root. Therefore every equation of the degree has n roots, 
and no more; and every polynomial of the n*** degree is re¬ 
solvable into one determinate system of n simple Actors. 

Qbs. In the above proposition, the divisors are not neces- 
# sMy different from one another; any number, or all, of them 
may be alike: and it is in this sense that an equation is said 
to have as many roots as it has dimensions, namely, that its 
first member is resolvable into as many simple factors, equal 
or unequal, as it has dimensions, each of which equated to zero 
will furnish a root; so that as many times as any factor x — a 
occurs in its first member, so many roots equal to a ydll the 
equation have. As the existence of equal roots in an equation 
can be easily detected, and the equation cleared of them, we 
shall in general suppose that to be the case *, in order to get 
rid of exceptions to which several of our conclusions would 
otherwise be liable. 

14. If a pol 3 momial of the n*** order, 

* /(aj) +&c. +pn-i® + 

" be made identically equal to zero by more than n different 
values of then each coefficient&c. mint be separately 
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eqtiAl to zero, and/(aj) must be id^ticallj equal to zeiu^for 
every value of x; for, otherwise, the equation/(a?) = 0, would 
be satisfied by more than n different values of a?, which is 
impossible. 

Hence, abo, if we have, for more than n different values 
of a?, 

i’o®" + &c. + &c. + p'n » 

since this equation may be written ^ ^ 

(i’o -P'd + iPi -/i) +P« -p\ ' 0, 

we must have p^ =p'oi pt =p\j &c., p^ —p'n .; and the two poly¬ 
nomials will be identical for every value of x. 

15. Hence, if we know a root a of the equation /(a?) = 0, 
we may divide the first member by a? — a, and the quotient 
put equal to zero, will be an equation, one dimension lower, 
containing the remaining roots; or we may form the reduced 
equation immediately, without the trouble of division, by the 
rule of Art. 6. Similarly, if we know two roots a and h of 
f{x) = 0, by dividing its first member by {x — a) (a? — 5), and ^ 
putting the quotient equal to zero, we shall obtain an equation, 
two dimensions lower, containing the remaining roots. And 
in general, if we know n—r roots of f{x) =0, by dividing 
f{x) by the product of the simple factors corresponding to 
these roots, we may form the reduced equation of r dimensions, 
,^{x) = 0, containing the remaining roots; and if f{x) = 0 
has only n — r real roots, then all the roots of ^ (a?) — 0 are 
imaginazy, and in this case ^ (x) is a polynomial of an even 
number of dimensions with its last term positive, and is 
incapable of being made negative by any real value of a:, 
(Arts. 8 and 12). 

Hence also, if all the real roots ... of an equation 

of n dimensions have been obtained, the eqjoation will be 

(aj- aj {x - cj ... (x-a^r ). <^( 0 ;) = 0, 
where ^ (ft:) i%such as has been described. 
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[ 16. ImpOiBsible roots enter equations by pahs, each pair 

iconesponding to a reid quadratic factor of the polynomial 
I forming the first member. 

Let a + /8 V — 1 represent one of the imaginary roots, 
and let it be substituted for x in the first member of the 
equation/(a;) = 0. The result will consist of two parts, 
possible quantities which inYolve the powers of a and the 
even powers of V — 1, and impossible quantities which 
involve the odd powers of /8 let P be the sum of the 
possible quantities, and that of the impossible quan> 

titles; therefore the whole result is 

• P+ 

where P and Q contain only even powers of /8. 

Now since a 4- V —1 is a root, 

P+g/8V^ = 0; 

and as no part of P can be destroyed by 1, this 

resolves itself into P =: 0, Q Now for x substitute 
ai^vCTi, 

or change the sign of /3 in the former result; 
then since P and Q contain only even powers of /8, the 
result is 

vdiich, since P=0, ^*=0, is equal to zero; therefore a— 
is a root of f(x)ssO. Therefore the proposed equation admits. 

a pair of roots and a —which are said to 

be conjugate to one another; and its first member admits the 
two &ctors 

and will therefore be divisible by their product which equals 

(oj — a)*+or* aj^-—2aaf + «*+/S“. 

In the same maimer it might be shewn that when the co¬ 
efficients are national, surd-roots of the form <i±»Jb enter 
equations by pairB. * * ** 
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17* Hence t^e totfd number of impossible roots in unj 
ieqnation will always be even; and ev^ equation of an eten 
degree may be resolved into real factors of the second degree; 
for every pair of impossible roots will produce a real quad¬ 
ratic factor; and the possible roots^ since there is an even 
number of them, may also be divided into paim, each of which 
will produce a real factor of the second degree. 

Also, since /(a;), a polynomial of the «*•* degree, always 
admits n divisors real or imaginary of the first degree, it will 

71 — 1 ) , , 

admit ’ difierent divisors, real or imaginary, of the 

1 • A 

second degree; ^ ~ of the third degree; &c.; 

and, in general, it will admit —” ^ »' + l) 


1.2.3 ... r 


of the 


r”* degree, as each of these will be a combination of r out of 
the n simple factors. Also the total number of divisors of all 

. d, • 

degrees will be 2* — 1. 


18. To actually decompose the first member of a given 
equation f{x) = 0, into its real, simple or quadratic factors, 
is the great problem to the solution of which all enquiries in 
this subject are directed; but the inverse problem, to form 
the equation when the roots are given, offers no difficulty; 
for, knowing the component factors of th^ polynomial forming 
its first member, we can determine that polynomial by the 
common process of multiplication. Thus, to form the equa- 
ticm whose roots are a, — c, c, a ± /S we must mul¬ 
tiply together the factors 

aj-o, aj + J, (aj-c)®, as^ — 2aa5 + a“ + ^. 


BELATIONS BETWEEN THE COEFFICIENTS AND BOOTS. 
19. To find the relations between the coefficients and 

. ^ I* 

roots of an equation. 

We must first ascertain the law of formation of the pro¬ 
ducts of any number of binomial fibotors a; + a, x + hy a; 4* 0| 
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&C., which have all the same first term x, bat difiBerent second 
terms a, bf c, &c. 

Bj actoal multiplication we. get 

{x + a)(x + b)ssa^+(a + b)x + ab 
(x + a) (x + by (x + c) ^ x’ + (a + b + c) 

+ (aft + a<5 -f* Ac) oj + 

t 

{x + a) {x + b)' (x + c) {x + d) — X* + {a + h + c + d) a? 

•^-{ab + ac + ad+be+ bd + cd)3^ 
+ (abc + abd+acd + bed) x + abed. 

In these products we observe that the index of x dimi¬ 
nishes bj unity in each term, fi*om the first term where it is 
the same as the number of factors, to the last where it is zero; 
also the coefficient of the first term is unity, that of the second 
is the sum of the second terms of the binomial factors, that of 
the third term is the sum of the products of every *two, that 
of the fourth term is the sum of the products of every three, 
and the last term is the product of all the second terms of the 
buK^ial factors. To prove these laws of the indices and co- 
efi^ients generally true, we must shew that if they be true for 
n — 1 factors, they will be true lor n factors. Let therefore 
• the product of n — 1 factors 

(a; + a) (aj + ft) (x -Pc) ... {x-\-k)=^ aj**"'-1- 8^x'*‘^+ + ... 

-f- 8f_^af'~^ -+•... 

where 8^, 8^^ &c. denote the sum, the sum of the products of 
every two, &c., of the » — 1 quantities a, ft, c ... ^. Now in¬ 
troduce another factor x + l, and we find for result 

x^ -J- {8^ + T) af^ + + 18^ + • • v 

4 + {8f -H I8f^ a^ + ,.. 4- 

With respect to the indices, the law is unchanged; with 
respect to the coefficients, that of the first term is still unity; 
.that of the 2nd 

■ =5 sum of the n quantities a, ft, o,... 
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that of the drd 

*= + I8i — sum of the products of every two; 

that of the (r +1)*** 

^8r + I8r-t ” products of every r ; 

and the last term 

= ^^n_i — tlie product of the n quantities. 

If therefore the law of formation of the product be true for 
n — 1 factors, it is true for n ; but it is verified for 2, 3, &c., 
factors, therefore it is generally true. 

Now let a,b,c,...l he the n roots of the equa‘Iony(a;) = 0; 
then 

a;" + jp*®""*4-... + + ... 

= (a? — «) (a; — &) (a; — c) ... (a; — /) 

= aj"+ >8',a;“-^-f >^ 2 a;""*+... + 8ri>s”~''' + ... + 8^, 
where 8^, &c. denote the sums of the various combina¬ 
tions (taken singly, two and two, &c.) of — a, — 5, &c.; that 
is, of the roots with their signs changed; therefore, equating 
coefficients, 

Pt = Pa= •‘•Pr = 8r, Pn=8n', 

or, coefficient of 2nd term with its proper sign = sum of the 
roots with their signs changed; 
coefficient of 3rd term with its proper sign = sum of the 
products of every two roots with their signs changed; 
coefficient of the {r^ +1)*** term with its proper sign = sum of 
the products of every r roots with their signs changed; 
and the last term with its proper sign = the product of all the 
roots with their signs changed. 

Or, if we choose, which is more convenient, to employ in 
the enunciation both the roots and the coefficients with their 
proper signs, we have 

—jPj = sum of the roots, 
jp, = sum of the products of every two, 

—*» sum of the products of every three; 
and generally, 

(— lYpr =* sum of the products of every r roots. 

t^tfsrpon T?l1rrT»lir»a FiiMic Ilbrcry* 
Accii. 
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20. The^ relationB, '^hich famisli n equations between 
the roots and the ooefficients, do not afford any immediate 
means of finding the roots; and' if we wished to employ 
them to find one of the roots by the elimination of the » — 1 
others, we should always arrive at an equation similar to the 
proposed. 

Let, for example, the equation be of the third degree, 

^ + Pa = 0, roots o, 5, c; 

•> Pi ^ - (a + h + c), 

= oh + oc +• Jc, 

to eliminate h and c between these three equations, multiply 
the first by a*, and the second by a, and add them to the 
third, and we find 

a'+i^iO*+Paa+Pa = 0. 

21. But although not leading to the determination of the 
roots, the above relations will enable us to discover many of 
their properties; and they are to be regarded as constituting 
pue of the fimdamental propositions of the Theory of Equa¬ 
tions. At present we shall employ them to find the values 
of some of the more common symmetrical fimctions of the 
roots; that is, of fimctions in which each root is alike in¬ 
volved, so that their values are unaltered when any two of 
the roote are interchanged. 

(1) To find the sum of the squares of the roots of 
/(a;) = 0. 

—^, = 0 + 5 + 0 +... + ^; 

^1* + + ...+Z*+2 (a5 + oc + +...) 

= sum of squares + ; 

.*. sum of squares =p,*- 2^,. 

(2) * To find the sum of the reciprocals of the roots. 

(—*s 5c... ?4-<wj... ... f +... 

(—l)*p«saa5c... 
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V C I 



(3) To find the sum of ? + - + -+-+... 

0 a e a 


Thift -4»^* 4-^jl ~ 1 

= (tt + 54'..* + 2) ••* 

=: (-.^ ) fe) _ w :t:£LP«=l _ 

\ PnJ Pn 


22. The following are examples of depressing an equa¬ 
tion when one or more of its roots are known; or of forming 
it when all its roots are known; also of resolving certain 
polynomials into their factors. 

(1) To find the roots of a;’ — 1 = 0. 

One root is a; = 1; dividing by a; — 1, we get the quad¬ 
ratic a;^ + a? +1 = 0 containing the other two roots, and which 
gives for their values 

-1 ± 


(2) To find the roots of af — 9a;® + a;“ — 9 = 0. 

The first member = a^ (a?* — 9) 4- a^ — 9 = (a;’ +1) (as^ — 9) 

= (a; +1) (a;^ — a; +1) (as + 3) (a; — 3); 
therefore the five values ofiio; are 


(3) A root of , 

aj® + a^ — 9a;’ + 3a^ — Sa^ + 8a;* — 8a;* 4* 9 <b* — a? — 1 =« 0 

3 
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. ’"‘i . * ♦ 

►, unity; it ia required to form the equation containing the 
remaining roots; it is (Art. 6) 

a:^+ (1 +1) «’+ (2 - 9) 05*+ (-7 4- 3) £c^ + (-4- 8) a;* 

- +(~12 + 8)<i!/*+(-4-3)a;* + (-7 + 9)aj+(2-l) =0*; 

or 05“ + 205^ — 7a^ 405*— 12a;* — 4a;° — 7a^ + 205 +1 = 0. 

1 

(4) To form the ecpiation whose roots are 

-h i (- 3 ± 

It is {x - 4) (o5 +1) (a;* + 3a; +10) = 0; 

or as* — 305* — 42a! — 40 = 0. 

Similarly, the biquadratic with real coefficients, one of 
whose iwts is J (Vs + V^), is a;* - a;* +1 = 0. 


(5) The equation of eight dimensions (in which the 
coefficients are dependent upon one another by particular 
relations) 

af + 4 ^ 05 * + 205 * — 47105 * + 1 = 0 , 
may be solved as a quadratic; for it becomes successively 


X 


I* — ^ = 2 \//i* — 1 — 2n, a** — 2a5* (V«® — 1 — w) = 1 ; 


and by reason of the double values of the radical quantities 
involved, the eight roots are expressed by one formula 


a; = V^(Vn + l — Vn)(V« — 1+Vw). 


SOLUTION OF BINOMIAL EQUATt<lTS WITH THE HELP OF A 

TABLE OP SINES. 

(6) The preceding is an instance of what must happen 
whenever the general solution of any equation can be effected, 
as stated in Art. 2. We shall next give an example of an 
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^uation of the degree, where it is possible to 'get a for¬ 
mula expressing the n roots and no other quai^tities, viz. the 
binomial equation 

, a:«±l=0. 


This is almost the only extensive class of equations ^at 
has been solved by a general method |;ind the discussion of 
the nature and properties of the roots is of great intel^^t 
and importance in the Theoiy of lEquations. ,Tt is con¬ 
venient to consider the two cases as” — 1 = O' and a;* 4-1 == 0 
separately. 

(7) All the roots of aj" -1 = 0 are impossible, except one 
when n is odd, and two when n is even. - 

If we expel the factors x — 1 or a;*—1 according as n is 
odd or even, the depressed equations are )■> 


X 


+ a?””® £c 4 1 — 0, 


X 


,«-2 


+ a;""* + ... + a;* + 1 = 0; 


of which, the former cannot have a positive root, and it cannot 
have a negative root since the proposed cannot have a nega¬ 
tive root, n being odd; and the latter, since it contains only 
even powers of a?, can neither have a positive nor a negative 
root; therefore the depressed equations have all their roots 
impossible. 

Since the proposed equation is the same as a;" = 1, the con¬ 
dition which it expresses is, that the arithmetical or algebraical 
values of x are such, that, being raised to the power, they 
produce unity. On this account the roots of ic" — 1 = 0 are 
called the roots of unity. 

(8) To solve the equation .a® - 1 = 0. 

Since th^ equation can only have the real roots 1 and -1, 
we -may assume x = cos^ ifc V— 1 sin for this value will 
coincide with the real roots when 0 is zero or a multiple of w, 
and in all other cases will be imaginary. Then De Moivres 
formuk gives , . ^ 

” = CO8W0 ± 1 sin|>^; 


X 
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therefore all valneB determined b}r the condition 

' • 11 

cos ± V—1 sin ;»!, 

will give values of x which are roots of the proposed; there* 
fore ere must separately have 

Bin?t^~0, co8n^ = + l» 

and consec^nenlly nO must be an even m^tiple of w, 
suppose^ where \ is any integer whatever. Hence all values 
of X comprised in &e fonnula 

X = cos- ± V— 1 sin..(1) 

n n 

W • 

are roots of af — 1 =s 0, or are n*** roots of unity. 

Moreover, this eirpression has n different values and no 
more. 

For, taking X from zero to J (n — 1) or Jn according as n 
is odd or even, we find in the first case, one real value +1 
when X = 0, and J(w--l) pairs of imaginary values corre- 
B^nding to values of X from 1 to J(n —1), or values on 
CS whole; and in the second case, we find one real value +1 
when X=t0, one real value —1 when \ = Jn, and in — 1 
pairs of imaginary values corresponding to values of X from 1 
to Jw — 1, or w values on the whole. 


And all these imaginary values are different from one an¬ 
other, because the series of angles involved in them. 


27 r Air Bit {n-‘l)ir _ (n —2)7r 

^ j ■■■ • • • • ~ or .••••••• 

.nnn n n 

. , • fc 

are all different from one miother, and all less than ir. 


( 2 ) 


Also the formula (1) has no mQ|^ Jhan n values. 

For if we take X negative, the two values are not altered 
but only intetchanged; and if we take X= or ^ the effect 
il to add a multiple of 27r to one of the angles (2) which alters 
xieither the coeme imr sine; and laistly, if we Consider the 
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values of x correspondiUg. to values of X, w and w - w equally 
distant from 0 and we shall find them the same; for, 
taking X = n —Wj 


X 


2(n-‘m)7r . - . 2(« —wlfh 

= cos—i± V—1 Bin-i-^ 

n n 


— 2mir . . —2m’ir 2mir - ; , .27mr : 

= co8-+ V—1 sm-=cos-T v—1 sm-, 

w n n n 

the same as when so that we can gSt no nfew values 

by taking \ greater than 4 w. 


Therefore the formula can never assume any other values 
than the n different ones resulting from taking \ from 0 to 
^ — 1) or Jn, according as n is odd or even; since therefore 

the formula 



2X7r 

n 


± V—1 sin 


2\7r 

n 


equally expresses all the roots of a;* — 1 = 0, and no other 
quantities, it is the complete solution of that equation. 


(0) Hence we observe that for any value of X, except 
zero, or when n is even, the two corresponding roots are 
conjugate, and one is the reciprocal of the other j for 



Also, since 


2XTr /—1 . 2X7r f 27r j —r . 2w\ , , 

cos-+ V—1 sm-=(cos —+ v—Ism —) , 

n n \ n n J 

we observe the remarkable relation among the imagSiary roots, 
that they ate all pqwers of the first imaginary root oeirespond- 

to X = 1, vip. cos ~ sin — j so that if we denote 


mg 


this by a, the series of imaginary ro(:^#ill be 



22 


«, 0 ^, 0 *... or 




1 I 


a* a*’ o?*** 

a"*" 


1 . 1 
6r 


or, since a** = 1, the lower line may be replaced by 


a*"*, a* 


2±1 2 « 
...a* oro^t 


ttei^re, since a*=-l nrhen n is even, ell the roots of 
ar -1 = 0 are contained in the series 

1, a, a*,... a"“*. 

(10) Wft next come to the case of a;" +1 = o, all whose 
roots we impossible, except one when » is odd. For if n Ik! 
even. It is manifest that eveiy real quantity, positive or 
negabve, when substituted for x gives a positive result, and 
th^ore cannot be a root; and when n is odd, expelling the 
metor a:+1, the depressed equation is 

wk^naimot have a negative root (Art. 3), and it cannot 
have ft positive root because the proposed cannot have a 
positive root, therefore all its roots are imaginary. 

(11) To solve the equation »“ +1 - o. 

As before, we may assume 


a? = cos ^ + V -1 sin 0, 

aj* cos n0 i V — l sin tiS ; 
hence all values of 0 which satisfy the condition 
oos«d±\/ri sin«d = -i, 

will give vaJues of * which are roots of the proposed; hence 

= therefore 

^ must an odd multiple of w, = (2\ +1) w suppose, where 

X M a »7 mteger whatever. Hence all values of * commised 
Che jomula ^ 
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X S= COS 


+ gin 

n ^ n 


arc roots of «" + 1 = 0, or are w*** roots of negative unity. 

Moreover, this formula will give for x, n different values 
and no* more. 

|u 

For, taking X from 0 to — or —1, acceding 
as n is odd or even, we find, in the former case, i(w--l) 
pairs of imaginary values corresponding to values of X from 
0 to ^ (n --1) — 1, and one real value — 1 for J (w — 1), 
or n values on the whole; and, in the latter case, we find 
pairs of imaginary values corresponding to values of X 
from 0 to — 1, or « values on the whole. And all these 
imaginary roots are different, because the angles involved 
in them 


w Stt Stt («— 2)tt {n—l)w 
n 71 n n n 


( 3 ) 


are all different, and less than tt. And the above-mentioned 
n values are all which the formula can give for x. For if 
we take negative multiples of tt, the values of x are the 
same as if those multiples were positive; and if we take 
X = or > w, the effect is to add a multiple of 27r to one 
of the angles (3), which alters neither the cosine nor sine. 
If X = — 1, 


= cos 


(2n — 1) TT /—r . (2 m — 1) tt 

3- = cos ^- — + v-l sin-^- — 

n 


n 


sin 


— TT 


n 


n 


= cos - T sin -, 
n n 


the same as when X = 0; 
and if X— 1 — w, 

(2n—2w —IItt . ^ . (2m —2m—!)■»• 

i-cos ^± V—1 sin i- — 


x- 


n 


n 


(2m 4-1) w _ - . (2m+l)w ‘ 

= cos -—-— T V—1 sin-^ -—, 

M M 
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the same as when \=m; so that values of A., equally "didimt 
from 0 and n — 1, give the same values of x, and therefore, we 
can get no newValuea by taking A > ^ (n — 1). 

"Kierefore the formula can never assume any other values 
than the n different ones resulting from taking A from 0 to 
^(n — 1) or ^n— 1, according as » is odd or even; since there¬ 
fore Ihe formula 

(2A + 1-) TT / - r • {2A + 1) TT 
n n 

equally expresses all the roots of a;* 4-1 = 0, and no other 
quantities, it is the complete solution of that equation. 

(12) As in the former case, it may be shewn that if 
a denote the first imaginary root cos ^ + V—• 1 sin ^, all the 
imaginary roots may be represented by 



a, 



.. or a”'*, 


1 

1 

1 

1 1 


a ’ 



• • • ~ or y 

OL OL 


or, since a" = 5 .— 1 , and therefore a*" = 1 , the lower line may be 
replaced by 

,jhi-3 -,»i+2 __ ^n+l. 

a } or ... OL or a ; 

therefore, since d** — — 1 when n is odd, all the roots of 
of +1 = 0 are contained in the series 

ot^ Ot ^ • OL j otr • 

It may be observed that the case of af + lssO (n odd), 
might have been reduced to that of y" — 1 *= 0 , by making 

We shall now give the resolution of ± 1 into its frctors. 
(18) ‘To resolve aj^ — 1 into its factors. 
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/, a;* SB 1 sss COS 2Xw + sin ^Xtt, X being any integer; 

. 2Xir . /—T . 2X7r 

X — co^-± V— 1 sm-, 

n 

a pair of values (except when 2X = 0 or any .m^tiple of n, 
when there will be only one value) to which corresponds the 
quadratic factor . 

, _ 2X7r , , ’ 

a;—2a: cos-hl» 

n 

where X begins from 1. 

First, let n be even, then + 1 and — l are roots, and a;* -1 
a factor; and, by taking X from 1 to Jw —1, we obtain the 
other quadratic factors, 

2*73* 

X*— 1 - (a:*-!) (a;®-2a;cos-1-1) (a:^-2a;cos-1-1)... 

' ^ ' n n 

... [a:* - 2a; cos-^^^—-f 1}. 

n 

If we take X greater than ^n-1, or less than 1, the fac¬ 
tors recur. 

Secondly, let n be odd, then +1 is a root, and a; -1 a 
simple factor; and by taking X from 1 to ^(n - 1), we obtain 
all the quadratic factors, 

* /. a;*— 1 = (a; — 1) (a>®— 2a; cos-hi) (a;^ — 2a; cos- hi)... 

' ' ' n w 

* f 9 « (W “ 1 ) 1 > 

... {a^-2a;cos^^— -hi}. 

(14) To resolve a;" +1 into its factors. 

Let a^+ 1 =*0; 

aj" SB -1 = cos (2X -h 1 ) -n* ± sin (2X-h 1) ir, 

X ^ng any integer; 

(2X-hl)7r _/—7 . (2X+l^7r * 

.*. a; = COB - - — ± V — 1 sin hr—. -f 

— n 

4 




n 
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a pair of values (except when 2X + 1 i« gay 

when there will be only one value) to which ^hifeeiiibndE 
<][uadratic factor 

a?*—2a? cos ^ i 

n ^ 

where \ begins from zero. 

First, let n be even, then taking X from 0 to in-V we 
have all the quadratic factors, * 

»•*+1 = (j:»- 2 a?cos^ + 1 ) (a?"-2a?cos — + 1 )... 

n ^ • 

^ndly, let « be odd, then -1 ia a root, and * + 1 a 
Simple factor; and by taking X from 0 to we 

find the i (» - 1 ) quadratic factors, 


a? +1 _ (oj + 1 ) (as® _ 2a? cos - +1) (a?*- 2a? cos ~ -f 1 ) 

n /••• 


■ ■■fx‘-2xcosi^^-”~+ll. 

n •' 


7 

We shaU next give the resolution into its factors of an¬ 
other r^kable expression, which includes the preceding 
^^cular cases; and deduce from it several important 

To resolve ar“ - 2 cos dx* + l into its quadratic 

Solving the equation 

a^-2cos^a?’‘ + l=r0,. . 

we find . 

id- - COB d ± sin d = cos (2Xw + d) ± Vri gia 
X being any integ^; 

.•.x-cos^^^iVZT'gin??^ f2) 
a formula which gives the 2n values a?, and no other quan« 
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talking \ from 0 to » -1, we obtain 2n di^rent 
ndiMift; {^M two of them were alike, for instance when \ 

X = gr, as two angles > cannot have their sines and ^cosines 
identical unless they differ by a multiple of 27 r, it would be 

necessiazy that ———— should be a multiple of 27r, which 

is impoBsible, since ^ and ^ are both less than n. 

Again, suppose Xssnjp + r, where p is any positive or 
negative integer, and r is a positive integer less than w, so 
that X fells beyond the limits Q and n — 1, and may represent 
any number whatever; then 

(a I +■ ^ I J—7 • fn . 

X = cos 12^ H- —\ + V — 1 sin (2^wr H-— ) 


2r7r H- 6 /—- . 2r'7r + 6 

s- cos - 4- V— I sm -- — . 

n n 


the same as when X = r. Hence the formula can never acquire 
any other values than the 2» different ones which result from 
taking X from 0 to w — 1; it is therefore the Complete solution 
of equation (1). 

To the pair of values ( 2 ), corresponds the quadratic factor 

, 2\7r+^ , , 

a* — 2 ir cos-H 1 ; 

and by taking X from 0 to n — 1, we shall obtain the « quad¬ 
ratic factors required; • 

* ^ B 

— 2 cos da?" + 1 = (af — 2at cos - +1) x 
^ n 

t * ’ . 

(ise* — 2a?cos — + T) (a^ — 2a?cos+ 1)... 

r_> n 2 (w — 1) ^4-^ , -1 
... far — 2 a! cos 7 —^^- - -f*l]. 



n 


Ob^ When n is ©yen, since 
eo. coa 

it appears that the factors corresponding to \ and to X + 
will only differ in the sign of the'second term; therefore, 
Ifdien we 9htamed the first half of the facto^ hy 
X from 0 to ^ ~ 1, we may find'the next half corresponding 
to values of X from ^ to « — 1, by changing the signs of the 
second terms of the former. 


(16) Also, since a;**—2co8^a;’'+l remains unaltered when 
we change the sign of 0j its quadratic factors may be arranged 
in pairs under the ^neral form 

- „ 2X7r ± 0 , 

• ar —2a;cos-=-1-1, 

n 

where X is to be taken from 0 to or ^ (« — 1) according as 
n is even or odd; it being observed that each of the values 
' X * 0, X =s ^w, gives only a single factor, and not a pair. 

^ (17) To resolve sin n0, cos into their factors, n being 

any integer. 

We know that these can be expressed by polynomials 
* containing only powers of sin 0, and of which in certain Cases 
cos 0 is also a factor; our object is to' determine the factors of 
those polynomials. 

First, suppose n Odd; then, both signs being taken, ' 

a 

a^—2 cosftr*-f 1 = (a^ — 2 inC 08 - + 1) x 
, n 

(a^~2a?oos^ ^ --(-l) (a;*~2a;co8 — ^- -f 1)... 

f* n , 


« 


IV 


— 2a! 


+ 1}^ 


n 



0 


* mud. ^ write Had for - ^ '^a; end 

ea^tract the square root of both sides ; 

/. sm«d*2*‘* s^n 0 sia (^a f ^ sin (4a ± ff).„ 

* 

fcnd'chaii^mg n0 into ^ +w^; that is, 0 into 0 4^«/ we get 


e08w^**3'^*sin{a + ^) 8,in(a--^ 8m(8a + ^ sin (3a —... 

« 

... sin {(n — 2) a — sin {na + ^), 

. TT 

or, since «a *» - , 


C 08 n^=* 2 *~* cosd sin (a± 0 sin(3a± ... sin [(w —2) a± ^}. 

» 

Now transform each pair of sines by the formula 
sin {fi + 0)x sin (/9 — ^)» sin*/8—sin* 

and we have the required resolutions of sin n0 and cos n0 into 
their factors (n being odd), 

sin n0 *= 3*"* sin 6 (sin* 2a — sin* 0) (sin*4a — sin* 0) 

... (sin® (?t — 1) a — sin* 0} 

" cos n0 =* 2""' cos 0 (sin* a — sin* 6) (sin* 3a — sin* 0) 

... (sin® (n — 2) o — sin* 0], 


Similarly, when n is even, we find. 
sin«tf *=2'*"*co8dsin^ (sin*2a- sin*d) (sin*4a—sin*d)... 

... (sin* (» — 2) a — sin® 0} 

COB 710 s*t 2*“* (eilaf a^ sin® 0) (sin® 3a— sin*^^) .*. 

*.. (sin* (n — 1) a — Bm*.d}. 


(18) Hence we can resolve sin^ and cos^ into their 
fiMstors. 

^ * 0 

If we change 0 into ~, we have, n being odd, 

sin 0 « 2*"* sm^^sm*2a — Bin*^ ^Bin*... j 
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iher^ore, making since in that case ^rrz “«» we get' 

n 

n — 2"”* sin* 2a sin*4a... j 

a/ sin*—\/ sin*—\ 

A sm^-nsin?! 1-.-^ )( 

n\ Bin"2a/ \ sin*4a/ 

Now make w = oo, and observe that a = ^, and therefore 

2n 


that 


. ff . e .6 

sm-— sm- - sin—. - 

Sin 2a TT ” w * sin 4a 2w 

sm — 
n 


; &c. 


SlmlMy. cos « = (l -:^) (l -i^) (l -^)... 

The same values of sin 0 and cos 6 may, of course, be 
obtained from the formulae for sin n6 and cos n6 when w is 
even. 

'Fitting ^ Es ^ in the resolution of Sin 6^ we get 

; wJ^2.2i4,4.6.G ... 2«.2w ; ^ 

*** 2 “l.S.8.«.5.7...(2»j-l)(2n+l) 

which is Wallis's formula. 

(10) If we develops these values of sind^ and cos^ 
according to ascending powers of $, and compare the results 
with 4he 'pommon.formulae 

sip.d’4-+..., cos'^** ^ , 
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we fi&d 


P+?+3* + P + -“T’ 

_1 ,1,1.1, _ir* 

l« + ? + ?‘'‘7*''''"“ 8 •■ 


(20) By faalcing a:*! in the result of examj^le 15, we 
may deduce two important formulae: first, we haye 

2 (1 — cos ^) = 2 ^1 cos ^ 2 — cos ^ 


n 

(l_COsi^ ...2(l-C0sl^=:^j5 + ?);- 


,e 




therefore, replacing 1 — cos ^ by 2 sin* -, &c., extracting the 
square root of both sides, and changing 0 into 29, we get 

• n rt»-i • ^ • ‘”' + ^ • 27r+9 . (w —l)7r + 9 

Bin 9 = 2“ ^ sm - sin-sin- ... sm - - —~ ; 

M jVk A>> M 9 


and writing - + 9 for 9, 


cos 9 = 2”"^ sin 


,n-i w + 29 Stt + 29 Stt + 29 




sm 


2n 


sm 


2n 


. {2w—l)7r+29 

... Bin '- ^ -. 

2n 

The formulas which result firom these by putting 9 «= 0, are 
sometimes of use; they are, since in that case 

. - . 9 

sm 9 -r sm - SB TO, 

TO 


. 2w . Stt . (to — 1) w 
n TO 


TOBB2*^sin —sin — sin-^... sin 


TO 


TO 


. . w . Sir . Sir . (2TO—l^ir 

1*2* sm — sm— sm ... sm ' ~ » 
2to 2to 2to 2 n 



(21) If in the expression —2ra; cos ^+a**, Irrite 


14- -s- for as, and 1 — r- for r, it becomes 


(‘ + - ^) CO, ^ + (l - i)*=2(l +^.) 

-2 (l -^.)'oos^ = *g|n*| (l+|. coe|). 

SXtt 4 0 

If then ^«ss-——, the expression jnst found is the 
general form of the quadratic factor of 

and this quantitj therefore, taking X from 0 to or 

Un-l). 

, . t 6 , . ,27r±^ 

sa:4sin* —.4sin* —:r-... 


2 n 


2n 


7 


X 



2ir i ^ 


Now make n»oo, observing that, in that case, 
± =* C® denoting the base of Nofiers system of 

6 

logarithms), 2n tan — * and that, by patting « = 0, we 


have 


awn ^. 2ain . s* 2 «us 

2n 2n 

ei* —2cos^ + e“* 


0 

2’ 


where both signs are to be taken. The particular cases of 
f?s*w, may be noticed. Several of the preceding results 
are useful in the higher branches of Mathematics, especially 
in the Inlegial Calculus. v 



SECTION IL 
ON THE TEANSFOBMATION OF EQUATIONS 



23. In discovering the properties of /(as) = 0, and, deter¬ 

mining its roots, one method of great value is to transform it 
into another equation, ij) (y) 0, whose roots have given rela¬ 

tions with its roots. We thus, without knowing the roots of 
a proposed equation, make them undergo certain changes, 
such as all to be increased or diminished bj a given quantity, 
or all to be multiplied or divided by the same number; which 
render the determination of the roots easier, or the equation 

in its new form more convenient for solution. 

• 

The problem of transforming an equation is, in its most 
general state, to eliminate x between the equations 

/(a;)==0, f(x,y)=^0j 

the latter being the equation which expresses the relation 
which the roots of the transformed are required to have with 
those of the proposed equation. 

At present, we shaH confine ourselves to a few simple 
cases which are necessary in the actual solution of equations, 
reserving the others to the Section on Elimination. 

24. To transform an equation into one whose roots are 
those of the proposed equation, with contrary signs. 

Let a, 5, c,... If be the rpota of the equation 

+ ... 

a=s (a? — a) (a? — h) (ps — c) ... (a: — 



beodd95j^veii.1ih^i^tj8 ; ^ * 

y-“Pty*^+Pt3^--±JP* . 

— (y+«) (y+^) (y + <j) ••• (y +J)j 
which shews that the first member, put equftl to sero, is an 

equation in whose roots are — o, —5, ^-o,... — ?. Hence, 

if t^ signs of the alternate terms, beginning with the second, 

of anj complete equation be changed, the signs of all the 

roots Mie changed. 

Before this theorem can be applied to incomplete eqtia* 
tions, the deficient terms must be replaced by cyphers. Thus 
the equation 

^ + »*=®0, or a?* + 0j!^+Oa^—g-aj + r = 0, 
is one whose roots differ from those of a;‘ + ja? + r = 0 only in 
sign. k 


25. To transform an equation into one whose roots are 
those of the proposed equation, each diminished or increased 
by the same given quantity. 

Let a, if e,... ^, be the roots of the equation 

as* + p^ar^^ + ... + Pn..iX + 
ss (aj — a) (aj — i) (a? — c)... (a? — Q. 

In this identical equation, change x into y + A; 

(y + +i>i (y + +... +pn-i (y 

*={y-(«-A)} ly“(*-A)}... {y-(Z-A)}, 

♦ 

^ which shews that the first member, put eq^ual to sero, is an 
equation in y, whose roots are 2—il; or, ex- 

f pandii^ by the binomial theorem, and arranging it according 


to powers of y, we have the transformed equation 

^ + nh) y*‘‘ 

y*'* + ... + A‘ 

+aJ +8*1 

+ft*'" 


+P^'^ 

+ P» 

*♦• ... 




+Pl* 


* 0 . 



1 ^ 

■>13 


QA the coninny, aH roots, we strast oifanp 
r into y—A, and therefore w© most la}:e tihe oid powers of A 
in the above eq^uotion with a contrary si^.,/ 

26, If we arrange the transformed equation 
(y + A)*+A (y + (y 4^ A)"^ +... 

(y+^) +i^i»= 

according to ascending powers of y, we shall see the law of 
formation of its coefficients more distinctly; for we then have 

A** + jp, A*"* + i >2 A*"^ +... + jp «_9 A* A 

+ {wA*"* + (n — l)^jA’*"*+ (n — 2 )^gA""®+ ... 

+ 2 ^^A+^,Jy 

a 

+ (n(n— 1 )A"^+ («-“l) (w — 2 )^jA*^+ ... + 27 ?, 

+ .. . 

-f {n (« — 1 ) ... 3 . 2 ] ^ = 0 , 

where [n denotes 1 . 2 .3 ... w. 

The first coefficient is the original polynomial with A in¬ 
stead of X, and will therefore he represented by/(A); the 
second coefficient is derived from the first by multiplying 
every term in /(A) by the index of that power of A which it 
involves and diminishing the index by unity, and may be 
lepresenfed by/'(A); the third is found from the second, by 
repeating the same process upon /'(A), or performing it twice 
upon/(A), and may therefore be represented by/"(A); and 
in like manner all the other coefficients, being formed by the 
same uniform law, may be represented by/"'(A), .../*“*(A); 
therefore the transformed equation, arranged according to as¬ 
cending powers Cf y, is 

/(*) +/'(*) y +/"W ^ +/"'W - 


I 


1-1 
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27. Henee it £:>Howb lliat if in /(os) we change^ fe into 
a: + A, the result, arranged according to powers of A, is 

f(x+k) =/(») +f{x) h +f'{x) ... 

f(x)t f"{x), being derived from/(x) according to 

the law explained above; they are call^ derived functions 
relative to the given function/(x), or derivatives of/(x). 

Obs. Those who are acquainted with the Differential 
Calculus, know that the above result can be immediately 
obtained from Taylors theorem ; and that /'(x), /"(x), &c., 
are the first, second, &c., differential coefficients of/(x), which 
all vanish after the n^, f{x) being here a rational integral 
function of the w® degree. 

28k Hence, to increase or diminish the roots of a pro- 
4 poe|^ equation, /(x)=»0, by a given quantity A, we must 
write down f(x) and all the derived functions, /(x), 
f\x) .../^(x), and substitute in them — A or -f A for x, 
according as the roots are to be increased or diminished; 
the resulting quantities are the coefficients of the transformed 
equation. 

Ex. 1. To transform x^4-5x*+n? —16a^--20x —16 — 0, 
into one whose roots shall be the same, except that each is 
increased by unity. 

Hereya»x+1, orx«y—1 ; 
therefore the transformed equation is 



3T 

but/{aj)«aj“ + 5a;* + i»*-16aj*-20a;-16 /(-l)=-9 

/' (*)» 5 ®* + 20 ®/* + 3 ®* - 82 ®- 20 /' (- 1 )« 0 

f\x) = 20 ®* + 60 ®^* + 6 ® - 32 /"(- 1 ) = 2 

f (®) =» 60 ®^ + 120 ® + 6 /* (- 1 ) « - 54 

/‘(®) =120®+120 ^ /*(-l) = 0; 

-9 + 2.^-54.^+/=0, 

or /-9/+/-9 = 0, 
the roots of which were found (p. 17). 

Ex. 2. To increase, and diminish, by 3, the roots of 
®® — 2 a ^ — ®+2 = 0 . 

The transformed equations are 

/-liy + 38y-40 = 0, / + 7/ + 14y + 8 = 0. 

29. One use’ of this transformation is to take away any 
term of an equation; by which means it is sometimes reduced 
to a form more convenient for solution, as in the former of the 
preceding Example. 

Thus, to transform/(®) =0 into one which shall want the 
second term, we must have (Art. 25) lah + », = 0, or A = —^ 

fi 

and therefore ® = v—i.e., the roots must be increased 

^ n 

by being the coefficient of the second term with its 

proper sign, and n the degree of the equation. We may 
arrive at this result immediately, by observing that if 
a, hi be the roots of ®’*+j)j®*"‘+... =0, audo + A, 

h + hj ,..l + h those of the transfomaed equation y"+ ?,/“* 
+ ... = 0, then — gfj = a + A + ... Z + nA = — ^, + wA; and if 

this = 0, then A = ^, the quantity by which the roots are to 

Tl * 

be increased. 



*£o ts^e away tlie third term, we must diminish the roots 
by a quantity k determined from the equation (Art. 2S) 

and, in general, to take away the (r +1)* term, we must 
diminish the roots .by a quantity h determined from the 
equation (Art 26) 

/"(A)-0. or ... „o. 

To take away the last term, we must have 
h*+pji*~* + ... = 0 ; 

i.e., we must solve the original equation. In effect, the trans¬ 
formed equation would have one root =* 0, and therefore h^x, 

Obs. If all the roots of f{x) =0 be real, it will be seen 
further on that all those of= 0 are so; therefore the 
equation may be transformed in r different ways so as to want 
the (r+ !)**» term; but if all the roots of /*’'(«) =0 be im¬ 
possible, in which case its dimei^sion r must be even,y*(sp) = 0 
cannot be transformed into another with real coefhcients so as 
y)*p want the (/ + !)*** term; and in the latter case, the proposed 
equation will have at least r imaginary roots. 

Ex. 1. To transform «* — 6ic* + 4aj-7=:0 into one which 
shall want the second term. 

Herejp,= —6, •*. aJ=*y——y + 2; 

(y + 2)»-6(y + 2)®+4(y + 2)-7«0, 
or y®—8y-15 = 0. 

Ex. 2. To transform a:^+ 5a^+ 8aj — 1 =0 into twoothers 
which shall each want the third term. The transformed 
equations are 

j/*-/-5 = 0, f + p’-l^=o. 

_ K 

30. To transform an equation into another, of which the 
roots are equal to those of the proposed, each multiplied by 
ihe iiame giTefl quantity. 



39 


In identical equation 

a?* + + ... + +jt?, 

=a(aj-a) {x — l) ... (aj — ?), 

change x into ^, and then multiply both sides by #»*, 

y* + mpy^ + + ... + rrC^p^^y + m*p^ 

= iy-rm) {y - ntb) .••{y-mT); 
therefore the roots of 

y* + +... + rn*''p^^y + w% = 0, 

are ma, mh^ me, ...ml} and it is formed from the equation, 
supposed complete, whose roots are a, h, by multiplying 

the coefficients, beginning with that of the second term, by 

TW, 7^ , TTii , ... 77X . ' 

The use of this transformation is to get rid of the coeffi¬ 
cient of the first term j or to make the fractional coefficients 
of an equation disappear, without affecting the first term with 
any coefficient except unity. 

Tlius, if mx''+PiX^~'+ppf'^+ ... =0 have roots a, 5, c, &c., 
then my" + mp^y"^~^ + +,.. = 0 

or y" + +... = 0 

lias roots wia, mJ, me, &c., and is of the usual form. 

Also, if a;" + ^ a;""' + ^ ^ aj""* + ... =0 have roots 

S'! S'* ?8 

a, J, c, &c.; and if m be the least common multiple of all the 
denominators g'g, g'g, &c., then 

^ <?« 

has roots ma, m5, me, &c., and all its coefficients are integers. 

Similarly, an equation may be transfoijned into another 
of which the roots arc equal to those of the proposed, each 



40 


dirided hj the same given quantity, by dividing the second, 
third, Ibioth terms, &c. (supposing^ the equation complete) 
by m, TO*, TO*, &C. respectively, 

31. By taking TO=:the least common multiple of the 
denommators, we do not always get the transformed equation 
with coefficimits the least possible. AH that is necessaiy is 
to determine to so that to, to*, to* ... are divisible respectively 
by q^y q^y q^y ...; and therefore that to, to', to*, &c. contain the 
prime factors of q^y q^y ^„ ... raised at least to as high powers 
as they occur in the respective denominators. 

Ex.1. a!*-ia;'-|a; + ~ = 0. 


The transformed equation is , 

/ - I y* - w* y + to* ^ 0, 

and the factors which the successive terms require in to are 
3, 2*, 3.2, which is satisfied by to =* 12 j and the transformed 
equation becomes 

y® — 16y* — 54y +120 = 0, where y = 12a;, 


45g 5 - 7 13 » 

Ex.2. = 0. 


The transformed equation is 
y*—25y* + 375y* -126(^ -11700 * 0, where y = 30aj. 


32. To transform an equation into one whose roots are 
the redpzocals of the roots of the proposed equation. 

If in the identical equation 

a^+^,a;’*^ + ...+p*.,aj+p,^=(a;-a) (a;-5) 

' . 1 

we change x into -, we get 
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i+^+...+fe+^. = g-a) g-...(1 - i) 

or ^•+^y«+fe3,« + ...+&y+i 

rn }fn jf'i* tn 

= ( 3 '- 5 )( 3 '-D-( 2 '- 7 )> 

which shews that if we write - for cc, and then multiply hy y*, 

* y 

the resulting expression put = 0, has roots ^i. 


33, This transformation fails if the transformed equation 
be identical with the original one; that is, if the coefficients 
be such that 

Hence p^—±\\ and according as we take the upper or 
lower sign, we have 

Pn-x^Pi^ Pr^^P^x &c.; 

or, = = &c. 

that is, the coefficients of corresponding terms taken from the 
beginning and end must be equal and of the same signs; or, 
they must be equal and of contrary signs; only it must be 
observed that if the equation be of an even number of dimen¬ 
sions 2r, there will be a middle term and we shall have 
Pr = PtP ^; wh*ich, forgives 

Pr=^-Prx or^,. = 0; 

so that when the equation is of an even degree and the cor¬ 
responding coefficients have contrary signs, there must be no 
middle term. 

C 



a 


It is eBay to see that when these coi^ditio&s 416 saiisfiedi 
the equation remains the same when - is substituted for x ; 

X 

but when the corresponding coeflScients have contraiy signs 
it will be necessary, after the substitution, to change the 
signs of all the terms; and the above investigation shews 
that these are the only conditions under which an equation 
can have the property. Equations of this sort, that is, which 

remain the same when x is changed into -, are called Reci- 

X 

procal Equations. 

34. Every reciprocal equation will have its roots in 

pairs a, &c.; but when the degree is odd, there 

will, besides, be a root +1 or —I, according as the last 
term is negative or positive; and when the degree is even 
with the last term negative, there will be two roots +1 
and —1. 

For if a be a root of the proposed equation, ^ will be a 
root of the transformed equation; but the transformed equa¬ 
tion coincides with the proposed, therefore ^ will be a root of 

the proposed equation; and so on for every other root. Also, 
since 1 and — 1 are the same as their reciprocals, each of these 
may enter any even number of times. 

Again, we may write the reciprocal equation of an odd 
degree, collecting the terms from the beginning And end, 

x" ±1 + (x*~“ ± 1) 4-... s= 0; 

and since every term is divisible by a; ± 1, will have a 
root +1 or — 1 according as its last term is negative or 
positive. 

Also, the reciprocal equation of an even degree with its 
last term negative may be written 

fiC" — 1 + p,x — 1) 4 ... a* 0, 
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which is divisible by a;*—1; therefore it has two roots +1 
and —1. 


In both cases, when the factor x±l or af—1 is expelled, 
the equation is reduced to a reciprocal equation of an even 
degree with its last term positive, which may therefore be 
takei;! as the standard form of reciprocal equations. 

Ex. Eeduce to a reciprocal equation of an even degree 
with its last term positive, each of the equations 


a;" - ia;* - —a® + —+ ia; -1 
6 6 6 6 


jSb 22b22j 5 


- 0 , 
= 0 . 


35. Various transformations may be effected by par¬ 
ticular artifices; we shall give one or two instances, of which 
the results will be useful to us in the sequel, and are of im¬ 
portance in discovering the existence of impossible roots in 
equations. 

(1) To transform an equation into one whose roots are 
tlie squares of the roots of the proposed. 

If a;" +^,a;*“* + + ... + Pn-iO: + 

s=(x — a) (x — h) ... (aj — Z), 
then ar" -+ ... ± p«_i« T p« 

s= (a? + a) (a; + ^) ••• + ^) J (Art. 24) 

therefore, multiplying these equations together, we get 

(a;* . 0® ~ + ...)“ 

= (ic’* — a*) (a;®— W )... (a;® — V ); 

but the first member is 

a;®" + 2 j9j£c*"-® + (2;?, + ^,®) 0:®**"^+... 

- (p,»a^-^+2^,+ ...); 
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therefore, replmng of hy y, WB have 
hence the transforfned equation, whose roots are o*, b\ &c., is 

3^" + (2i?, -;>,*) y"’* + 0?/ - 2p^p^ + + ... = 0. 

Hence the proposed equation (since its roots are the square 
roots of those of the transformed equation) cannot have more 
real roots than the latter has positive roots. 

Ex. a;'' + a;“+3j:^ + 16aj + 15 = 0. 

The transformed equation is 

a^ + 2x* + SSx” + 23a^ + 166a; - 225 = 0, 

which (Art. 11) has only one positive root; and therefore the 
proposed has only one real root. 


(2) To transform the equation af + /^x + r = 0 into one 
whose roots are the squares of the differences of its roots. 

Let the roots of a;’ + g'x + r = 0 be a, 5, c; 


0 as a + 5 + r, gr = alf + ac -i- be, — r = abc, 


and < 2 ® + + c* =s — 2^^, (Art. 21). 

Since one root of the transformed equation is 

(a — 5)® = a® + — c* — = —2gf — (^+^, 

if we assume p — "-2gr — af + ^t then when x assumes its 

three values, y becomes equal to the three roots of the trans¬ 
formed equation; therefore the required equation will result 
from eliminating a* between the proposed and 


a® + (y + 22 ^) X — 2r a= 0; 


subtracting this from the proposed, we have 




(y + g)x — 3r = 0, or x=s: 


3r 
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and if we substitute this value, and reduce, we obtain the 
transformed equation 

y + + Hy +(i+ 

r* <7* * 

Hence, if ^ ^ is positive, the transformed has a real 


negative root (Art. 10), and therefore the proposed equation 
must have a pair of imaginary roots; since it is only when 
two roots are imaginary and conjugate to one another, that 
the square of their difference can be negative. 

If ^ ^ = 0, then one value of y is zero; and therefore 

the proposed has a pair of equal roots. 


If - is negative (and therefore q an essentially nega- 

tive quantity) the transformed equation cannot have a nega- 
^ve root (Art. 3); and therefore the proposed has all its 
roots real. 


Ex. £c* — 7a; + 7 = 0. 


The equation of differences is 

y® — 42^® + 441y — 49 =*0, 

which cannot have a negative root (Art. 3); therefore the pro¬ 
posed has all its roots real. 



SECTION III 


ON THE LIMITS OF THE ROOTS OF EQUATIONS. 


36. The limits of any group of roots of an equation are 
two quantities between which the whole group lies; thus 
+ CO and 0 are limits of the positive roots of every equation, 
and 0 and — co of the negative roots. But in practice we 
are required to assign much closer limits than these, usually 
the two consecutive whole numbers between which each root 
lies, so that the inferior limit is the integral part of the in¬ 
cluded root. This may be effected without knowing any of 
the roots of the equation, as will be seen in the following 
propositions. The roots spoken of in this section are the 
real roots. 

37. Quantities between which the real roots of an equa¬ 
tion taken in order lie, when substituted successively for 
the unknown quantity, give results alternately positive and 
negative. 

Let the real roots, arranged in order of magnitude, be 
a, hy c, ... ly so that a is greater than 5, h greater than c, 
&c.; the negative roots, if there be any, coming >t the end 
of the series, and that being the least whose numerical value 
(neglecting the sign) is the greatest; then if /(a:) *= Q be the 
equation, 

f[x) = (aj — a) (x — 6) (a; — c) ... (x — Z). ^ (x), 

where ^ (x) is a polynomial that remains positive whatever 
real values be substituted in it for x, (Art. 15). Then if 
we substitute for x a quantity a greater than a, the result 
/(«) ia^ositive because every one of its factors is so; if we 



substitute a quantity ^ between a and the result /^Sj 
is negative because the first factor is negative and the rest 
positive. Again, a quantity between h and c renders the 
whole positive, because the two first factors are negative and 
the rest positive. Thus, quantities between which the roots 
taken in order lie, when substituted for x, give results alter¬ 
nately positive and negative. 

38. Again, suppose that are all the roots of 

f{x) — 0, which lie between two numbers a and /6f, of which 
a is the lesser, and that ^ = 0 is the equation containing 
the remaining roots; then substituting a and successively 
for Xi and dividing one result by the other, we get 

/(a) _ (a -a) (a - h )... (a - Z) (a) 

Now all the factors in the numerator are negative, and all 
in the denominator positive; also ^(a), <^(/8), must have 
the same sign, since (a?) = 0 has no root between a and /6; 
therefore /(a), /(j3) have different, or the same signs, ac¬ 
cording as the number of factors a —a, a — h, &c. is odd or 
even. 

Hence if two numbers, when substituted for x, give results 
with different signs, then one, three, or some odd number of 
loots lies between them; if they give results with the same 
feign, then two, four, or «ome even number of roots lies be¬ 
tween them, or none at all. 

.39. If a number a can be found such that a and every 
greater number, when substituted for x, gives a finite positive 
result, then a is greater than the greatest root, and is called 
a superior limit of the roots; for if there could be a root 
greater than a, then some number greater than a would give 
a negative result, which is contrary to the supposition. Simi¬ 
larly, if a number /9 can be found such that and every 
smaller number, when substituted for as, ^ves a finite result 
with a permanent sign, that is, constantly positive or con- 
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Obs. This supposes greatest and least roots to occur 
^glj; 01*} ^ repeated, to be repeated an odd number of 
times; for if we bad 

/(a?) =T (« - «)* (a? - J) 

and a were between a and b, then a and every greater num¬ 
ber would give a positive result, without a being the superior 
limit. 


40. If as msmy quantities can be found, which, sub¬ 
stituted for X in /(a;), give results alternately positive and 
negative, as the equation has dimensions, it is plain that the 
odd number of roots which lies between each adjacent two 
of the quantities, cannot exceed one. But as it is seldom 
the case tliat so many can he found, the next point to be de¬ 
termined is, whether all the real roots that exist Iiave been 
discovered; this enquiry will obviously be narrowed if we 
find the limits beyond which the quantities, successively sub- 
"stituted for the purpose of separating the roots, need not ex¬ 
tend, that is, the superior and inferior limits of the positive 
and negative roots; the principal methods of doing this are 
the following. 

SUPEEIOE AND INFEEIOB LIMITS OF THE BOOTS. 

41. All the roots of an equation lie 'between p + l and 
— (^ + 1), p being the greatest coefficient without regard to 
sign. 

Tor it is proved (Art. 9) that p + l and every greater 
number, when substituted for aj, gives a positive result, there- 
forep + 1 is greater than the greatest root; also that — (p+1) 
and every greater negative number gives a result with a per¬ 
manent sign, that is, constantly positive or constantly nega¬ 
tive, according as the degree of the equation is even or odd, 
therefore — (p +1) is less than the least root. 
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42. The greatest negative coefficient in^rcasfe^^ ttmly, 
is a superior limit of the positive roots of an equatiH 

Let — ^ he the greatest negative coefficient; then any 
value of X which makes 

^ ~'P + ... + £C® + 0 ? +1) positive, 

OT x*>p (a;""*4-+ ... + £C® + ay -f-1) >p~ —} »***’' 
will, a fortiori^ make 


ay" + + ppT^ + ... + p^^x positive, 


or make f{x) positive; because in the latter case there will 
generally be fewer terms to be taken away from a:"; and of 
these, not one is greater than the corresponding term in the 
former case. 


Now the inequality x*>p 


x ^-1 
x — 1 


is satisfied if 


a;" = or > ay” — —- , or a; ~ 1 = or > ^, or a; = or > ^ +1. 

SC X 

Since, therefore, p +1 and every greater number, when 
substituted fora;, will makcy’(a;) positive, the numerical value 
of the greatest negative coefficient increased by unity, is a 
superior limit of the positive roots. 


Obs. This result, as is easily seen, is included in that of 
the preceding article ; for if all the coefficients were negative, 
the substitution of the greatest of them increased by unity, 
and of every greater quantity, would give a positive result; 
therefore, a fortiori, the result will be positive if some of the 
coefficients be positive; the limit however here determined 
will usually be less than that in the former article, and never 
greater. 

i 

43. In any equation, be the first negative term, 

and —p the greatest negative coefficient, 1 + ^ is a superior 
limit of the positive roots. 


7 
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Any value of x whicL makes 

w 

X > p + **»+Jf+l)>2^“ . f 

a? “• 1 

will of course make -k -... positive. 

Now the inequality x* >p -— , is satisfied if 

QO 1 

x*>p - - , or a:’“* {x -1) >p, or (a;-1)*^* («—1) * or >/?, 

or (a; — I)** = or > j?, or a; = or > 1 + 

Since, therefore, 1 4 ^ and every greater number gives 
a positive result, 1 4 ^ is a superior limit. 

This method may he employed when the first term is 
followed by one or more positive terms. 

Ex. a:‘ + lla^-25aj-61=0. 

Here r = 3, and a limit of the positive roots 

^ :=14J^ = 5. 

44. If each negative coefficient, taken positively, be 
divided by the sum of all the positive coefficients which 
precede it, the greatest of the fractions thus formed, increased 
by unity, is a superior limit of the positive roots. 

Let the equation be 

a”4 p^~^+ 4 ... 

... 4 (“" Pr) + ... 4 = 0 ; 

then, since (Art. 5) 

P^^^pm ““ 1) 4 ... 4aJ 4 1) +J?m» 

if we transform every positive term by this formula, and 
leave the negative terms in their original form, we shall 
have 
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0= (a;-1)aj"‘*+ («-!)«’’■*+(a?- 1)0;*“*+ ... I + 1 

••• +i^2(^-l)+/^. 
+. 

Now if sucli a value be assigned to x that every term is 
positive, that value will be the superior limit required; in the 
terms where no negative coefficient enters, it is sufficient to 
have a; > 1; in the other terms, each of which involves a 
negative coefficient, we must have 

(1 >i>B, 

(l+i?i4-i?8+ ... +i>r_x) > Pr, &c., 


or a; > 


P■^ 




+ 1; a: > 


1 +Pi+Pi + ... 


+1; &c. 


If then X be taken equal to the greatest of these fractions 
increased by unity, this value, and every greater value, will 
make/(a?) positive, and therefore will be a superior limit of 
the positive roots. This method gives a limit easily calcu¬ 
lated, and generally not far from the truth. 


Ex. 1. 4a!“-8a;* + 23a;® + 105a;*-80a; + 3 = 0. 

mi. 8 , 80 j « 80 

The fractions are - and , and - > —; 

therefore 3 is a superior limit. 

Ex. 2. 4 j;’ — 6a;®— 7a;® + 8a;* + 7a;® — 23a;® — 22a; — 5 = 0; 
here 3 is a superior limit. 

Obs. The form of the equation will often suggest artifices, 
by means of which closer limits may be determined than by 
any of the preceding methods; thus, writing the equation of 
Ex. 1 tinder the form 

4x‘(a - 2) + 23*’+ 105® + 3 = 0, 
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wo 300 that a? = or > 2 gives a positive result, therefore 2 is 
a superior limit. Similarly, by writing the example of 
Art. 43 under the foi-m 


•D 

we see that 3 is a superior limit. 

We have seen (Art. 12) that an equation of an even 
number of dimensions with its last term positive may have 
no real root; but we shall now sliew that in any equation 
whatever, if the absolute term be small compared with the 
other terms, there will be at least one real root also very 
small. 

45. In the equation 


-h + &c. + x — r = 0, 


where r is essentially positive, and which may .represent any 
equation whatever, if r < ^ j where p is numerically the 

greatest coefficient, then there is a real positive root < 2r. 


By dividing by the coefficient of .r, and changing tlie 
signs of all the terms, and of all the roots if necessary, every 
equation may be reduced to the form 

- y + £c + &c. 4- /oJj" = 0.(1), 


where r is essentially positive; let p be numerically the 
gi-eatcst coefficient, then any value of a; < 1 which makes 

— y + a:>^(j^ + a;’ + &c. + j;") > ^, 

will make the first member of (1) positive; and this condition 
is fulfilled by 

— y + £c = or > , 

1 £C 


or (1 -\-p) cc® — (1 + y) a; + y = 0, 
or 2 (1 +p) a; = (1 + y) — V(1 + y)* — 4y (1 ■\-p ); 
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if theft 4r(l+^) <1, the radical will have "a real value 
> r ; and there will he for x a real value less than 


2 (1 +i>) 


which makes the first member of (1) positive; and £c = 0 
makes it negative; therefore in any equation reduced to 


the above form, if r < 
root < 2r. 


_Jl_ 

4(1+;?) 


there is a real small positive 


Ex. a;*-f ISx® — 21a3® — 12a; + 1=0 has a real root be¬ 
tween 0 and \. 

6 


46. To find an inferior limit of the positive roots, we 
must transform the equation into one whose roots are the 
reciprocals of the roots of the proposed equation; and the 
reciprocal of the superior limit of the roots of the transformed 
equation, found by the preceding methods, will be the quan¬ 
tity required. 

Hence if denote the greatest coefficient of a contrary 
sign to the last term an inferior limit of the positive roots 

ia —. For the transformed equation will be (Art. 32) 
f’)• +jpr 

I P*>~\ I _A 

y \ y "T • • • I if “!“••• I V j 

y>n * Fn Pn 

of which — is the greatest negative coefficient; therefore 
Pn 


“^ + 1 is a superior limit of its roots; and consequently 
Pn 

-P’i — an inferior limit of the positive roots of the proposed 

pr 

equation. 


Ex. 


- 42a;® + 441.a; - 49 = 0. 


Here p. = 49, ^>, = 441, or iis m inferior 

limit of the positive roots. By putting as = i, we may dis- 

if 
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fcover a limit closer to the roots; for the transformed equa¬ 
tion is 

y*-V + or y(y-9)+y(y-^)=o, 

which evidently has 9 for the superior limit of its positive 
roots, and therefore the proposed has ^ for the inferior limit 
of its positive roots. 


47. To find superior and inferior limits of the negative 
roots, we must transform the equation into one whose roots 
are those of the former with contrary signs (Art, 24); and if 
a, be limits, found as above, of the positive roots of this*, 
equation, then —a and will be limits of the negative 
roots of the proposed equation. 

Ex, a;’-7j: + 7 = 0; 

putting a; = — y, v e get y* — 7y — 7 = 0, 
of which 1 + Vy or 4 is a superior limit. 

Also, putting y = -, we get 2 ® + — 1 = 0, 

z 7 


13 1 . 

or ^ ^ of which ^ is a superior limit; 


28 


therefore the negative root of the proposed lies between — 4, 
and — 3. 


NEWTON'S METHOD OF FINDING LIMITS OF THE ROOTS. 

The limits however, deduced by any of the preceding 
methods, seldom approach very near to the roots; the tenta¬ 
tive method, depending upon the following proposition, will 
famish us with limits which lie much nearer to them. 

48. Every number which, written for x. makes/(a;) and 
all its derived functions positive, is a superior limit of the 
positive roots. 
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For if we diminish the roots a, 5, c, &c., of/(a;) = 0 hy*h, 
that is, (Art. 25) substitute y + A for a;, the result is 

f{y + A) = 0 , 

orjm +/W f +/'(A) +... +y'- {h) 1^ +/=0. 

Now if we give such a value to h that all the coefficients 
of this equation are positive, then every value of y is nega¬ 
tive ; that is, all the quantities a — h^ h — h, c — k, &c., are 
negative, and therefore k is greater than the greatest of the 
quantities a, b, c, &c., or is a superior limit of the roots of the 
proposed equation. Similarly, h will be an inferior limit to 
all the roots, provided the transfonned equation be complete 
and its coefficients alternately positive and negative. 


Ex. To find a superior limit of the roots of 
a;* — 5aj® + 7a; — 1 = 0, 

The transformed equation, putting y + A for x, is 

+ + (3A"-10A + 7)y + (6A-10)*^+y“ = 0; 

A 

in which, if 3 be put for k, all the coefficients are positive, 
therefore 3 is a superior limit of the positive roots. Also if y 
be put for h, the transformed equation is complete and has its 
terms alternately positive and negative, therefore y is an in¬ 
ferior limit of the roots. 


Obs. This method of finding a superior limit of the roots 
by determining by trial what value of x will make f{x) and 
all its derived functions positive, was proposed by Newton, 


WAKING’S METHOD OF SEPARATING THE ROOTS. 

49. If a series of quantities be substituted for x in /(a?), 
then between every two which give results with different 



sigfns an odd number of roots oif{x) 0 is situated; and be¬ 
tween every two which give results with the same signs an 
even number is situated, or none at all; but we cannot assure 
ourselves that in the former case the number does not exceed 
unity, or that in the latter it is zero, and that consequently 
the number and situation of all the real roots is ascertaMfed, 
unless the difference between the quantities successively sub¬ 
stituted be less than the least difference between the roots of 
the proposed equation; since, if it were greater, it is evident 
that more than one root miglit be intercepted by two of the 
quantities giving results with different signs, and that two 
roots instead of none might be intercepted by two of the 
quantities giving results nith the same sign; and in both 
cases, roots would pass undiscovered. We must therefore 
first find a limit less than the least difference of tlic roots; 
this may be done by transforming (as we have already shewn 
for a cubic, and shall hereafter shew generally) the equation 
into one whose roots are the squaies of the differences of tlie 
roots of the propo&ed equation. Then if we find a limit h 
less than the least po'^itivc root of the transformed equation, 
sfk will be less than the least difference of the roots of the 
proposed equation; and if we substitute successively for x 
the numbers s, s — y/k, s — 2 y/k, &c., {s being a superior 
limit of the roots of the proposed) till wc come to a superior 
limit of the negative roots, we are sure that no two real roots, 
lying between the numbers substituted, have escaped us; 
and that every change of signs in the results of the substi¬ 
tutions indicates only one real root. Hence the number of 
real roots will be known (for it will exactly equal the number 
of changes), as well aS the interval in which each of them is 
contained. 

Obs. This method of determining the number and situa¬ 
tion of the real roots of an equation was first proposed by 
Waring} it is however of no practical use for equations of a 
degree exceeding the fourth, on account of the great labour of 
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forming for any equation of a higher order the equation whose 
roots are the squares of the differences of its roots. 


Ex. £c* — 7£c-f 7 = 0. The numbers 1 and 2 give each a 
positive result, but yet two roots lie between tliem. The eqifo- 
tio^whose roots are the squares of the differences is (p. 45) 

/-42y*+441^^-49 = 0, 


an inferior limit of the positive roots of which is ^ (Art. 46); 
therefore ^ is less than the least difference of the loots of 


£C® - 7£C + 7 = 0, 


and substituting 2, , the results are + , —, +; hence one 

ij o 

5 5 4 

value of X lies between 2 and -, and one between - and -; 

3 do 

and,, similarly, we find the negative root, which necessarily 

1 

exists, to lie between 3 and 3 -. 


USE OF THE DEKIVED FUNCTIONS IN FINDING LIMITS 

OF THE BOOTS. 

50. The first derived function /"(x) put equal to zero, 
gives an equation whose roots liave remarkable relations with 
the roots of y(x) = 0; these relations we now proceed to in¬ 
vestigate, as w’dl as to draw several important conclusions 
from them, beginning with the following proposition. 

51. All odd number of the roots of the equation 

/'(x) = + (/I — 1)+ (w — 2)+ ... = 0, 

lies between each adjacent two of the roots of f{x) =0. 

Let the real roots of f{x) — 0, arranged in descending 
order of magnitude, be a, h, c,... I, in number n — r; 

f{x) ss (x — a) {x — h) (x — c)... {x — T). fp (x), 

where {x) is a polynomial of r dimensions that cannot be¬ 
come negative for any real value of x. 


8 
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In this identical equation, for x write y + h; 

/to + = fa/ + ^ -«) {i/ + 7i-h) (y + h-c) ... 

... (y + Z^-O + 

or f(h) +f(h). I +/"(«) j^+ - 

= (*-c)... + {A-a) (i-<•)... 

... “I" — o') (Ji — h) ... “1"... I + (h — rt) (Ji — />) ... (h — Z)] 

therefore, equeating coefficients of y, which in the first member 
is/'(//), and in the second member is the sum of tlie products 
of the constant tenii in each factor by tlio term in the other 
factor involving only tlic fii>t pOAver of y, wq get 

f'Qi) = [(/^ — Zi)(^ — c)...+ (// — o)(Ji —c)...+ (/< —01(^4— 

X ^ (4) + (4 — a) [li — 4)... (4 — 1) <^\4); 

the coefficient of ^ (4) being tlie sum of a .series of prndiicts, 
in forming which, each of the factors 4 — a, 4 — 4, (X,c. is left 
out in turn. 

In this equation, if a, 4, c, &c., be written for 4, .since the 
last term of the second member \anishes by these substitu¬ 
tions, and ^ (4) is talways positive, the results will have the 
same signs as 

(a — 4) (a — c) ..., (4 — o) (4>-c) ..., (c — «) (c — 4)..., &c. 

which are alternately positive and negative, since tliey respec¬ 
tively involve 0, 1, 2, ... negative factors; a, 4, c,... being 
aiTangcd in order of magnitude. 

Hence an odd number of roots of/'(4) = 0, or of 
f'(x) = nx"~^ + (w — + ... = 0, 

(since it is of no importance by what symbol we represent 
the unknown quantity,) lies between a and 4, an odd number 
between 4 and c, and so on; that is, an odd number of the 
roots oif\x) — 0, lies between each adjacent two of the roots 
of/(.r) = 0. 
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52. If the equation/(ic) = 0 has n real roots, then 
4- (w — 1)+ ... = 0, ox f[x) = 0, 

has n — 1 real roots, for one of its roots lies between each 
adjacent two of the roots of f{x) = 0; and it is therefore in 
this case called the limiting equation of the proposed. 


53. The equation/"(j;) = 0, or 

?? (n — 1) x”"® + (n — l) (n — + ... = 0, 

being derived fromy”(a") = 0 in the same manner 'S this latter 
is derived from ^f(x) = 0, will have an odd number of roots 
lying between each adjacent two of the roots of /'(x) = 0; 
and if all the roots of/(x) = 0 are real, all in 


/(x) = 0, /"W = 0, &c., 

arc real, till we arrive at a simple equation. And, in general, 
the equations # 

.rw=^>. &c., 


have at least as many real roots wanting one, two, &c., as 

/(x) = 0. 

Hence if/(x) = 0 has n-r possible, and r impossible 
roots, /"*(x) = 0 will have at least n-r-m possible, and 
therefore (being of n - m dimensions) cannot have more than 
r impossible roots; \vhich shews that though y(.T) = 0 may 
have fewer real roots than several of its derived equations, 
it has at least as many impossible roots as any one of them. 

Ex. The equation a;"(x-l)’‘ = 0 has all its roots real; 
therefore/' (.r) = 0, or (Art. 26) since 

f{x) = X®” - + &c., 


a;** — w. ^ a?” ‘ + 
2n 


n {n — 1) n {n — 1) 
1.2 2n {2 h — 1) 


X 


nS 


— &c. = 0, 


has n real roots, lying between 0 and 1. 


54. If we know all the real roots of f\x) =0, and sub¬ 
stitute them, in order, in /(x), we may find how many real 
roots the proposed equation contains. 



60 


For let o, 7 ,... X be the roots o{ f'{x) = 0 , arranged in 
order of magnitude, and let 

CO, a, 7, •••>*, - CO 

be substituted for x mf{x), giving results 

+,/W,/(^)» •••/(^ ±; 

then there can only be one root greater than a, and one less 
than X; for if there could be more, f'{x) = 0 would have a 
root situated between them, that is, a root > a or < X, which 
is impossible, for a, iS, 7 ,...X are all the real roots of/'(a") =0 
taken in order; also the other roots are situated singly be¬ 
tween a and /3, ^ and 7 , &c. Hence if/(a) be positive, there 
is no root greater than a; for if there were two, these would 
include no root of /'(a-) = 0, which is impossible; if negative, 
there is one root greater than a, and only one, for there cannot 
be three > a, for the same reason as before; if f {^) have the 
same sign as/(a) there is no root between a and /3, otlierwise 
there is one root, and so on: and if /(X) be positive for an 
equation of odd dimensions, or negative for one of even dimen¬ 
sions, there will be one root < X, otherwise nonOf 

It follows, tlicrcfore, that the number of real roots of 
f(x) = 0 , will be exactly equal to the number of changes of 
sign in the results of the substitution ofex), a, /3, 7 ,... X, — co 
for X ; and can be exactly determined whenever we can obtain 
a solution of f {x) = 0 . 

Ex. 1 . To determine whether x^ — qx+r — {) has all its 
roots possible. 

The limiting equation is — q — 0\ 
but/(a?) = X — q)+rj and for both substitutions 
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If then , /(a) is negative; therefore there is 


one root > a; also fifi) is positive, therefore there is one root 
between a and and another less than 


If 




, /(a) is positive; therefore there is no root 


greater than a, nor one between a and /3, because/(^) is 
positive; but there is one root < that is, one negative root 
which is the only real root. 

If Vy be written for if, the result is + r; hence when all 
the roots arc real, the greatest lies between V q and 



These results were obtained by a different method (p. 45). 


Ex. 2. x”— nqx-{-= 

f (^) = — wy = 0, which has one real root a and 

n — 2 imaginary ones, or two real roots a and ^ and « — 3 
imaginaiy ones, according as n is even or odd (p. 19). 

In the former case, 

. /(a) = !Z^(!Z - + (w - 1) /• = (w - 1) (- q^+ r), 

which is negative or positive, according as ^’*> or 

therefore the proposed equation, which has necessarily «— 2 
imaginary roots, will have two real roots or none, according as 

2 '“ > or < 

In tl^ latter case, 

^ H ft 

/(a) ^(n-1) (- 2 ^+ r), /(/3) = (w -1) (q^+ r), 
which have different or the same signs, according as 

q” > or < r’*"*; 

therefore the proposed equation (which has necessarily n — S> 
imaginary roots) will have three real roots, or one, according as- 

2 " > or < j*""*. 
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DES CARTES’S RULE OF SIGNS. 

55. No equation, complete or incomplete, can have more 
positive roots than it has changes of signs from + to -- and 
from — to +; and no complete equation can have more 
negative roots than it has continuations of the same sign. 

Suppose the jiroduct of the factors corresponding to the 
imaginary’ and negative roots of an equation to he already 
formed; then we shall obtain the first member of the equation 
by multiplying this product by the factors x — a, x — &c. 

correspording to the positive roots; and if we can shew lliat 
if any polynomial, whatever be the signs of its terms, be mul¬ 
tiplied by x — a, the resulting polynomial nnll present .at 
least one more change of signs than the original, the pro¬ 
position will be estal)li^hed as far as regards the positive 
roots. Let tlie signs of any polynojnial be 

+ - + 4--+ - + 

and let it be multiplied by a factor x — a; then, writing down 
only the signs of the operation, we have 

_l-1—I-1__ ^ 

- +-+ + + + - + - 

and -i---h±-+ + + +---f~ 

for the signs of the result, the doubtful sign + being written 
where the addition of unlike signs in the partial products is 
to be performed. 

Upon comparing this result with the original pol 3 momial, 
we ob^rve that 

(1) For every group of continuations there is a corre¬ 
sponding group of the same number of ambiguities. 

(2) The two signs, preceding and succeeding each group 
of ambiguities, are contrary. 

(3) There is a final sign superadded, contrary to that of 
the last term of the original polynomial. 
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Hence, in the most unfavourable case for changes, in 
which all the ambiguities become of the same sign, by (2) we 
may take the upper signs j therefore the signs of the result, 
excepting the last, arc the same as in the original polynomial, 
or no change of signs is lost; and by (3) one more is intro¬ 
duced. Consequently, one change of signs at least is added, 
corresponding to each of the factors x~a, x-h, &c., and 
none ever lost; and therefore no equation, complete or 
incomplete, can have more positive roots than it ha"! changes 
of sign. 

To prove the second part of the proposition, change 
X into — ?/; then if tlie equation be complete, the continu¬ 
ations will be replaced by changes, and vice versa; and by 
the preceding proof the transformed equation cannot have 
more positive roots than it has changes; avjd therefore the 
])roposL‘d cannot have a greater number of negative roots than 
it lias continuations of sign. 

Ons. This is Des Caries s rule of signs, and it is appli¬ 
cable, as we see, to discover a limit to the number of positive 
roots of every expiation; but not to discover a limit to the 
number of negative roots, unlc'^s the equation be comjdctc, or 
unless "vve siqqdy the deficient powers of x, each of which we 
may consider as ha\ing + 0 for its coefficient. But for the 
negative roots, the best ])ractical way, is to write —y for 
and to find the limit to the number of ])Ositivc roots of the 
transformed equation; and the theorem miglit be enuntiated 
thus; The equation/(j") =0 cannot have more positive roots 
than/(x) has changes of sign, nor more negative roots than 
/(— a*) has changes of sign. 

5G. When an equation is complete, since to each term 
reckoning from the second corresponds either a change or 
a continuation of signs, the sum of the numbers expressing 
the changes and continuations is exactly equal to the degree 
of the equation. 
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Hence, when a complete equation hue all its roots real, 
the nnmher of changes is exactty equal to the number of 
positiTe roots, and the number of continuations to the number 
of negative roots. For if r, be respectively the number 
of positive and negative roots, and m', r\ tlie number of 
changes and continuations m+r = m^r\ each of these being 
equal to the degree of the equation; and as m cannot exceed 
w»', nor r exceed r\ the only way in which this equation can 
exist is m^m\ r—r. 

57, In incomplete equations, the above theorem will often 
enable us to detect the presence of imaginary roots. 

Ex. 1. fc® + jaj + r = 0. This equation has visibly (sup¬ 
posing y and r essentially positive) no positive root, and one 
negative root (Art. 10); if we complete it, it becomes 
• x'* ± Ox^-hgx-h r—0; 

and taking the lower sign there is only one continuation of 
signs, and consequently only one negative root, which is 
• therefore the only real root of the equation. 

Ex. 2. ,£c® — 1 = 0. A limit of the number of positive 

roots is 2; and writing — y for Xj we get + 2^ — 1 = 0, 
a limit of the number of positive roots of which is 1, or the 
number of negative values of x cannot exceed 1; therefore 
the equation has at least two imaginary roots. 

Ex. 3. a;”+5£c®-3a;* + 4a;’ + 10ic®-4ic®- 8aj® + 5 = 0 has 
at least four imaginary roots. 

58. Evciy equation, which, otherwise complete, wants t 
consecutive terms, has at least i impossible roots, if < be even; 
and if t be odd, it has at least < + 1, or i — 1 impossible roots, 
according as the deficient group is between two terms of the 
same, or of contrary, signs. 

Let the equation be 

a" + ... + + ... + = 0» 

where P and Q have the same sign; then writing that sign 
before all the intermediate evanescent terms, let a*number 
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of changcB and w - 5 = number of continuations presented by 
the equation, which are limits, respectively, of the number 
of positive and negative roots. Now make the signs of all 
tlic intermediate evanescent terms alternately positive and 
negative, so that t+1 or t fresh changes may be introduced 
according as t is odd or even; tlien n — s — t—l and n — s — t 
are limits of the niimbor of negative roots. Hence there can¬ 
not be more tlian s positive roots, and n — s — t — l or n — s — t 
negative roots, or more tiian n — t—1 or n — t possible roots; 
and therefore there are at least l+l or t impossible roots ac¬ 
cording as t is odd or even. Similarly, if t terms are wanting 
between two terms of different signs, it may be shewn that 
there are at least ^ — 1 or < impossible roots, according as 
t is odd or even. 

If < = 1, or if only one term be wanting between two 
terms of the same sign, then the equation has at least two 
impossible roots; but if a tenii be wanting between two 
terms of contrary signs, we cannot in this way conclude any¬ 
thing respecting the nature of its roots. 

Generally, in an incomplete equation, if the deficient terms 
be replaced by cyphers, and first be taken with such signs 
as to make the total number of changes the least possible, 
and = s; and secondly be taken with such signs as to make 
the totill number of continuations the least possible, and = t; 
then the number of positive roots cannot exceed s, nor the 
number of negative roots, t; and the number of impossible 
roots is not less than n — s — t. 


Pkoe. To shew that the equation 

{x — d){x — h) {x — c)— a'* {x —a)— {x — h) 

— c'“ (a; — c) = 2 ah'c'j 

has for a limiting equation the quadratic to which it is 
reduced by making any two of the quantities o', 6', c', vanish ; 
and thence that all its roots are real. 


9 
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Write the equation under the form 

(x — c) {(x — a) (x — 5) — c'®} — 

{rt® (x — a) + h'* {x — h)+ 2ab'c] — 0, 

and let a and /3 be the roots, taken in order, of 
(x — a) X (x — h) — c'®= 0, 

the depressed equation when «' = J' = 0* then a is greater than 
both a and b, and ^ less, as will appear by solving the equation. 
Hence, substituting + oo, a, /3, — oo, for x in the proposed 
equation, the results are 

+ , - {o' Vi^o + J' + [o’ + b' - ; 

therefore there are three real roots; one > a, another between 
a and and a third < 



SECTION IV. 


ON THE DEPRESSION OF EQUATIONS SOME OF 
WHOSE ROOTS HAVE PARTICULAR RELATIONS 
TO EACH OTHER, OR ARE OF A PARTICULAR 
FORM. 


EQUAL ROOTS. 

59. Among the cases in which an equation inaj be 
depressed by reason of particular relations existing among 
its roots, the most important is that where the polynomial 
which forms its first member has equal factors, or where 
the equation has equal roots; because, both in the method 
of determining the number and situation of the real roots of 
an equation, and also in that of approximating to the values 
of its incommensurable roots, one condition either essential 
or advantageous is, that the roots should be all different from 
one another, i. e. that the equation should contain no equal 
roots. We must therefore shew how we may be assured 
that a proposed equation has no equal roots; and when it 
has equal roots, we must shew how they may be found, and, 
consequently, the complete solution of the equation made to 
depend upon that of one or several equations having only 
unequal roots. 

60. If the polynomial f{x) and its derived function of 
the first order/'(ir) have no common measure, the equation 
f{x) = 0 has no equal roots; but if they have a common 
measure, the equation has equal roots, every simple factor of 
the common measure occurring one more time in f[x) than 
it does in the common measure. 



68 


Let a, bf Cj ... I be all the roots real or imaginary of 
/(jr) = 0; then, changing x into y + A, we have 

/(y + A) = (y + /i-a) (y + h-h) ... {y + h-T); 

now if eacli member be expanded and arranged according to 
powers of y, the coefficient of y in the first member isj‘'(h) 
(Art. 26), and in the second member it is 

{h-h) {k-c) ... (4-0 +(A-o) (A-r) ... (A-0 

+ (A — o) (A — A) ... (A — /) + &c., 

each of the factors h — a, h — h, &c., being left out in 
succession; therefore, equating these coefficients and replacing 
A by X, we get 

f (x) — {x — b) {x — c) ... {x — I) + {x — a){x — c) ... {x — l) 

+ {x — a) {x — b) ... (u; — ?) + &c. 

Hence, i^fix) have only one factor =x — a, f'{x) is not 
divisible by a; — because one of its terms docs not involve 
x — a\ and in the same manner it may be proved that any 
other of the unequal factors of /(.c) is not a divisor of /' (a;). 
Therefore, if f{x) be composed of unequal factors, / ix) and 
f» have no common measure. 

Again, /' {x) = {x — a) {x — b) (x - c) ... {x — l) x 

Now suppose the equation/(x) =0 to have m roots equal 
to a, r roots equal to b, p roots equal to c, 

.*. f {x) = (x — o)”' {x — by {x — cf... {x—l) X 

x — a x — b x—c x — l] 

Therefore /' {x) is divisible by 

{x - a)”^' {x - h)^' x{x- 

and therefore, if/{x) has equal factors, jf‘{x) and Z' {x) have a 
common measure, formed by the product of all those factors, 
each raised to a power leas by unity than that to which it is 
raised in/(a"). 


Ill 1 ) 

-1- 7 + - + ••• H- 1 )- . 

x — a x — b x — c x — l\ 
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Ex. 1. f{x) = a:® - 3£C® - 9a; + 27 = 0, 
f'{x) = 3a:® — 605 — 9 ; 

the greatest common measure of f{x) and f'{x) will be found 
to be £c — 3; therefore the proposed equation has two roots 
equal to 3. 

Ex. 2. X*- 2a;®- 4a:* + 12a;® - 3a;®- 18a; + 18 = 0 j 
it is the same as (a:® — 3)® (a:® — 2a: + 2) = 0. 

61. Hence, if we know the value of one of the equal 
roots of an equation, we may find its multiplicity, that is, the 
number of times it is repeated, by substituting it in the de¬ 
rived functions taken in order; tlicn the degree of the first 
of the derived functions which does not vanish by the substi¬ 
tution, expresses the multiplicity of the root. 

For suppose the factor a; — a to be repeated m times, 

•*• /(^) = {x- a)"‘. (x), 

where <f> (x) has no factor =x —a. 

Change x into a 4- /i, tlicn (Art. 27) 

A”. <j, («+;,) =/(a) +/'(«) \ +/'(«) ~+... 

Now the first member is divisible by but by no higher 
power of h ; therefore the second member is so, and therefore 
we must have 

/'(<0 = 6, f" {a) = 0, &c., (a) = 0; 

but,/^(a) will be a finite quantity, because the coefficient 
of h”* is so in the first member; that is, the first of the 
derived functions which does not vanish for a: = a, is that 
whose order is w, the number of times the root a is re¬ 
peated. 

Ex. a;® + 2a:* - 6a;® - 4a:® + 13a: — 6 = 0; to find how often 
the root unity is repeated. ^ 

It will be found that f"\x) is the first derived function 
which does not vanish, when x = 1; therefore the root 1 is 
repeated three times. 
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62. To decompose a polynomial having equal factors, 
into other polynomials which have only unequal factors. 

Let ./(a.)=*=X,A7A7...X«, 

where denotes the product of the factors which enter only 
once, Aj the product of those which enter twice, &c., and A7 
the product of those which eater m times; then if^(*r) denote 
the greatest common measure of f{x) and /'(x), 

/W = jr,A7AV...xr-. 

Again, treating the polynomial f^(x) in the same manner 
as/(a*) was treated, if^(-r) denote the greatest common mea¬ 
sure oifiix) and//(a-), 

f(x)=:YY^ ym-a. 

and proceeding in this manner, we shall at last come to 

beyond which, if the process be continued, we find /„(-r) = 1, 
as A„, has only unequal factors. Hence, by division, we 


obtain 


= A'a;a; ... A^ = </>, (x) suppose, 

. x„ = 4>Ax), 

= A7 = .#..W, 


Jm-jjx) _ Y y _ fL 
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The solution of the original equation is thus induced to 
that of the equations 

Aj = 0, “0, ... A„j = 0, 

each of which contains only unequal roots. 

63. Hence the process of decomposing a polynomial/(a:) 
that has equal factors, may be tjus represented; 

/W fnlx) 

••• 

Y Y V 

••• 

In the first line, each term, beginning with f^{x), is the 
greatest common measure of the preceding term and its de¬ 
rived function, and the last term^(x) is unity; in the second 
line, each term is the quotient of the division of that term of 
the first line under which it stands by the following term; 
and in the third line, each term is the quotient of the division 
of that term of the second line under which it stands by the 
following term, and any term may equal unity. Then each 
of the functions X,, X^, ... X,„, will, by its subscribed index, 
shew the multiplicity of the factors of which it is composed, 
in the original polynomial; and, by its degree, the number 
of factors that have that multiplicity; and if any one of 
them equals unity, then f{x) admits no factor occurring 
r times. 

Ex. 1. f{x) = a:" - 7x^ - 2a:® + 118a;® - 259.Z;* - 83a;® 

4-612a;®- i08iC-432, 

/ (x) = 7x^ + ISx' + 3.Z; - 18, 

/gW = a? ~ 3, 

fai^) ~ 

<l>^{x)=x*-l5x'^ + 10x + 2A, 

<j>^{x) = j;® — 4a;® + £c + 6, 

<t>,{x)=^x-S, 

Xj = a; + 4, 

Xg = .'c®-a?-2, 

X,=:X-3, 

f(a:) = (a; + 4) (a;® - a; - 2)“ (a? - 3)“. 
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Ex. Si* , ' 

a® - 12a;’ + SSar** - 920^-^ 9x* + 212a;® — 153a;* - 108a; +10$ = 0; 
it is the same as 

(x -l)(x — 2)* (a; + 1)* (a; - 3)® = 0. 

Ex. 3. a*“ — wyx + (n — 1) r = 0 will have a pair of equal 

roots, if = r""’. 

c» _J_ 

The limiting equation is na;”~’ — ?ig = 0; x = g""* is the 
value of the equal roots, if tlic equation admits any; substi¬ 
tuting it in the proposed, we find 

I 

(g - wg) g*"‘ + (w - 1) »■ = 0.(1), 

or g“ = r'‘~\ 

for the relation among the coefficients, in order that the pro¬ 
posed may admit a pair of equal roots. Moreover, when ?t is 

1 

even, r must be positive, and the root which recurs is g""‘; 
when n is odd, r may be either positive or negative, but in 

I 

the former case the root which recurs is + g^'h and in the 

I 

latte- case — g”"', as appears from (1). 


COMMENSURABLE ROOTS. 

64. Commensurable roots are those whose exact values 
can be expressed by finite numbers eitlicr whole or fractional, 
and therefore of course not involving in their expressions any 
irrational quantity. When the coefficients are whole numbers, 
and that of the first term unity, the commensurable roots are 
necessarily whole numbers, as will be proved; in other cases 
they be fractions; but in all cases they can be readily 
obtai^d, and the equation depressed. 

An equation is said to be irreducihle when, its coefficients 
being given numbers, its first member admits of no ‘com¬ 
mensurable factor, that is, one whose coefficients have exact 
numerical values. 
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65. If in any equation tl^ the^^est 

power of Jthe unknown quantity the other coeffi¬ 

cients be whole numbers, the equation cto hare only whole 
numbers for its commensurable toots. 

If possible, let I, a fraction in its lowest terms, be a com¬ 
mensurable rOot of the equation “ 

+ jPa®”'* + ... = 0, » 

tlien(2) +p, +j), 0) + ... +^. = j; 

therefore, multiplying by and transposing, 

that is, a fraction in its lowest terms is equal to a whole. 

number, which is impossible ; therefore ^ is not a root of the 

equation. If therefore the equation can be satisfied by real 
quantities, since they are not expressible in the form of a 
vulgar fiaction, they must be either whole numbers or inter¬ 
minable decimals. Hence the commensurable roots can only 
be whole numbers; and the other real roots are incommensu¬ 
rable ; that is, they cannot be expressed by finite rational 
numbers, either ^hole or fractional, and therefore can never 
be exactly known; but their values may be approximated to 
with any degree of accuracy, as will be shewn. 

METHOD OF DIVISORS. 

66. The commensurable roots of f{x) = 0, whieffi*; are 
necessarily whole numbers, may be always found by the 
following process, called the Method of Divisors, proposed 
by Newton. 

Suppose tt to be an integral root; then, substituting 
a for 07 , and reversing the order of the terms, wc have 

Pn + + ... + + O" = 0 ; 


10 
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^ 4.^*-* + + ... + a**® = 0. 

Hence ^ is an integer which we may denote by ; sub¬ 
stituting, and dividing again by a, we get 

g- + P-i +j, +... +J, a'^+a«=o. 
a 

Similarly, integer = suppose; and pro¬ 

ceeding in this manner, we shall at last arrive at 

a 

Hence, that a may be a root of the equation, the last 
'term must be divisible by it, so must the sum of the 
quotient and next coefficient, +/>».,; and continuing the 
uniform operation, the sum of each coefficient and the pre¬ 
ceding quotient must be divisible by cr, the final result 
being always — 1. 

If therefore we take the quotients of the division of the 
last term by each of the divisors of the last terra which are 
comprised within the limits of the roots, and add these 
quotients to the coefficient of the last term but one; divide 
these sums, some of which may be equal to zero, bja the 
respective divisors, add the new quotients which are integers 
or zero (neglecting the others) to the next coefficient and 
divide by the respective divisors ; and so on through all the 
coefficients (dropping every divisor as soon as it gives a frac- 
tiona.1 quotient), those divisors of the last .term which give 
-l%r a final result are the integral roots of the equation; 
and we shall thus obtain all the integral roots, unless the 
equation’ have equal roots, the test of which will be that 
some of the roots already found, satisfy /' (a;) *= 0; and the 
number of times that any one is repeated will be expressed 
by the degree of derivation of the first of the derived 
functions which that root does not reduce to zero, when 
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written in it for an (Art. 61). It is best to ascertain by direct 
substitution whether +1 and — 1 are roots, and so to exclude 
them from the divisors to be tried. 

Ex. 1. aJ* + 3a;®-8a5+10 = 0. 

8 

Here the roots lie between ^ + 1 and —11 (Arts. 44,42), 
and the divisors of the last term are ± {2, 5, lOj, 


.*. a = 2 

-2 

-5 - 

10 

1) 

-5 

-2 - 

1 

+ {-8)=-3 

-13 

-10- 

9 

II 

X 

X 

2 

X 

!?a + 3 = 


5 


?a = 


-1. 



Therefore — 5 is the only commensurable root; and it is 
not repeated since it does not satisfy the equation 

/' (a:) = + 6a? — 8 = 0. 

Ex. 2. a?"--5a?* + a?®+16a?®—20a? + 16 = 0. 

Here limits of the roots are 6 and — 4; and the commen¬ 
surable roots are 4, 2, — 2. 

Ex. 3. »*+ 5a?“— 2a^- 6a? + 20 = 0; a? = - 2, or - 5. 

67. The number of divisors to be tried may be lessened 
by observing, that if the roots of/(a?) = 0 were diminished 
by any whole number m, the last term of the transformed 
equation f{y + m) = 0 would be /(m) ; if therefore a were an 
integral value of a;, a — m would be an integral value of y, and 
woiQd be therefore a divisor of f{m). Hence any divisor, 
a, of the last term of/(a?) is to be rejected which does not 

satisfy the condition integer, when for m any in¬ 

teger, such as ± 1, ± 10, &c., is substituted. 

Ex. 1. a;* —18a; +72ss0. 
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Changing the signs of the alternate terms, we have 


£c* + 5ai* — 18a: — 72 = 0, or a;® — 72 + Sa: 



therefore the roots lie between 19 and — 5. 


But /(I) = 50, /(- 1) = 84, /(- 3) = 54 ; 
and tlie only admissible divisors of 72, which, when dimin¬ 
ished by 1, divide 50, are 

6, 3, 2,-4; 

also, all these divisors, when increased by 1, divide 84; but 
only 6, 3, — 4, when increased by 3, divide 54; 

6, 3, -4, 

are the only divisors which need to be tried; and they #ill 
all be found to be roots. 

Ex. 2. 6a;®+169 j: — (42)® = 0. x — 9. 

68. If a proposed equation have fractional coefficients, or 
if its first term be affected with a coefficient, since (Art. 30) it 
cad be transformed into another equation with first term unity 
and every coefficient a whole number, this method will enable 
us to find the commensurable roots of every equation under 
a rational form. If the coefficients be whole numbers and 
the first term be wish to find the roots 

which are integers, no transformation will be necessary; 
only every divisor of the last term which is a root, will lead 
to a result instead of — 1. 

Ex. %x* — 25x* + 26£c® + 4a3 — 8 = 0, 

It is the same as 

{x — 2)® (3aj — 2) {2x + 1) = 0. 


SOLUTION OF BECIPROCAL EQUATIONS. 

69. These are equations which are not altered by 
changing x into —, and of which the roots are consequently 
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of the form a, ^i, &c., together with +1 or — 1 several 

times repeated. The particular form of the equation neces¬ 
sary to satisfy this condition, investigated at Art. 33, is such 
as to permit a great simplification in its solution; when the 
degree docs not exceed the ninth, the solution can he com¬ 
pletely effected. 

In Art. 34 it is proved that every reciprocal equation of 
an odd order will liave a; +1 or a? — 1 for a factor, according 
as its last term is positive or negative; and that every reci¬ 
procal equation of an even order with its last term negative 
(and consequently having no middle term) will have a;® — 1 
for a factor; and that if these factors he expelled, the de- 
prtssed equation, in hoth cases, will he a reciprocal equa¬ 
tion of an even order with its last term positive; which 
may therefore he taken as the standard form of reciprocal 
equations. 

70. The roots of a reciprocal equation of an even number 
of dimensions exceeding a quadratic, may he found hy the 
solution of an equation of half the number of dimensions. 

Let the equation he 

£C®* + + qx^'^ + ... + + kx'^~^ + ... 

... + qx^ +px + 1=0; 

then, collecting the terms which are equidistant from the ex¬ 
tremities in pairs, and dividing hy £c", we have 

+i> (»*■'+^)+ ••• +^ +1) + ^= 

Let 5D + i = V, then because 

X ^ 

making m = 2, successively, and substituting in each 

equation from the preceding, we get 
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“*+=y (»’-2) - y =/-syi 
®*+|i=y(y'-3y)-(y'-2)=y*-V+3, 

»*+1-=y" - "y””"+“ *'• 

Hence, by substitution, the original equation will be 
transformed into an equation of n dimensions in y; any 
root of which, * 0 , will give two roots of the original equation, 

’ ] 

by means of the relation x^^-- = a; and a quadratic factor, 

•X/ 

x^ — ax+1. The general term of the series for ^*' + ^ is 
given in Ex. 3, Art. 154. 

We may remark in passing that any one of the above 
polynomials in y, put equal to zero, would furnish an equation 
having all its roots real and unequal, and situated between 

— 2 and + 2; for 2 cos =«’* + 4 = 0, is satisfied by n dif- 

X 

ferent real values of 2 cos ^ = a; + -, (p. 29). 

Ex. 1. 

a* + «" — Sa;’ + 3a;® — 8a^ — 8a;® + 3a;^ — 9a;* + a; +1 “ 0. 

Expelling the root — 1, by means of Art. 6, we get for 
the depressed equation 

a.«4.(-l + l)a;’+(0-9)a;®+(9 + 3)a/‘+(-12-8)a;® 

+ (20 - 8) a;^ + (-12 + 8) a^ + (9 - 9) a; +1 = 0, 

or a;* + ^4 — 9 + 12 ^a; + — 20 * 0; 
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/. y‘-V+2-9(/-2) + 122^-20=:0, 
or y*‘ — ISy* + 12^ = 0; 

M 

y = 0, y = 1; and the other roots axe 3, — 4; 


therefore the proposed equation is resolved into '• 

(a? 4-1) (ai" +1) (a? — aj +1) (£c* — 3a; +1) (a:^ + 4a; +1) = 0. 
Ex. 2. 2aj* — 5a;® + 4a;‘ — 4a^ + 5a; — 2 = 0. 

Expelling the factor a;® — I, the depressed equation is 
2a;* — 5a;® + 6a;® — 5a; + 2 = 0, 

which may he resolved into 

(a; — 1)® (2a;® — a; +■ 2) = 0. 

It may he observed that, hy precisely the same process, 
the equation 

X®’* + ^a;®"'* +... + + ^" + +... 

... +pnC~^x + m" = 0, 


admits of the same reductiqn as the recurring equation which 
it becomes when m-l \ the formulae to be used being 


® + S=2'- 






71. The following are other instances in which equations 
are solvable, on account of their roots being known to have 
particular relations *to one another. 

Ex. 1. x*-ja? + ®”!t’-85* + 16 = 0, 

roots in geometrical progression 

They are therefore of the forms j “» J 

(Art. 19) a*= 16 or a = 2. 

Also ?|^-^ + 5 + a’ + a* + oV + oV; 

4 r r 
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*’* ^+ r = 2; 

consequently the roots are j, 1, 4, 16. 

Ex. 2. +^8®”"* + — ^1 roots in arithmetical 

progression. 

They are therefore of the forms a, a + &, a + 2Z», &c. 

/. -;?, = {2a+(n-l)ij- = «a+ - 

Pi ”(a + + &c. = 7?a* + [l+24'3 + ...-f"(w~l)| 2aZ> 

+ {!’*+ 2®+ ... + (/i — 1)®] i* 

9 , / t\ t; , (2»-l) (» — !)« 78 

= na + »i (n — 1) <xb + ^- - — h ; 

0 

subtracting the square of the former from the latter equation 
multiplied by to, we get 2>®; and tlien a is known from the 
former, by substituting for h its value. 

In general, the equation f{x) = 0 may be depressed, if it 
be reducible, and if we know a relation b = ^ {a), between two 
of its roots, a and h. 

Write ^{x) instead of x in f{x), and let the resulting 
polynomial be F{a); then f{x) and F{x) are both reduced 
to zero by making x = a; for a and h are roots oi f{x) — Q 
by supposition; and to write a for x in ^(x), is the same 
thing as to write b for x in f{x) ; therMore f{x) and F{x) 
have a common measure x — a^ which may be found; whence 
o, and h —<f> [a) i become known, and the equation may be 
depressed two dimensions. 

Ex. X* + 2£c® — 9a;“ — 22a; — 22 = 0 ; the sum of two roots 
is — 2. The roots are — 1 ± V— 1 and ± Vll. 

In depressing the equation/(a;) = 0, two of whose roots 
are known to have the number h for their sum, by finding 
the greatest common divisor D of f{x) and f{h — x)y D will 
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be of the second degree in x, only when there is but one pair 
of roots whose sum = h, and no root = \h ; and D will be of 
higher dimensions when there are several ways of taking two 
roots whose sum is h. The method becomes illusory when 
all the roots can be distributed in pairs whose sum is h. 
Thus suppose 

f{x) = (x - 1) (a* - 2) (ic - 4) (a; - 5), 

then /{G — a") = (aj — 5) (a; — 4) (.r — 2) (ai— 1), 

wliicli is identical with the proposed. But in this case we 
get for each pair of factors where a-\-h = h, 

so that, if we put a* —= Vc, the equation is reduced to 
dimensions in z. This branch of tlic subject will be resumed 
at Art. IGl. 


ALGEBRAICAL SOLUTION OF BINOMIAL EQUATIONS 

72. These arc equations of the form aj''±o = 0, contain¬ 
ing only a single power of the unknown quantity, which may 
be reduced to reciprocal equations; for let a be tlic arith¬ 
metical v.iluc of l/a, and for x vrite aa', then the equation 
becomes a;” + 1 = (), which is reciprocal. 

Although W'c have already obtained the complete solution 
of this equation (p. 18), so that with the aid of a Table of 
Sines, the numerical values of the roots may be easily found 
in the form a + as a])proximatcly as can be desired; 

yet the solution by a purely algebraical process deserves 
attention, since in it additional jiroiierties of the roots ai*e 
brought to light; and these roots, that is, the roots of 
unity or of negative unity, are indispensable in the Algebraical 
solution of Equations, and are not unfrequcntly employed in 
several of the liighcr branches of Analysis. 

73. In all cases of the equation £c" ± 1 = 0, having 
expelled the re^l factors if there be a*iy, if we transform it 
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byfiie substitution 2/ = a:+^, bo thata?*-^a;+I = 0, since 

y will be the sum of a pair of conjugate roots, y will always 
be real, as every value of x is impossible, and equal to 2 cos ^ 

where ^ is some multiple of ^tt ; and therefore the equation 

will be transformed into another of half the number of 
dimensions having all its roots real and situated between 
— 2 and + 2. The transformation may be readily effected 
thus; Taking the case — 1 = 0, and expelling the factor 
£c — 1, and dividing by a;"*, we get 

a?”* + 31 "h —nFT "h + - hl=0. 

X X 

Calling the first member , and putting 

^ = ^ + L = + wchave 

tA JC 

(Art. 70), 

V =?jV -7 

^ m-l ^ ^ m-2 ^ ’ 


K=yK--^- 

Hence, adding these equations together, we get 

Hence, since t4 = y* + y —1, 

^a = y + y*-2y-l, 

c^4=/+y-%*-2y + i, 




=y*+3/“'' - (»»-1) j”"” - (»»- 2) y 

(•.-2)(m-3) (m-S)(m-4) , . _ 

+ y + 1.2 y. 
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an equation wliose roots are all real and unequal, and lying 
between — 2 and 2. The general term of may be deduced 
from that of (Art. 70)*. This process readily famishes 
the solution of all binomial equations as far as a;“ +1 = 0; but 
the solution of — 1 = 0 by this method would require the 
solution of a complete equation of the fifth degree. 

74. If a be an imaginary root of aj" — 1 = 0, then a“ will 
also be a root, m being any number positive or negative. 

For since a is a root, a" = 1 }■ therefore (a*)"* = 1, 
or (a”*)” — 1 = 0; therefore a”* is a root. 

Also, if a be an imaginary root of a:” 4-1 = 0, then a"* is 
also a root, m being any odd number positive or negative. 

For a" = — 1, (a")'” = ( — I)*" = ~ since m is odd, 

or (a*")" 4-1=0; a’" is a root. 

In both cases, all tlie roots are manifestly unequal (Art. 60), 
for the derived function can have no factor in common 
with a:" 4 1. 

75. The equations a;" - 1 = 0, and -1=0, can have 
no other common root, except unity, when m and n are prime 
to one another; and in otlicr cases they have in common all 
the roots of ar^ - 1 = 0, being the greatest common measure 
of in and n. 

For suppose, if possible, a to be another common root; 
and let a and h be two numbers determined so as to satisfy 
the equation an-hin=\, which can always be done (Art. 143), 
since m and ii arc prime to one another; then oc = 1, ot = 1, 
a“"=l, a'^ = l; /. by division we geta“""'^ = l, ora = l, 
which is consequently the only common root. 

But if m and n be not prime to one another, then in seek¬ 
ing the greatest common divisor of a;” — ! and a;" —1, the 

* This can best be efiected by means of the relation 

1 dV^x 

tn dy + l dy 
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successive reductions effected upon the indices of aj, will be 
the same as in the remainders met with in seeking the greatest 
common measure of m and n ; if therefore q be that common 
measure, then — 1 is the greatest common divisor of af" — 1 
and X*— 1. 

Hence when n is a prime number, the equation £c" — 1 = 0 
has no root in common, except unity, with any equation of the 
same fonn and of an inferior degree. 

76. The imaginary roots of £c" — 1 =0, n being a prime 
number, are the same as the several powers of a from 1 to « — 1, 
a being any one of the imaginary roots. 

The quantities a, a"*, a’, ... are roots by what lias been 
proved, and no two of them are equal; for, if pos'^ible, let 
p and q being both less than therelori' 1 ; or, 

a is a root of — 1 = 0, and also of .i" — 1 = 0, which is im¬ 
possible, becau-'C p — q and it arc prime to one another; tlu^re- 
fore the roots of the equation are all contained in the senes 

1, a, a^ ... a"'’; 


and if it be continued, the roots lecur in the same order, for 
a=l, a = OL . oi = OL, OL =a.a=a, cvc. 


77. This property of producing all the other roots by 
its different powers, wh^h, when n is prime, belongs to any 
one of the imaginary roots, is, in other casc», generally confined 
to the first imaginary root, a, determined by I)e Moivres 
formula, (as proved, p. 21), or to its conjugate; or rather to 
any root a"*, provided ni be prime to or to its conjugate. 
If therefore ^ be any root of £c" — 1 = 0, it is always true that 
any power of ^ is also a root; but not always true that all the 
roots can be produced by powers of yS. 

Thus, in the case a?® — 1 =0, or (a;® — 1) (£c®-l-1) =0, if we 
take /S= 4 ( — 1 -h V —3), we can, by its powers from 0 to 5, 
only produce the roots of a;® — 1 = 0 twice over; but we can by 
the powers of a produce all the six roots, if we take 

^ = 4 (1 + V - 3) = cos ^ sm 
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w 

Any root of a;" —1 = 0 which does not belong to any 
equation of the same form and of an inferior degree, and 
whose powers consequently from 1 to n— 1 have distinct values, 
is called a primitive root of a;" — 1 = 0. When w is a prime 
number, every root except unity is a primitive root. We pro¬ 
ceed now to slicw the existence of primitive roots for a bino¬ 
mial equation whose degree is a composite number, and to 
determine the number of them. 

78. A primitive root of the equation whose index 

m is the /a*** power of a prime number p, will = ••• • 

wh(ie is a root, different from unity, of /•*’ = I; any root 
of = /3, any root of = &c. ; and any loot of 

a^ = . 

Every non-primitive root of a'** = 1 must belong to some 
equation = l where is a divisor of in ; but evciy divisor 

of m, exeept itself, is a divisor of ; therefore tlie roots of 
.f’=l, and consequently all the non-primitive roots of the 

pro})oscd, are contained in = 1; and it is evident that all 
the roots of this laht equation belong to the proposed; there¬ 
fore the number of the non-primitive roots of the ])roposed 
is //■*; and conse((uently the number of the primitive roots 
is To form these, let ...denote, respec¬ 

tively, roots of the equations 

a^ = l, a^ = /Sj, a^ = ^j, ...a;*’ = , 

and assume 

a = ^,^, .(i); 

then this formula will represent all the roots of the proposed. 
For since /3^ has p values, and to each of them correspond 
p values of and to each of tft values of eoires[)ond 

p values of ^g, and so on, therefore the expression for a ad¬ 
mits of values. And each of them is a root of the pro¬ 
posed; for 

^' = 1, A'’=l. = __ 

= 1 . 
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And all the values of a are diiferent from one another. For 
suppose two of them to be equal to one another, viz. 

= .( 2 ), 

then raising both sides to the power and observing that 

= ... = 

= /37 = /3\...^'/ = /9U. 

we get 

= /3'i.(-1)’ 

consequently from (2) we get 

If we repeat the same operation upon (1) that has been 
performed upon (2), we next find = /3V-i J ^^^id proceeding 
in this manner, we arrive at the conclusion tliat the equation 
(2) cannot sub&ist, unless all the factors on one side be re¬ 
spectively equal to those on the other; v hence it follows that 
the assumed formula for a nill funiish all the 9/t loots. As 
the non-primitive roots satisfy ~! = 1, iv henever the value 
91 given by (1) is a non-primitive root, we must have 

(/3A-/9^A)'^‘=l, 

or, suppressing the factors equal to unity, 

^" = 1 .( 5 ). 

But from (3) we deduce 

/8f‘ = yC’=-=A’'=A. 

therefore equation (5) requires that we have = 1; conse¬ 
quently the value of a given by formula (1) will be a non¬ 
primitive root when = 1, and a primitive root in the con¬ 
trary case. Hence the refplution of a'“ = l, whose degree is 
the power of a prime number y/, is reduced to finding one 

root different from unity of = 1; next any one root 

of — then any one root jS, of = and so on, 
through fi equations of th^*** degree; for by that means we 
shall obtain a primitive roof of the proposed equation, which 
by its powers will furnish all the other roots. 
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79. The solution of the general case, where the degree 
m of the equation aj** = 1 is any composite number, can be 
made to depend on the solution of equations of the same form, 
whose degrees are the prime numbers, or the powers of prime 
numbers, which are divisors of m. 

Let where^...r are distinct prime num¬ 

bers ; also let 7 , <&;c. 8 represent respectively roots of the 
equations 

07^ = 1 ,... = l.( 1 ), 

then if we assume 

a — ... 8 .( 2 ), 

it will have m values, because its factors 7 , &c. 8 have 
respectively values; and these values will be 

the roots of the proposed. It is plain that this expression 
for a satisfies the proposed; for we have 

^ = 1 , 7 «'= 1 , &c., S^=l; 

and consequently 

= 7 ”‘ = l, &c.* S”‘ = l; o"* = l. 

And no two values of a are alike; for, if possible, suppose 

^'y...8' = ^"y"...8'\ 


and since the quantities y,... 8' are not all equal respec¬ 
tively to /S”, 7 ",... 8”, let us suppose that j3' differs from j3'\ 
Now raising this equation to the power 

iffy... S'f '^={^’y"...SY 


and suppressing the factors equal to unity we get 




»-x 



But )8', /S", being two distinct roots of = 1, may be ex¬ 
pressed respectively by two powers of the same 

primitive root /8 of that equation, n and n' being <p^. 

Substituting these values in (^, we get 

^n-H» yf / QJ. -s 1J 
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from whence "it follows that /9 is a root common to the two 
equations 

and consequently satisfies the equation x*=l, ^ representing 
the greatest common measure of 

common measure t is at most equal to n, and consequently is 
less than ; therefore /9 is not as wc have supposed, a pri¬ 
mitive root of = 1 ; wherefore the assumed fonnula fof a 
will furnish all the m roots; and if yS, 7 ... 8 be primitive roots 
of the equations ( 1 ) to which they respectively belong, then 
the value of a given by formula ( 2 ) will be a primitive root 
of the proposed. For if not, then a will satisfy some equation 
x* = \ whose degree t is inferior to m ; and amongst the prime 
factors of m there will be at least one that will be contained 
in f a less number of times than in wi; suppose it to be 
then t will be a divisor of 

... r^, 

tt 48 consequently a will be a root of 

^-^“''"■^=1 .(0, 

so that we shall have 

’^= 1 . 

But 7 ““ = 1 , &c., = 1 ; /S'** '* = I; 

from whence it follows that /9 is a root of (4), which is im- 
|X)SBible since yS is a primitive root of the first of the equa¬ 
tions ( 1 ). 

Moreover if any one of the quantities yS, 7 , ... 8 be not a 
primitive root of the equation to which it belongs, neither 
will the corresponding value of a be a primitive root of the 
proposed. For suppose y 8 not to be a primitive root of the 
first of the equations ( 1 ), th^en we shall have 

y='i, /=1,&C., 8 ^ = 1, 
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which shews that satisfies a binomial Squation of a 

degree inferior to m. 

The number of the primitive roots of the proposed may- 
now be computed; for the number of the primitive roots ^ is 

tliat of tlie primitive roots y is 

and so on; therefore the number of the primitive roots of the 
proposed is 


GAUSS’S METHOD OF SOLVING BINOMIAL EQUATIONS. 

80, The solution of x” — 1 = 0, by what has been proved, 
can always be reduced to the case where n is a prime number; 
and the case of « a ])vime number, by a method invented by 
(rdUiis. may be made to depend u})on the solution of equations 
whose degrees do not exceed the greatest prime number 
wliich is a divisor ofji—1. The leading feature of Gauss's 
metliod is to represent the imaginary roots by a series of 
powers of any one of them, whose indices form a geometrical 
instead of an arithmetical progression. Thus, if m be a 
number (and such, called primitive roots of can always be 
fomid) -whose .several powers from 1 tow —1, when divided 
by n, leave diflcrcnt remainders, and a be any imaginary root, 
then all the roots may manifestly be represented by 


_■»>( , 
a f CL , OL , a 


or, since = fin + i, where fi is an integer, by 

a, a”, a”*’, &c., a”"**. 

81. The advantage of this mode of representing the roots 
is, (1) that they can be distributed into periods, each of which, 

12 
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when continued, will produce the roots of that period in the 
same order; and (2) that the product of any number of such 
periods will be equal to the sum of a certain number of 
periods; the importance of which properties will be seen in 
the use made of them. 

(1) Let n — l=rs, r being a prime factor of w — 1, and let 
urC = h\ then the roots may be %rritti‘n in vertical columns, 
each consisting ot r terms, as follows, 


a 

a* 

OL » m • 

a'*'-' 

a”' 

a’"'* 

a 

a’-"’ 

a”'* 


a ... 




a 



and if any one of the periods formed by tlic horizontal rows 
be continued, the roots in that period w*ill be ])i'»jduced in 
the same order; thus, if the hrst row were continued, the 
indices w'ould be 

7i* = VI' = = jxn + 1, = (^t« + 1) = fJLnh 4- h , &c.; 

and the corresponding roots, a, a'*, &c. 

(2) Let any two of the above periods be represented by 
a" + a"* + a'"' + &c. + a'"‘‘', 

and let us iniiltq>ly them tog<‘tlicr, using each term of the 
lower line in succession as u multiplier, and starting at that 
term of the upper line which stands over it, and ])roducing 
the upper line so as to supply the terms neglected at the 
beginning, the result is 


^a+r. 

1 ^fih+b 

+ a 


+ &c.+ 

^{a*b)h 

^{ah+b)h 


+ &c. + a‘“'‘'‘’'^»" 






_j_ 
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and tliercfore, collecting the vortical columns 'into periods, 
wc get 

3(a‘0 S(a'0=S(an+^(a“n+S(a“‘”T + ... +2(a“'^’“’^), 

or the product of two periods is equal to the sum of s periods; 
and Consequently the jiroduct of any number of periods will 
be equal to the aggregate of a certain number of periods. 

Ex.], .r’ —1=0; 0 = 3.2, .'.»♦ = 3, s = 2; also 3, 3*, 

3^ 3“, 3', when divided by 7, leave different rer ainders, viz. 
3, 2, 0, 4, f ); m — 3, and the roots are 

pi = 0 L +a° 

Pa = a'’ + a* 
p, = a^ + oc' 

and pi+ 7 ^, + p, = - 1. 

Also Pj p, = a* + + a’ = 4- p, 

PiF\ = a"* 4- a® + a 4- =p, 4- 2\ 

p,p, = a’4-a 4-a"4-a"=Pi4-p8; 

and p^ p^p^ =2\^ +2\ + p., = 2 4-^3 +2\ +P 2 = 1 * 

Therefore the cubic which has i\, 2h^ P^^ 

7/4-^/^ —2p — 1 =0. 

Ex. 2. .r"-l=0; 16 = 2.S, also the powers of 3 from 

0 to 15, when divided by 17, leave remainders 

1 3 9 10 13 5 15 11 10 14 8 7 4 12 2 6, 

.-. p = a 4-a» 4-a" + a^"4-a^'’4-a® + a" 4-a® 
g = a’ 4- a"’ 4- cc^ 4- a” 4- a” 4- a’ 4- 4- a®; 

then p 4- <7 = “ 1> 

pq = a”* 4- aP 4- 4- a 4- a'* 4- ft” 4- ft’ 4- ft^ 

a“ 4- ft” 4- ft® 4- ft® 4- ft 4- ft^^ 4- ft^“4- ft” 


a^+ft’ 4-ft‘“4-ft‘‘*4-a*4-ft" 4-ft”4-a’" 

= p +q -^-p 4-p 4-p +q +q +q——^\ 
therefore p and q are roots of js* 4-« - 4 = 0. 
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Next, the periods j, may be resolved, respectively into 
the periods 

r = a +a“ + a“ + a*) «=a® +a* +a“ + a”) 

s = a® + a^® + a® + a*j ’ w = a‘® + a" + a’ + a*; 
r-^s=j), 

and rs = a“ + a® +-a* + a‘* 
a" + a“ + a* + a*® 


a® 4- a® + a“ + a 

therefore r, s, are roots oi — pz — \ = 0] and similarly t, m, 
are roots of s® — 5 ' 2 : — 1 = 0. 

Lastly the periods r, s, t, u, maybe resolved, respectively, 
into 

r, = a 4- s, = a® 4- a”) = a’ + a'*\ w, = a’'’ 4- a’) 

r, = a" + a‘)’ ». = a" + a’J ’ ^, = a‘ + a“]’ w, = a’'+a"J’ 

then 4- »*2 = r, 

r^r,^ = a“ 4- a'® 4- a’ 4- a® = t, 

’'t> ^a) roots of — rs 4-1 = 0 ; 

I TT 

and r^, the greatest root of this equation, = a + - = 2 cos — . 

82. Any radical has always as many values as there arc 
units in its index, and these values are obtained by multiply¬ 
ing the aritlimctical value of the root of the quantity under 
the sign, by each of the roots of 4- 1 or — 1. 

For, every root of the equation a;"+a = 0, is an algebraical 
value of a ; but, whatever be 4 a, this equation admits 
n roots all different from one another; therefore the radical 
l/±a, considered algebraically, will have n different values. 
When a is real and positive, the equation x* = a has always 
one real root a, and the n values oil!a will be obtained by 
multiplying a by each of the n values of ifi ; in like manner, 
the values of will result from multiplying a by the 

values of 





Hence "Ja x ii/h will have r values, where r is the least 
common multiple of m and n. 

For, let a, /3, be the arithmeticsil values of the radicals, 


then X = ayS (1) ; 


but if — be reduced to its lowest terms, the numerator 
vm 

will be an integer and the denominator will be r, the least 
common multiple of m and n ; 


Tja x\fb — {ly, 


which has r different values. Also we sec that the extraction 
of a root of the degree jjq, where 2> prime to one 

another, is reduced to the extraction of two roots one of the 


degree the other of the degree q. 




and, a and ^ being integers positive or negative, so taken 
that + qa=\^ 



SECTION V. 


ON THE GENERAL SOLUTION OF EQUATIONS OF 
A DEGREE INFERIOR TO THE FIFTH. 


83. We shall now direct our attention to those cases of 
finding the expressions for all the roots of an equation of an 
assigned degree in terras of its coefficients, the coefficients 
being general symbols, in which a solution has been efiected. 
These methods, wliicli, as was before observed, succeed only 
for equations of a degree not exceeding the fourth, are the 
results of particular artifices; but they are all reducible to 
one principle, as will be hereafter shewn. 

^e general expression for the roots of 
a;" + &c. = 0, 

if it could be obtained, would consist, first, of a part affected 
with radicals, by means of the different values of which, it 
would be capable of representing all the roots; and, secondly, 
since the sum of the roots is rational, of a rational part, A, 
which would be the same for eveiy root; hence, in taking 
the sum of the roots, the radical parts must destroy one an¬ 
other, and we should have 

or 

which is the value of the rational part of every root. The 
general solution of an equation wanting its second term will, 
consequently, be simpler than that of the corresponding com¬ 
plete equation, as it will have no part unaffected with radicals. 
Hence in the following instances we shall suppose the equa¬ 
tion to be deprived of its second term. 
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SOLUTION OF A QUADRATIC EQUATION. 

84. Let the equation be reduced to the form 

+ pa; -f g' = 0; 

then this may be transformed into p* = a, by taking away its 
second term. For, putting x—y — \y (Art. 29), we have 

2 2 2 



TIence, if^ > g, the roots arc real; they are equal, 

and .r** +paT + ^ = (jc + ig a perfect square; if ^ < <7, the 
roots arc impossible. Also if a, /?, be the two roots, 

a + ^ = -p, = 

(a — /3)® = (a + — 4a/9 = p“ — iq. 

Hence also, any trinomial 

+ hx ■\-c or a ix^ + - a; + -1 
\ a aj 

will be resolvable into two real simple factors or not, ac- 

c 

cording as ^ perfect square 

when —5 = -, or IZ-iac; i.e. when the square of the co- 
4rt a 

efficient of the middle tcim is equal to four times the product 
of the coefficients of the extreme terms. 

85. Any impossible expression of the form a ± ^ V— 1 
may be transformed into r (cos ^ + V— 1 sin ^). 

For, a and yS being real quantities, there always exists an 

n 

angle 0, such that tan ^ ; 
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then COB 6 = , sin $ = ; 

+ Va» + ;3“’ 


if therefore Va* 4- /9® — r, we have 


a±/8 V—l=r (cos ^ + V— 1 sill ^). 

Hence any pair of imaginary roots of an equation may 
be represented by the formula r (cos0 + V— 1 sin 0); and 
the quantity r, which = Va“ + = square root of the pro¬ 

duct of the roots, and is always real, is called the Modulus 
of the expression a + ^ V— 1; and is that quantity by which 
the impossible roots are estimated, when, as is sometimes 
requisite, they are compared in regard to magnitude with the 
real roots. 

In tlie case of the expression, 
which represents the roots oi a? + px + q = Q (Art. 84), 


r = \f cos 6 = -; 

'2 \ q 

hence, cc® +px + q = x^ — 2r cos dx + r^ \ 
that is, any irreducible quadratic factor of an equation, 

px + q, where ^ 

« 

may be transformed into — 2r cos 6x + r“, by making 


r = '^q and cos 6 = -^. 

2 

86 . To solve an equation of the form 

re*” +^a;“ + g- = 0. 

Patting aj" = y, we find +py + ^ = 0. 

If this have two real roots a and b, then the 2» values of 
X are the roots of the equations 

a*" — a = 0, O’" — ft = 0. 
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2 

K the rootH of the quadratic are imaginary, i. e. if 


tlien, rngdciiig >■ = 
becomes 


and cos B — 


~V 

2 Vi’ 


the proposed equation 


— 2r cos ^£r" + r® = 0; 
or — 2 cos BjT + 1=0, 

clianging x" into ./’V, which lias already been solved, (p. 26). 


SOLUTION OF A CUBIC EQUATION BY CAROAN’S RULE. 
87. I^et the eipiation, by i\.rt. 29, be reduced to the form 

•r" -\-fJX + }'■=()) 

and i)ut .€ = y + z. that is, sui)pose x e(j[ual to tlie sum of two 
other unknown quantities; 

.r'’ = 3^3 (y + 5) + //’ 4 

and therefore the pro])Osed e(\uation becomes 

(37/.f -f y) (^ + ”) + iP + s' + >' = 0. 

!Xow since we have two unknown quantities, and have 
made tmly one siqi]>osition resi)ecting them, namely, tliat 
y + c = ./■, w'c are at liberty to make another; let therefore 

?iyz + y = 0, 

or ifz'' = - y"' + = - r. 


lienee 


z\ are the roots of the e(piation 


f + rt- 



since the coefficient of the second term Avith its sign changed 
is equal to their bum, and the last term is equal to their 
product. Solving this equation, we get 




? 


13 
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an expression which (since the cube root of any quantity has 
three values) contains implicitly the three roots; and the 
quantities q and r are cither real or imaginary. 


88. This method only serves for the numerical solution 
of cubic equations in those cases in which the equation has 
two impossible roots. 

Let the coefficients q and r be real quantities, and let m 
and n be the arithmetical values of the two surds in the value 


of X, and 1 , a, a*, the three cube roots of unity; then the 
three values of y are (Art. S2) m, am, and those of s arc 
n, an, a“n. By combining these values two and two to form 
y -^z, we shall have nine vjilues of jc ; the number being 


tripled by reason of our having employed y'^z^ — 



, instead 


of yz — — ^, the relation arising immediately in tlic process; 

O 

and we observe that every combination will satisfy y''z' — — 



but only three the given condition yz = — ^, which latter arc 
the roots, viz. 

am 4- a“«, d*m + an ; 

or substituting for a, a"*, their values, — ^(1 ± V— 3 ) (p. 17 ), 
the three roots are 

m + w, and ^ {w + w ± (m — n) s/— 3 j. 


Hence, as long as the expression ^^ 27 possible, 

the values of m and n are possible, and the equation has one 
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possible root, the numerical value of which, as also those of 
the two imaginary roots, may be obtained after somewhat 
laborious calculations from the above formulas. 


/r® fj® ^ 

But when the expression ^ 4 ^ impossible, tn and 

n are impossible, and all the three roots appear under imagi¬ 
nary forms; whereas, the equation, being of an odd degree, 

r® ( 7 * . 

has at least one real root; and indeed, since 7 + is nega- 

** • 


tive, it has (Art. 54) all its roots real; in this case therefore 
the above formulae, although algebraical expressions for the 
roots, cannot on account of the imaginary quantities which 
they involve, be applied to furnish the numerical values of 
the roots. 


OiiS. It is easily seen that tlie six superfluous values of 
X above mentioned would be the roots of the proposed equar 
tion, supposing q to be successively replaced by aq and a“^; 

since each of the relations yz — — cLq, y- = ” ^ leads to 




Ex. 1 . 110 = 0 . 


_ 1 _55 

3--1, 2- js , 


>/ 


+ 1. = V(55)® - 1 = 12 ^21 = 5i*991; 

4 27 ^ 

a; =(55+ 54-991)*+(55-54-991)^ 

= 4-79... + 0-208... = 4-999... = 5. 

r ^ |5 + (4*582...) V— 3} = — r (5 + V— 62*99..,) 


= _ 1 ( 5 ± 3 \/- 7 ). 
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Ex. 2. j’-12;»-6.) = 0. 

. 1 ,— 

X = 5, or - - (5 ± 3 V - 3). 

Ex. 3. x®-2x-5 = 0. 

x = 2-094o..., or =-1-U172...+^1-1362...) 

89. In the case of tlic roots all real, which, for 

the reason just stated i.s called the Irreducible Case, tliat is, 

t? r 

when ^ is negative, and - it may be obsn-ved that tlu* 
assumptions in the process 



are incon.sistent with one another; for tlie product of tuo 
real quantities can never exceed the square of lialf tlieir .sum. 
In this ca.se wc can slie^v that, in the expressions for the 
roots, the imppssible quantitie.s destroy one anotlier, and the 
three roots arc real. For let tlic values of and n' be re- 
f'/csented by « + />V—1; then, expanding by the binomial 
theorem, and taking P and Q to denote real functions of a 
and h, wc have 

(a + h = P± () \ -1 ; 

.'. w + n = 2P, m — n — 2Q V— I ; 

and the three values of x arc 2P, and — ^(•2P+ 2()^'^3), which 
arc all real. This mode of proceeding, however, is useless 
in finding the numerical values of tlic roots; for if we con¬ 
vert [a + h*J— 1)^ into a scries, P and Q will be expressed by 
series which rarely converge, and from which we can never 
obtain the exact values of P and and if wc attempt to 
express the cube root of a ± V- 1 by an cxjircssion of the 
^ame form, wc shall have to solve a cubic of the same kind 
as the one in question. 

Hence Cardan's rule succeeds for the following forms, 
where q and r are essentially positive, 


!• 


> 


f < 
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+ r = 0 in all cases, 
aP — qx ±r — a when 

<7* r® 

and it fails for x' — qx ±r = 0 when ^j» 


all the roots of which are real. 


90. We may take notice that in Cardans solution two 
roots can be expressed rationally in terms o' the third root 
and known (piantities. For, putting 

27r^+ \q'^ = ~-p^ .(1), 

we get 

fa _p__. 

{?ii-i-ny — wn S {m + ?iyq ’ 


so tliat making )n + /i = .r,, and o1)taining for p its two values 
from (1), the expression for the other two roots in terms 
of .-fj, is 


:! I ‘ ^ iij-,' + tp ’ '-i {'■iiPi + Sr) ’ 


since x^ + qx^ 4- ?• = 0. 

Also if wc determine Q and R from the identity 
x^+qx + r= Q {2qx + 3r) + R, 
and then make x = x^, the expression becomes 





1 

2p 


[Qq^i — (9»* + p) O’, + 4j®j. 


Or, again, determining Q' and E from tlie identity 
a*'’ + (/a? + r = Q’ — (Or + p)x + 4r/) + E, 
and then making x = x^, the expression is transformed into 

i E _ {^^p-p)x^-2q^ ^ 

2p Q' 6qx^ + 9r + p 

91. There is one case in which Cardan's rule succeeds 
for the equation x'' — qx-¥r = 0 when all tlic roots are real; 
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it is when two of them are equal, in which case also the roots 
of the reducing quadratic are equal j for then m = 7i, and the 
values of x are 

m + n, — ^(m + w), + 

In this case, 



and the roots are 

\/|» \J\- 


TRIGONOMETKICAL EXPRESSIONS FOR THE ROOTS OF A 

CUBIC. 

By the employment of Trigonometrical formulas, we ob- 
tai t simple expressions for the roots of a Cubic, not only in 
the irreducible case when the algebraical formulae cease to be 
of use for computing the numerical values of^ those roots, but 
in all the other cases. 

92. If in the expression 

we put cot ^ ^ > it becomes (-- cot ± cosec 

Hence, reducing, tlie real root of + »• = 0 is 

which, by putting tan ^ * tan®^, may be fturther transformed 

I** 

into .0. 

• -2^ |cot 20. 
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,3 


Q T 

Similarly, the real root of aj® - + r = 0, ^ > be- 


comes (by putting cosec </> = - , tan ^ = tan® 0), 

-«v1 cosec 20. 

Also, in the irreducible case, £c® - g'a; + »• = 0, ^ > ~ , the 

. 

expression 

^ ± \/i-2^=(I)’ 1 + i ©**■ %) 1 ’ 

3 ^ 

by making cos ^ = ± ^ > becomes equally 


(— cos (f> ± V —T sin <^), 

^3/ 


or ^1^ {cos (tt ± ± V — 1 sin (tt ± (#>)); 

and therefore the three values of x are 

-2/yicos|, 2\/i<=os(^^). 


SOLUTION OF A BIQIJADEATIC EQUATION BY DBS CAETES’S 

METHOD. 

93. Let the proposed equation be reduced to the form 
x* + qa? + rx-{-s = 0; 

and as the first member may be always regarded as the pro- 
. duct of two real quadratic factors, we may assume it 

= +i?£c +/) {a^-j)x+ g) 

+/-/) + iP9-Pf) ^ 


4 
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(effecting the multiplication), where the coefficients of the 
second terms, j) and are equal and of opposite signs, 
because the second term of the proposed equation is want¬ 
ing, that is, the sum of its roots is zero. Hence, equating 
coefficients, ^ 

or -7+/=<?+/, 

••• = 

= ?“ + 27/ + ;/ ^ 

or 7 ?® + '2qp* + ( 7 ® — 4.v) 7 ;® — r^ = 0y 


the equation for determining p, whieh rises to tlie sixth 
degree, because a polynomial of four dimensions, may have 


(Art. 17) 


4.3 

1 . 2 ’ 


or six divisors of the second order. 


Also, 


bdjluse the values of p are tlic sums of every two roots of 
the proposed biquadratic, and becau^^o the sum of these roots 
is zero, and therefore the sum of any two is equal and of a 
contrary sign to the sum of the other two, theref ut the values 
of 7 ? will be in pairs differing only in sign ; this is the reason 
why the equation for deteiTnining 7 > involves only even powers 
of 7 ?, and may therefore be depressed to a cubic by putting 
•jj? = y. The reducing cubic is 


y + 27/ + (7® - 4 s) y - r® = 0 , 


which (Art. 10 ) has necessarily one real positive root; let 
this be e®, then the four values of x are contained in the 
quadratic equations 


a?® + ej; -f i ^7 -f e® - 0 = 0, 
~ ^ = 0. 
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Ex. aj* — Bar* — 42.r — 40 = 0 . 

Here 5 ’ = — 3, ?• =— j^2, » =* — 40; 
and the reducing cubic is 

/-6/+16%-(42)’* = 0, 
which has a root = O^Art. 67), 

e = H; af + 3a*+10 = 0, a;* —3a;--4 = 0; 

tlie roots of these quadratics ^ ± V — 31^ , — 1, 4, are the 

roots of the proposed equation. 

94. The reducing cubic will have all its roots real, 
unless two of the roots of the proposed biquadratic are 
possible and unequal, and two impossible. 

For the square of the sum of any two roots of the 
proposed is a root of tlie reducing cubic; if thciefore the 
proposed have all its roots real, the reducing cubic will 
have all its roots real; or if tlie proposed have all its roots 
imaginary, and therefore of the form 

a+ySV— 1 , a — /3 V— 1 , — a + ;S'V— 1 , —a — /9' V— 1 , 

since their sum is zero, then the square of the sum of every 
two will be real, and therefore the cubic will have all its roots 
real. But if the proposed liave two real unequal roots, and 
two imaginary roots, and therefore of the forms 

1 , a—1, — a + —a — y, 

then the squaie of the sum of a real and an imaginary root 
will be imaginary, and therefore the cubic will have one and 
consequently two imaginary roots. As it is only in the latter 
case that a numerical solution of the reducing cubic c|tn be 
obtained, therefore Des Cartes s method can only be applied 
to those cases in which two roots of the biquadratic are pos¬ 
sible and unequal, and two impossible. 

It will be observed that in the latter case, if the two real 
roots are equal to one another, i. e. if 7 = 0 , the cubic will 
have all its roots real; but as l:wa nf them are equal, it can 
still be solved. 


14 
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'05. If Uie roots of the reducing cubic can be obtained, 
and are put under the forms ( 2 a 0 ^ ( 27 )’, then the four 

roots of the biquadratic are 

-(a4-/9+7), ^ + 7 -a, a + 7 --^, 0 + ^- 7 . 

For, -i^g' = a*+i 8 “ + 7 ^, and = ( 60 ^ 7 )*; 
let = ( 2 a)“, or p = + 2 a; 

* 

therefore, taking the upper sign, 

/= |(<? + / - j;) = - (a* + ^ + 7 *) + a* - 2^7 
=ra*-03 + 7)*; 

therefore the first reducing (juadratic is 

oc^ + 2ax 4 - a’ — (/9 + 7 )® == 0, 
which gives for x the values • 

-(a + ^ + 7 ), /9 + 7 -a; 
similarly, the other quadratic, taking j[? = — 2 a, is 
a;*- 2 aa; + a*-O- 7 )® = 0 , 

H * 

which ^ves the other values 

a + 7-^, a + ^-7. 

^ence the roots of the biquadratic are symmetrical func¬ 
tions of the roots of the reducing cubic; and whatever root of 
the reducing cubic is used in the process, the same values of 
X are obtained. 


BOLpriON OF A COMPLETE BIQUADRATIC BY FERRARI’S 

METHOD. 


, 96. Let the equation be 

£P* +^a^4- g'x* + r£C + « = 0, 
iaiA l&t it be supposed the same as 


lift. 


J 5 + wj — {Jcx 4 - 1)^ s= 0 , 
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where Z, w are imknown, and are to be detemiiied m m 
to make the latter equation coincide with the proposed. 
Now 

4- =a4 + jpjr^ + ^ +^»w; 4-wt* 

4 ^ 

- {hx + 0* = -AV - <mx - Z“; 

therefore, by comparing this with the proposed,* we have, to 
determine h, I, w, the equations 

^^^+2ni~P — q — = m^ — l^ — 8. 

Substituting, in the second, the values of k and I obtained 
from the first and tliird, we get for the reducing cubic 
87n® — + {2pr — 8s) m — p^s + i^qs -- r* = 0... (1), 

wliicli will necessarily give one real value for m ; then k and 
/ arc known; and we find the two reducing quadratics 

7® + + /i ^ r: 4- M4 4* Z = 0, 

Ex. - 4^ - 4r + l = 0 . 

The reducing cubic is 

Sm^ + Uiri^- 16m - 33 = 0, 

in which a value of 2 »» is — 3; therefore k = ^ Vs, Z = ^ \/5 ; 
and the proposed equation is decomposed into 

*’+i (1 +'^S) *+4 (-3 + V^) =0, 

ai* + 4(l-V5)x+i(-3-V5)=0. 

97, In this method the reducing cubic will have all its 
roots real, unless two roots of the biquadratic are possible and 
two impossible; for suppose the roots to be a, 7 , 5 j and 
suppose any two a, /S, to satisfy the first reducing quadratic, 
and consequently 7 , S, the second, 

m 4 -Z=a/ 8 , ni'-lssyB; 


4 



m 


+y8)t and thd otlier values of m must be 
i(a7 + ^S), i(a8+^y). 

Hence if a, /3, 7 , S, be either all possible, or all impossible, 
the values of m are real; but if two roots of the biquadratic be 
possible and two impossible, then two values of ni will be im¬ 
possible, and the reducing cubic may be solved by Cardans 
rule. In the* latter case, however, ^if tlic two real roots are 
equal, the cubic will have all its roots real; but it may be 
solved, because two of them will be equal. 

If in ( 1 ) we substituted for 'Ini the value + it 

would be transformed into an equation of the sixth degree in 
A, but containing only even powers of k, and might be taken 
for the reducing equation; then since 

a + )8 = —7 + 8 = -^^> + A-, 

therefore — 2 /b = a + /8 — 7 — 5, tlie expression for the roots of 
the reducing equation in k ; which is a linear function of the 
roots of the proposed, and can, by permuting those roots, 
assuilPifsix values, equal two and two and of contrary signs. 


fiOLimON OF A BIQUADRATIC BY EULER’S METHOD. 
98. Let the equation be reduced to the form 

+ yj; + if = 0, 

and assume x—y-{-z + u\ 

.*. ==y* + a” + w* + 2 (ya + 4- zu), 

or ai* — (y* 4- 2 * + w*) == 2 (y« 4- yw + zm) ; 
flj* —2aj“(y*4-J5* + w*) 4-(y® 4-4* w*)* = 4 + y'tt* 4^ «VJ 

4-8yztt(y4-f2 4-M), 

or, replacing y 4 -« 4- m by a;, and transposing, 

0^* — 2a^ (y® 4-4-w*) — 4-(y* 4-4-w®)" 

~4(y*z®4-yV4-aV) = 0. 
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In 6rder that this may comcide with the proposed, we 
must hare , 

j = -- 2 (y* + £!* + w’), y = — %yzu^ 

a = (y + «“ + w®)® — 4 (^V+yV + «V); 
or/4-«^ + w* = -|, yV+/M*+2V = ^-^^, 


hence y*, z®, m®, 


^ 2 2 2 »* 
or^W = ~; 

are the roots of the cubic 




16 


64 


Let i'*, i'®, /''®, denote the three values of t in this equa¬ 
tion ; 

•*• ^ = ± ^ z = ±^\ = ±t ”; 

which six values, combined three and three, would give 8 
values of y-\-z + u or x, instead of 4; the number being 

r* 

doubled because we have used y®z“M® = — , instead of the given 


condition yzu = 



which only allows those values of y, z, w, 


to be combined which give, when multiplied together, a result 
with a contrary sign to r. 

Hence if r be negative, there must be either two negative 
quantities, or none, in every combination j and if r be positive, 
there must be either two positive quantities, or none, in every 
combination representing a root. Therefore, in the former 
case, that is, when r is negative, the roots are 

t + 

and in the latter case, when r is positive, the roots are 

and it will be observed, that the second set of roots results 
from the first, by changing the sign of any one of the qu^'U- 
tities t". 

99. In this case also, the reducing cubic will have all its 
roots real, except when the proposed has two possible and two 
impossible roots. 
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Since the last tenn o£ the reducing cubic is essentially 
negativ^it will always have one real positive root <*, and the 
remaining roots will be cither both positive, both negative, or 
impossible; that is, of the forms 

f'*, r ; -f'*, - ; or [vob 2$ ± sin 2^). 

Hence, according as the reducing cubic has three positive 
roots, two negative roots, or impossible roots, the biquadratic 

X* -f- (jji^ — ro* + 5 = 0 

will have its roots respectively of tlie forms 

^ ± (/' + r), -< + (»'- r); 

t ± V~i {r - 1"), -1 ± {f + ; 

t ±2p cos d, —t±s/—l2ps\nd. 

In the case of the equation 

X* + qx^ rx + s = 0, 

we must change the sign of f in the above expressions, and the 
results will be its roots. 

.r If2^ = 7r, or the two real roots of the bi(juadratic become 
equal, then, as before, the reducing cubic has three real roots, 
two of which are alike. 

Lagrange’s method of solving both cubic and biquadratic 
equations will be given in Section X. lie shews that all the 
other methods, though different Jn appearance, ultimately in¬ 
volve the same principle: viz. that of making the solution of 
the proposed equation depend upon that of a reducing equa¬ 
tion whose roots arc linear functions of the roots of the pro¬ 
posed equation, and of the roots of unity of the same degree 
as the proposed equation. For equations of a higher degree 
than the fourth, the dimension of the reducing equation ex¬ 
ceeds that of the proposed. 

# 

The solution of the general equation of the fifth degree is, 
as has been stated, impossible; but in Section VIII. we 
shall shlew that it can be transformed, so as to want any three 
eonse^tive terras between the first and the last. 



SECTION VI. 


ON THE SEPARATION OP THE ROOTS OF 

EQUATIONS. 


100. The propositions in the preceding sections lead us 
to several important conclusions i elating to the nature and the 
limits of the roots of eveiy equation; and for equations of low 
degrees and of certain particular forms, the methods detailed 
in them (especially that of Ait 49) will actually determine 
the number and situation of all the real roots; that is, two 
quantities bet^vecii which each of the real roots lies. They 
still, however, leave unsolved the main problem, which is to 
discover the number and situation of the real roots of an equa¬ 
tion of any degree. This we shall now endeavour to effect by 
the methods proposed by Sturm and Fourier^ which are among 
the greatest improvements recently made in the Theory of 
Equations. 


STUfiM'S METHOD OF SEPARATING THE ROOTS. 

101. By performing a process nearly the same as that 
of finding the greatest common measm-e of/(a;), and its first 
derived function f (x), a series of expressions may be obtain¬ 
ed, in which, by simply substituting a and h successively for 
£c, the number of roots of f{x) = 0, which lie between a and by 
may be exactly determined. The enunciation and proof are 
as follows. 



^ ti tt dtiMflioiui of 

e<|»4^||^/,(a^ lai^ fits! 4srifdt of/(^; ftaift IM 

lii IimA# bf finding tKe greater oonunon meami^ of ffte) 
ind ^(«) be performed witH the condition that fiie remainder 
•tim mtch operation has its sign changed, and so modi^ed 
^ used for the divisor of the next operation*; and let 
yf(^)» X(®)» ^ series of modified remainders; 

then the difference of the number of changes of sign, in the 
fttmlts of the substitutions of a and h for x in the series of 
quantities 

/(^)» "/!(»■)» /*(^)> •fn{^)y ( 1 )» 

expresses the number of real roots of /(ar) =*0, which lie be¬ 
tween a and h. 

Calling the successive quotients q^y q^, &c., we shall have 
the equations 


fm-i W * (») 


/•>*-% (^’) ~ (a?) ~fii (a*) > 

hdng necessarily a number (Art. 60), since /(a;)“0 
has no equal roots; which shew, 

(1) That no value of x can make two consecutive fiinc- 
tions f^^{x) and ^(a;), vanish; for then j^,(a;) and all the 
succeeding functions would vanish, which is impossible, since 
the last is a number. 


(2) That any value which makes a function, {x), vanish, 
.reduces the two adjacent ones to the same numeipcal value 
Hrjith^difierent signs. 


^ 1 ' 

** inUi ci|iugj[||g of the signs of the reiBidi]4er% which would be indifferent if 
«Aj t6 dteoorer the greeteet eommon ineaeare of/(«) ftnd,il^ {«). 
abOttt to be enplained. * 





^ H 

«MRiitte 41 powfcle aiwiii!^ wW ^ai|k —<p t<^«p 4 
];«tsaldag fi^nea ojf 4giui will J»<i.ve ^two stales at p9i»mmi 
one, as loxig as e is neairer to —op, and l^e other aiter c is 
nearer to + op, than any quantity which makes any one of 
the expressions in series (X) vanish; and between these states, 
whenever any of the expressions vanish, alteraticms in the 
order or number of changes of signs, or in both, will occur; 
and we shall shew that when x passes through a quauti^ 
which makes one or more of the auxiliary functions vanish, 
it is only the order but not the number 0 /changes which is 
affected; and that when x passes through a root of f[x) *= 0, 
then a change of sign is lost. 

First, let x^c make only one of the auxiliary functions, 
vanish, without making f{x) vanish ; then to discover 
the effect, upon the series of signs, of passing through c, we 
must compare the results of substituting c — h and c + h for Xy 
h being as small as ever We please; therefore we may sup¬ 
pose K so small that neither f{x) nor any of the auxiliary 
functions can vanish for values between c — h and c + A, and 
that the sign of any series ascending by powers of A depends 
upon that of its first term". Henc* the only part of series (1) 
in which the passage from c — h to c + A can produce any 
effect upon the series of signs, is 

in which, if we write c - A for x, expand the results (Art. 27), 
and reserve only that term of each on which its sign depends, 
we have 

-A/,»(c), /«^.l(c), 

which, since by (2) the extremes have different signs, give a 
change and continuation, whatever be the sign of the middle 
term; and these, by changing the sign of A, will be replaced 
by a dontinuation and change; i. e. t|m paCsage from Cy A to 
c + A, through a root of /«(«) *** 0, causes an alteration m the 
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order but not in the mxmber of changes* If the some value 
of ee an auxiliaiy toction vanish in another pout of the 
series^ since by (1) adjacent terms can never vanish, the same 
considerations would shew that no change of sign could be 
lost or gained. 

Secondly, let'a; = c be a root of/(aj) = 0; the substitution 
of c — A for a; in /(jc) and (a-), (taking A so small that the 
sign of the whole of each series depends upon that of its first 
term, and writing down only the first terms) gives 

or-hf{c),f{c), 

whicli have different signs; but if the sign of A be changed 
they have the same therefore the two functions/(x), 

{x), which iot x — c — h give a change, for a: = c + A give 
a continuation; and therefore, in passing through a root of 
f (x) = 0 , a change of signs is lost. If at the same time that 
f (a;) becomes zero, any number of auxiliaiy functions vanished, 
siiii^ no two of them could be adjacent, it would follow, as 
before, that no change of sign could be lost in the parts of the 

series where they are situated. 

• 

Since then a change ^ signs is lost every time the sub¬ 
stituted quantity passes through a root of/(a;) = 0; and since 
a change cannot be lo&t in any other way, nor one ever in¬ 
troduced ; it follows, that the excess of the number of changes 
given hy x = a, above that given by £c = A, (a < A), is exactly 
equal to the number of real roots of f{x)—0 lying between 
a and A. 

Obs." Before proceeding to apply this method to par¬ 
ticular instances, there are several remarks to be made; by 
attending to which, the nature of the roots in every case be¬ 
comes known from the mere inspection of the auxiliary func¬ 
tions ; and the separation of the real roots is, in many cases, 
^ greatly fecilitated. If by either of the substitutions of a and 
h for X, one of the auxiliary functions, /„(a;), is reduced to 
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zero, it may be neglected in estimating the number of chants; 
for in that case, as has been shewd, the adjacent ,functions 
will have different signs; and therefore the evanescent func¬ 
tion, with whatever sign it is taken, will cause the three to 
furnish hut one change, and may therefore be omitted without 
affecting the number of changes. 

102. If we substitute —oo and 4-QO for x, or, which 
comes to the same thing, if we form the first or leading terms 
of f{x), fi{x) ...fn (•^") into a series, and then change x into 
— X, the difference of the number of changes of sign in the 
two resulting series will express the total number of real 
roots. 


103. Since, in finding the greatest common measure of 
f{x) and/(j;), each remainder is at least one dimension lower 
than the preceding, the auxiliary functions will usually be n 
in number, the same as the degree of the equation, and of 
the several dimensions from w — 1 to 0. When none of the 
auxiliary functions are wanting, and the first terms of f{sc)j 
/i (x),/g («f),.../„ (j) have all the same sign, -co gives n 
changes, and + oo gives no changes, therefore all the roots of 
/(x) =0 are real. 

104. On the contrary, when none of the auxiliary func¬ 
tions are wanting and the first terms have not all the same 
sign, there will be as many pairs of imaginary roofs as there 
are changes in the signs of the first terms. 

In the series formed by the first terms of the nf\ quan¬ 
tities/(x), /(x), .../„(x), let there be s changes and therefore 
n — 8 continuations, then these are the same as the numbers 
of changes and continuations produced by the substitution of 
+ fio for X ; now write — oo for x in the same series, then every 
change will be replaced by a continuation, and vice v&rsd; 
and therefore there will be n — s changes, a number necessarily 
greater than «, since the number of changes diminishes as the 
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quantity substituted inc|^ses; that is, in passing from x 
to + 00 , n —2s changes are lost; therefore the equation has 
only n — 2s real'roots, and therefore 2s imaginary roots; or as 
many pairs of imaginary roots as there are changes of sign in 
the series formed by the first terms of the n +1 quantities 

105. If one of the auxiliary functions,/„(«;), be such as 
to preserve the same sign for all values of x between a and 
then in ascertaining the number of roots between a and 5, we 
may neglect all the auxiliary functions after/„,(j;). Because 
(since in general the passage through a quantity which makes 
one of the auxiliary functions vanish, causes an alteration 
only in the order but not in the number of changes, and 
since (x) preserves the same sign for all values of x be¬ 
tween a and h) the number of changes presented by the 
series of auxiliary functions which follow {x) cannot be 
alt* 5 red by the substitution of any value of x between those 
limits; and therefore the difference in the number of changes 
given by the substitutions of a and h will be the same, 
whether we take the auxiliary functions that follow (x) 
into account or not. 

Hence if/„(a;)=s0 have all its roots impossible, since 
(x) will preserve the same sign for all values of x, we may 
arrest the process at it, and confine our attention to the wi +1 
functions, 

fi A —/». W i 

and, as in the former case, if the first terms of these offer s 
changes of sign, there will be only m — 2a real roots, and the 
rest will be imaginary. 

106. We shall now give some applications of this 
theorem. 

Having formed the auxiliary functions 

, f\ i^)> (®)> ft (®)> •'•fn. (®)> 
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then if none of them be wanting, and their leading terms be 
all positive, (for the leading term of f{x) is necessarily so) 
the equation will have all its roots real; but if the leading 
terms are not all positive, the equation will have as many 
pairs of imaginary roots as there are changes of sign in them. 
But if some of the auxiliary functions are wanting, the 
number of real roots must be determined by substituting 
— Qo and + oo for sc in their leading terms, and taking the 
difference between the numbers of changes resulting from 
these substitutions. This determines the number of real roots. 
To determine their situations we must substitute 0,1, 2, 3, &c., 
for X in the scries 

till we arrive at a number which gives the same number of 
changes as is given by + oo; then, by noting the difference 
in the number of changes produced by the extreme substi¬ 
tutions, we determine the number of + roots; and by noting 
those consecutive integers between which one or more changes 
are lost, we determine the integral limits between which the 
positive roots are situated, either singly or in groups; and in 
the latter case, we must substitute fractional quantities lying 
between the integral limits, smaller and smaller, till the com¬ 
plete separation of each group of roots is effected. 

In like manner for the negative roots, we must substitute 
0 , _ 1, - 2, - 3, &c., till we arrive at a number which gives 
the same number of changes as is given by — oo; then the 
total number of negative roots, and an interval in which each 
is situated, may be determined, exactly in the same manner 
as for the positive jroots. And in order to diminish the 
labour of the process, it must be observed that when, in 
forming the auxiliary functions, we come to one (that of the 
second degree, for instance, when the conditions of Art. 84 
are fulfilled) which is incapable of changing its sign for any 
real value of x, we may take it for last of the auxiliary 
functions. 
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Ex. 1, /(oj) as 0 ^ — 7a! + 7 sa 0. 

^Sa^ — 7J 3a5’ — 2laj+ 21 (a; 
3a!*-7® 

-14a; + 21, 

or X (a?) = 2a! — 3 )Qx' —14 (jSa? + ^ 

6a^ — 9a! 


9a! —14 



-i 

or ^ (x) =r +1. Hence f{x) = x* — 7x + 7, 
/(x) = 3x^-7, ^{x)s=2x-3, / 3 (x) = l. 


Since the leading terms are all positive, and none of the 
anxiliarj functions are wanting, the roots are all possible. 
Also, since 2 makes all the functions positive, the substi¬ 
tutions for the purpose of separating the roots may begin 
from thence; therefore, making x = 2, 1, 0, — 1, — 2, &c., the 


signs are as 

follows: 

/W 


/.(*) 


( 2 ) 

+ 

+ 

+ 

+ 

( 1 ) 

+ 

— 

— 

+ 

( 0 ) 

+ 

— 

— 

+ 

(- 1 ) 

+ 

— 

— 

+ 

(- 2 ) 

+ 

+ 

— 

+ 

(-8) 

+ 

+ 

— 

+ 

(- 4 ) 

— 

+ 

-- 



We may stop heiey because the signs are the same as 
those given by — oo. Since the first line gives no changes, 
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and the second line two, two roots lie between 2 and 1; also 
the last line has one more change than the preceding, there¬ 
fore one root lies between — 3 and — 4, 

To separate the two roots which lie between 1 and 2, 

let a; = I; then the resulting series of signs is-0 +, 

which has one more change than the first line, and one less 
than the second, (whatever sign we give to the ze^’o); there¬ 
fore one root lies between 1 and 1*5, and another between 
1*5 and 2. 

Ex. 2. /(j:) = a?* — + (» -1) r = 0, where ^ is essen¬ 

tially positive. 

— — nqx + {n — 1) /* (a; 

x'^ — qx 

— {n-~\) qx-\-{n—\) r 

or f,{x)^x —, rejecting the positive factor (n — 1) q. 


But the remainder, after dividing 
a?'"* — g- by a:-, is (Art. G) 



therefore {x) 



Now supposing/j(£c) positive, -f oo gives no change, and 
— 00 gives two changes when n is even, and three changes 
when n is odd. Hence if g" > r""*, the proposed equation 
has two, or three real roots, according as n is even or odd. 
Similarly, if g" < + oo gives one change, and - co one, 

or two changes, according as n is even or odd; and therefore 
the equation has no real root, or one real root, according 
as n is even or odd. These results agree with those found at 

p. 61 . 
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£x< 3. /(aj) *» 3aj* — 13a^ 4* lOas —19 =* 0, 

/j(a*) = 4aj*--13aj + 5; 
and we find 

, (x) = 13x* — 15x -f 38. 

But the roots of 13x*— 15x + 38= 0 are imaginary, because 
(15)* <4.13.38 (Art. 84); therefore it is sufficient to ctnuder 
the %bove three functions, and since their leading terms give 
two changes for x = — oo , and no change for x = + oo, the 
e^juation has only two real roots. 

Ex. 4. /(x) =x* —4x* —3x + 23 = 0. 

(x) = 4x’ — 12x* — 3, (x) = 12x® + 9x — 89, 

/^(j.) = - 49lx+1371, /(x) = - 7157932. 

llere there are only two real roots, of which, one lies 
between 2 and 3, and the other between 3 and 4. 

i-y. It is plain that if we can obtain, by whatever 
means, auxiliary functions satisfying the conditions of Art. 
101, we may separate the roots. Thus if we represent the 
first member of an equation of the degree by and form 
equations by the law V„ = xV^^— F„_j (1), assuming V^ = a, 
Fj = X + 5; so that 

= X* + 5x “• a, Fj = x’ + 5x* — (a +1) X — h, &c.; 

then F„_j, ... Fj, F„ will evidently serve as auxiliary 

functions to F» = 0; and every equation formed in this way 
will luji^e all its roots real prd\T.ded a be positive. If a = 2, 
5 = 0, we fall upon the equation of Art. 70, 

F„ = x’‘ -nx"-* + S x""*-&c. = 0; 

and from (1) it is easily seen that for 

a; —— 2, ^ = 2, l^ = -2, F, = 2, &c.; 
and for X = 2, F^ = F, = F^« = 2 ; 
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therefore n changes are lost in passing from — 2 to + 2, and 
consequently the w roots of = 0 lie between ‘the same 
numbers. Similarly, if a = 5 = 1, we fall upon the equation 

a;" + a;"'* - (n - 1) - (« - 2) a:"-“ + &c. = 0; 

and it may be shewn, in the samc*way, that the n roots of 

= 0 are situated between — 2 and 2. 

It is manifest that in Sturms method, the labour of 
forming tlie auxiliary functions increases very rapidly with 
the degree of the equation; since however they can always be 
formed, the method will enable us infallibly to determine, not 
merely a limit to the number, but the absolute number of real 
roots in any proposed equation, and the consecutive integers 
between ■which they lie cither singly or in determined groups; 
as also the intervals in which no real root can be situated; 
but when two or more roots arc indicated in any interval, if 
they lie very near to one another, although the method leaves 
no doubt of the existence of the roots, it may be very difficult 
to subdivide the interval sufficiently to completely separate 
them. 


FOURIER’S METHOD OF SEPARATING THE ROOTS. 

108. We shall now give another method of separating 
the roots proposed by Fourier^ which has the recommend¬ 
ation that the auxiliary functions employed in it are f{x) 
and its successive derived functions, which can be formed by 
inspection; so that the method can be applied nearly with 
equal ease to an equation of any degree; in particular, the 
intervals in which no real root can be situated are, by 
Fourier s method, immediately assigned. The objection to 
this method is that, by its immediate application, we only 
find a limit which the number of real roots in a given interval 
cannot exceed, and not the absolute number; and that the 
subsidiary propositions by which this defect is supplied, are 
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not of the $ame simple character as the original Theorem. 
The enimeiation and proof are as follows.* 

The number of real roots of f[x) = 0 whicli lie between 
two numbers a and h, cannot exceed the difference between 
the number of changes’of sign in the results of the sub¬ 
stitutions of a and h for .r, in the series formed hy f{x) and 
its derived functions: viz. 

/W, /'W, /'W, -/"W; 

and when it falls short of that difference, it will bo by an 
even number. 

If none of the ei^uations 

f\^) = f (-0 = ff’ 

have a root between a and it is manifest that the substi¬ 
tution of a and h, and of any intermediate quantity, in 
f{x)j f {x), &c., will always produce exactly the >ame series 
of signs; but if any of these equations have roots between 
a ard then changes in the series of signs will occui- in sub¬ 
stituting gradually ascending quantities from n to />; our 
object is to show that by such substitutions the number of 
changes of signs can never increase; and that one change 
will be lost every time the substituted quantity passes tliroiigli 
a real root of /{x) = 0; this wc shall do, by examining, 
separately, each of the cases in which the series of signs can 
be affected; namely, (1) when f{x) alone vanishes; (2) when 
some derived function, alone vanishes; (3) and (4) 

when some group of derived functions, of which/( j*) cither 
is not, or is, a part, alone vanishes; and lastly, when several, 
or all, of these cases of vanishing happen at the same time. 

First, suppose that x = c, (c being some quantity between 
a and b) makes f{x) vanish, without making any of the 
derived functions vanish; then the result of substituting 

c + /* fora; iu/(*c) and/'(a;), is 
h,f{c) mdf{c) 
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(supposing I so small that the signs of the whole of the two 
series which expres8’/(c + h) and/' (o + A) depend upon those 
of their first terras, and writing down only the first terms) 
whicli have different or the same signs according as 4 is - or+; 
therefore, in passing from c — /i to c -f A through a root of the 
equation, a change of signs is lost, but none gained*. 

Secondly, suppose that x=c makes one of the derived 
functions, /'‘(j’), vanish, without making any other of the 
derived functions or f(x} vanish; then the result of sub¬ 
stituting c + /i for X in 

(these being the only terms which it is necessary to examine) 
is 

/-(r), /.,/-(.■), /-(e). 

If then tlic extreme terms liave the same sign, there will 
be two clianges wlien h is negative, and two continuations 
when h is positive; if the extreme terms have contrary 
signs, there will be one change, and one only, whether 1i be 
negative or positive; therefore, in passing from c - A to c + A 
tlirouph a value* which makes one of the derived functions 
vanish, either two changes or none will be lost, but none ever 
gained. 

Thirdly, suppose that x = c makes r consecutive derived 
functions vanish, without making any other derived function 
ox fir)* anish; then the result of the substitution of c + A 
for X in the series 

/■-' (x), (x), (x), /- (x), ,r' w. 

(these being the only terras necessary to be examined) is 

|r‘w. |r‘w. jr‘w.r‘w- 

* It is unnecessaTy to at^snd to the other terms of the series of derived 
functions, because A is supposed so small that not one of them vanishes by the 
substitution of any quantity between c-A and c+A; and therefore each has the 
same sign for c—A as for c+A. 
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If then the extreme terms have the same sign, there will 
be r or r +1 changes, (according as r is even or odd) when 
h is negative, and no change when h is positive; if the ex¬ 
treme terms have contrary signs, there will be r or r +1 
changes (according as r is odd or even) when A is negative, 
and one change when h is positive; therefore, in passing from 
c — h to c + A through a value which makes r consecutive 
derived functions vanish, r or r ± 1 changes are lost (accord¬ 
ing as r is even or odd) but none ever gained. 

Fourthly, suppose the vanishing group to consist oi f[jc) 
and the first r —1 derived functions {which corresponds to 
r roots = c in /(j") = Oj; then the result of the substitution of 
c + A for X mf{x), f{x), .../"‘"(a-), f{x), is 

in which there are r changes when A is negative, and none 
when A is positive; therefore, in passing through a root whieh 
occults r times in the equation, r changes are lost, but none 
gained. 

Lastly, suppose the substitution of af= c to produce 
several, or all of the above cases at the same time; then 
because the jconclusions respecting the effect of the passage 
through c upon the series of signs in one part of the series 
of derived functions, are not at all influenced by what hap¬ 
pens, in consequence the same passage, at another distinct 
part of the series, by what has been proved several changes 
will be lost, but none ever gained. 

Since then, in substituting gradually ascending values 
fr’om a to A, an even number of changes of signs, if any, 
is lost for every passage through a quantity, not a root of 
f {x) =s 0, which makes one or more of the derived functions 
vajiish; and invariably one for every passage through a root 
oTy’(a;) = 0; but none under any circumstances gained; it 
follows that the number of roots of /(a5) = 0, which lie 
between a and A, cannot be greater than the excess of 
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the number of. changes given by aj = o, above that given 
by sc— 5; and that when it falls short of that excess, it will 
be by some even number. 

109. Hence if the limits, a and Z», be — oo and + co, or 
any two numbers, the first of which gives only changes, and 
the second only continuations ; and if in the series formed by 
/{xj and its derived functions, 

c be substituted for x and be then made to assume all values 
between these limits, the series of signs of the results will 
have the following properties; there will at first be n changes 
of sign, and at last no change, but n continuations; these 
changes disappear gradually as c increases, and when once 
lost can never be recovered; one change disappears every 
time V passes through a real unequal root of y(a;) = 0; r 
changes disappear every time c passes through a root which 
occurs r times in /(x) = 0; either two or none of the changes 
disappear every time one only of the derived functions 
vanishes, without /(x) vanishing at the same time; an even 
number^ of changes disappears, every time an even group of 
jj terms {not including the first, /'(x)} vanishes j and an even 
number g' ± 1 of changes disappears, every time an odd group 
of g terms (not including the first, /(x)} vanishes. Also if a 
value causes /(x) and the first r — l derived functions to 
vanish, and an even group of^ terms in one part of the series, 
and an odd group of terms in another part, to vanish at the 
same time; the number of changes lost in passing through 
that value, will he r+p + g ± 1. 

110. Hence i£/(x) — 0 have all its roots real, no value 
of X can make any of the derived functions vanish, and 
thereby exterminate changes of signs, without at the same 
time making /(x) vanish; for if it could, since those changes 
can never be restored, and since a change must disappear 
for every passage through a real root, the total number of 
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changes lost would surpass n, which is absijrd. Whenever, 
therefore, changes disappear between values of x which do 
not include a root of / {x) = 0, there is, corresponding to that 
occurrence, an equal number of imaginaiy roots of f{x) = 0. 
Hence if or = c produces a zero between two similar signs, or 
if it produces an even number p of consecutive zeros either 
between similar or contrary signs, there will be, respectively, 
two, or p, imaginary roots corresponding; or if it produces 
an odd number q of consecutive zeros, there will be y + 1 
imaginary roots corresponding, according as they stand be¬ 
tween similar or contrary signs; c of course not being a root 

of/W=0. 

Obs. Since the derivatives whicli follow any one,/’’(j'), 
may be supposed to arise originally from it, it is manifest 
that the same conclusions respecting the roots of /' (j*) = 0 
may be drawn from observing the pai-t of the series of de¬ 
rivatives 

as were drawn respecting the root oi f{jr) = 0 from the whole 
series. 

111. Hence we can shew that Des (lartes’ Kule of Signs 
is included in Fourier’s Theorem as a particular case. 

When in the series formed by/(a;) and its derived func¬ 
tions, we put a? = — 00 , there are n changes; and when we 
put a; = 0, the signs of the scries become the same as those of 
the coefficients 

Pn} * * ■ Pll 1 > 

let the number of changes in this scries of coefficients = k, 
and therefore the number of continuations (supposing the 
equation complete) =n — k\ also if we make a? = + co, the 
signs are all positive, and the number of changes = 0. Hence 
between a; = —co and x = 0, the number of changes lost is 
n — k; therefore in a complete equation there cannot be more 
than n — k negative roots, i. e. than the number of continua¬ 
tions in the series of coefficients; also between ® = 0 and 



127 


35 = 00 , the number of changes lost is whether the equation 
be complete or incomplete; hence in any equation there can¬ 
not be more positive roots than i. e. than the number of 
changes in the series of coefficients; if there be fewer, the 
defect will be some even number, indicating a like number of 
imaginary roots; which is Des Cartes rule of signs. 

112. Fourier's theorem may also be presented under the 
following form; under which by some writers it is called the 
theorem of Bwhn. 

If an equation have m real roots between a and h, then 
the equation whose roots are those of the proposed, each 
diminished by o, has at least m 4- r more changes of signs 
tlian the equation whose roots arc those of the proposed, 
eaeli diminished by h ; wlierc r denotes zero or some even 
number. 

Tlic transformed equations would be 

f{!/ + <f) = ^\f{l/ + ^) = ^l 

and if these were an’anged according to ascending powers 
of y, the coefficients would be the values assumed by f{x), 
/”(,r). <S:c., when a and h are respectively written for cr. There¬ 
fore, whatever number of changes of signs is lost in the series 
y’(.c), f'{x), &c., in passing from a to h, the same is lost in 
pashing from one transformed equation to the other; but the 
series for a has vi + r more changes than that for b, tlierefore 
f[y + «) = () has 1)1 + r more changes than f[y + h) = 0, where 
r is zero or some even number. 

11.3. To apply this method to find the intci^’-als in which 
the roots of /(.r) = 0 are to be sought, we must substitute 
successively for x, in the scries formed by f[x] and its de¬ 
rivatives, the numbers 

-a, ...-10,-1, 0,1,10, ...,+/3.(1), 

(- a and -h being the least negative, and least positive 
number, which give, respectively, only changes and continua¬ 
tions) and observe the number of changes of sign in each 
result. 
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Let h and le be the numbers of changes of sign when 
any two consecutive terms in series (1), a and b, are re¬ 
spectively written for x; therefore is the number of 
real roots that may lie between a and 5; if this equals zero, 
f{x)=Q has no real root between a and h, and the interval 
i? excluded; if = or any odd number, there is at 
least one real root between a and b; if A - ^* = 2, or any 
even number, there may be two, or some even number, or 
none; the latter ease will happen when, as explained above 
(Art. 110), some nun^er between a and h makes two or 
some even number of changes vanish, witliout satisfying 
f{x) = {K Similarly, we must examine all the other partial 
intervals; and when two or more roots are indicated as lying 
in any interv’al, their nature must be determined l^y a suc¬ 
ceeding proposition. 

The two former of the following examples are extracted 
from Fourier's w’ork. 


Ex. 1. f{x) = a:’ - 3a:* - 24a;’ -f- Oja-’ - 46a; -101 = 0, 
/ (a;) = Sx* - 12x’ - 72a'* + 190x - 46, 
f {x) = 20x* - UF - 144x +190, 

/"'(x) = 60x*- 72x-144, 
f*{x) = 120x - 72, 


Hence we have the following series of signs resulting 
from the substitutions of -10, -1, 0, &c., for x in the series 
of quantities 


/ / 


/' 



/" /' 


(- 10 ) •■ + - + 

(- 1 ) +- + - 

( 0 ) - - + - 

(l) - + + - 

( 10 ) + + + + 


•“ + 

+ 
+ 

+ + 

+ + 


Hence all the roots lie between -10 and +10, because 
five changes have disappeared; one root lies in each of the 
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intervals 10 to -1, and -1 to 0, because in each of them 
a single change is lost; no root lies bc^een 0 and 1 because 
no change is lost between* those limits; and three roots may 
be sought between 1 and 10 (because three changes have 
disappeared), one of which is certainly real; it is doubtful 
whether the other two arc real or imaginary. 

OjiS. When -any value c of x, makes one of the derived 
functions,/”'(.r), vanish, we may substilute c±k Instead of c, 
h being indetinitely small; then all the other functions will 
have the same sign as when £c = c; and the sign of /”‘ (c + Ji) 
will depend^pon that of ± h (c); i. e. it will be the same 
or contrary to that of the following derivative,/’"'^^(c), accord¬ 
ing as h is ])ositivc or negative, or according as we substitute 
a quantity a little greater or a little less than the value which 
makes /’" (.r) vanish. The use of this remark will be seen- in 
the following cxamjde. 


Ex. 2. /(.r)=/-4a;'’-3a' +2.3 = 0, 
f{x)=ix^-V2x^-^ 

/'(j-) = 12/-21.r, 
f"{x) = 2i.r-2l, 

= 21 . 


/ f 

a; = 0 + - 

aj = 0 + /^j + - 

a;-= 1 + - 

.t; = 1 + /i, + “ 

a-= 10 + 4 


0 

± 

0 

— + 

+ +• 


+ 

+ 

+ 

+ 

+ 


Every value less than 0 gives results alternately + and —, 
therefore there is no real negative root; for a; = 0, we have 
a result zero placed between two similar signs, and therefore 
corresponding to it there is a pair of imaginary roots. There 
is no root between 0 and 1, but there may be two roots be¬ 


tween 1 and 10. 


17 
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Ex. 3. /(aj)=:a:^-6a^ + 40a^ + 60a!’*-a;-l=0. 

Here there is no root < — 1; tlicrc is one, and there may¬ 
be three, between —1 and 0; there is one root between 0 
and 1; and there may be two roots between 2 and ,3. 

114. The above process will determine the intervals in 
which the roots are to be sought, but not always tlicir nature; 
when an even number of roots is indicated, they may all tui-ii 
out to be impossible. The series of magnitudes, between 
— QO and 4- 00 , to be substituted for x in the derived func¬ 
tions, has been divided into intervals of two sorts, each con¬ 
tained by assigned limits, a and h. Tiie first sort of interval 
is one within which no root is comprehended; i. e. tlie limits 
of which, give the same number of ch.anges of signs in tlie 
series of derived functions. The second sort is one witliin 
which roots may lie; i. e. wliere the number of changes re¬ 
sulting from the substitution of is less than the number 
resulting from the sub'<titution of a, in the seric'^ of derived 
functions. This second sort of interval has two subdivisions, 

" viz. cases where tlie indicated roots do really exist, and others 
where they are imaginary, ^^dlen wc have ascertained that 
a certain number of roots may lie between a and h, we may 
substitute c (a quantity between a and h) in the series of de¬ 
rived functions, and if any changes disappear, our inter\ al is 
broken into two others; if no changes disapjicar, we may 
increase or diminish c, and make a second substitution, and 
it may still happen that no change is lost; and so on con¬ 
tinually ; and we may be left after all in a state of uncertainty, 
whether the separation of the roots is imjio.ssiblc because they 
are imaginary^or only retarded because their difference is 
extremely small. 

Hence when we know that two limits may include a cer¬ 
tain number of roots, we must have a special rule for detci:- 
mining whether they are possible or im[)ossible; this has 
been given by Fourier in the two following propositions; in 
proving which, wc assume that the development of/(a; 4-/0 
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in Art. 27 may be .put under the following forms, so as to 
exhibit the remainder of the series, when we take only one, 
two, &c. terms (see Art. 121) ; 

/(.r + ;o =/(4 + A/(X), 

f{x + h) =/(^) + V'{x) + p;r(rt, 

and so on, where X, //, &c., are quantities certainly situated 
between X ami x 4- /q but of which the exact values are un¬ 
known, and for our purpose arc unnecessary. 

115. Having given tliat between two limits a and 
f"{x) =0 has no root at all, f {x) =0 one root and no more, 
and that f{x) = 0 may have either two roots or none, to dis¬ 
cover whether tlicse roots exist or not. 

Ily what has jilready been proved, the series of signs re¬ 
sulting from the substitution of a in the series of quantities 

/(.r), f[x\ 

w ill pre‘«cnt tw^o more changes than the scries resulting from 
the substitution of Z>; also, if we leave out the first term, 
tlierc wdll be one move change for a than for h ; and if 
we leave out the first two terms, there will be exactly 
the same number of changes for « as for 5. Therefore y(ar) 
and f" (x) wdll be both constantly positive, or constantly 
negative, for a and h, ami for all intermediate values; and 
/' (x) will have a sign different from that of f{x) and f" (x) 
wdien x = a, and the same as that of/(.r) and/"(j*) when 
x=h. 

The two roots of/(a*) = 0, indicated asjying between 
n and &, will be real or imaginary, according as it is, or is 
not, possible to find a quantity e, between a and 6, such 
that/(e) shall have a sign contrary to that which is common 
tof \a) and/(/>). 

Let therefore, if possible, 

* 

c = a-\-h = h — k 
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be a quantity between a and h, such that 

f{c) f{c) 

or, expanding so that the terms of the second order may 
include the remainder of each series, and denoting by X,, /t, 
quantities intermediate to a and h, 

^ /(«) 

, , fu.) k‘ rw 

Or, since under tlic given conditions the last fi'action in 
each line must be positive, and also 


neg. 




fU’) 




we must .have 


f[a) , fU>) j 

^,^-^ + 7< = pos. = 


■ ^-A?') + 7 , 4 . 7 . _ 


pos. 


or 


/'(A) /'(«)■ 


If then this condition can be satisfied, a quantity c, 
between a and b, may exist so As to make f{c) of a sign 
contrary tof{a) and _/(/>); and if it can be found, the indicated 
roots are real and arc separated: but if the condition is not 
satisfied, that is, if the difference of the limits be equal to, or 
less than, the sum of the fractions 

m. m- 

/(«)’ /'{/>}’ 

taken without regard to sign, no such value of c ei^sts, and 
the indicated roots are imaginary. 
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It is manifest that if any three consecutive derivatives, 

satisfy the proscribed conditions for a given interval, the 
sjviue process will determine the nature of the pair of roots 
of/' (.r) =0 indicated in tliat interval; and whatever number 
of im})ossible roots /' (x) = 0 may have, f{x) =0 has at least 
as many (Art. j.'l). 


130. Wlien tlic above condition is satisfiov', we must 
substitute a ([uantity e between a and h in f(x); if ./(e) has 
a sign contrary to the common sign of y’(o) and/(?>), the 
separation is effected; if not, we infer that the limits arc not 
Hufliciently close to determine the nature of the indicated 
roots by a single process. In tlie latter case,/’'(e) necessarily 
differh in sign from one or the otlicr of/'(o),./'(/>); choosing, 
then, tliat limit which makes/'(a:) have a contrary sign from 
/'(el, we must with it and c repeat exactly the same process; 
and we are certain at last to discover cither that no roots exist 
in tlie interval, or to separate tlicni if they do. 

Ex. a-' - Ir* - 2 la-' + - 4G.r - 101 = 0. 


/ 






( 2 ) - + - - + + 


2 1 0 


(;j) _ - - + + +. 


Here, since there arc two more changes for a? =2, than 
for X = 3; one more, omitting the first term; and the same 
number, omitting the twa)-first terms; the equation may have 
two roots between 2 and 3, and the conditions respecting the 
roots of /' (x) = 0, /" (x) = 0 are satisfied; ‘and since for the 
two limits, the fraction 


/Ci 


becomes 


7 , 32 

10‘*“'^43 


5 


the sum.of which is gi'cater ^han the difference, 1, of the limits; 
therefore the two indicated roots are imaginary. 
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117. In the next proposition, it will be necessary, for any 
proposed interval, to know the number of roots which each 
derivative, when formed into an equation, may have in that 
interval. The best practical way of doing this, is, in the two 
series of signs produced by the two limits, to write over each 
sign the number of changes presented by the series commenc¬ 
ing with that sign and going to the end of the series; and 
then to take the ditference between each number in the upper 
line and the corresponding one in tlie lower. Applying tlic 


process to the for 

egoing 

example 

, wc 

have 


3 

2 

1 

1 

0 

0 

( 2 ) - 

+ 

— 

— 

4- 

+ 

2 

1 

0 

1 

0 

0 

(3) - 

— 

— 

+ 

+ 

+ 

1 

1 

1 

0 

0 

0 


wliere the scries of indices 2, 1, 0, 1, 0, 0, mark tlic number 
of roots which the equations 

/(.^) = 0, /'W=0, /"(.r)=0,&C., 

may have, between the limits 2 and .3. AUo, we observe 
that in this series (and indeed in every case, if wc consider 
the way in whicli they are formed,) any index has immediately 
adjacent to it, cither the same, or one differing from it by the 
addition of + 1. 

118. When any number of roots off{jr)=0 arc indi¬ 
cated as lying between a and h, this^ interval may always be 
broken up into others, in which such of the roots as arc real 
are situated singly. 

From observing the number of changes lost in the series 
formed hyf{x} and all its derivatives, and also in the series 
formed by each of the derivatives and all those which follow 
it, m passing from a to b, let the number of roots which 
f{x) = Q may have, or which the derivatives taken in order 
wlien formed into equations may^have, between those limits, 
be determined; and let them be 8, 8', 8", &c. Now suppose 
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that in the series (where each function is accompanied by 
its index, i.e. the number of roots which, wlien formed into 
an equation, it may have between a and I) 

S 3' 3" 2 1 e 

f{x) is tlic first whose index is 1; tlien the preceding 
function has 2 for its index, for it cannot have 0, otherwise, 
since tlic fii>t index is not zero, tlierc would be some function 
before /' (.r) liaving ] for its index. Now if e be not zero, 
.since /' (./■) =0, = 0, cannot liaAT a common root, two 

new limits o', //, may be found within the former, intercepting 
the root ofy‘' (a^‘j =0, but excluding every root of/''^^(.t-) =0. 
IIciKT the iiit(‘rval u, will be broken uj) into the three 
uu', u7/, ////, the first and third of which give for/' (j') an 
index zcio. and therefore an index 1 to some preceding function, 
and tlie .second a}) will eitlier make some preceding function 
have an index 1, or will allow/'’(.r) still to be the first 
function vhosc index is unity for that interval, the indices 
of/' ’ (.e) and (u-) being 2 and 0. 

8uj)pose the latter to be the case; then, by Art. Ilf), we 
may find whether /'"‘ (u?) = 0 has two real roots or none be- 
tneen a' and //; if there are two real roots, then taking a 
quantity r between them, the interval «7/ is divided into 
the two a'c and e7/, each of which makes/’^'(x), or some 
preceding function, have an index 1; but if the two roots 
of /'“‘ (.r) = 0, indicated a.s lying between n' and //, are 
imaginary, since every quantity intermediate to a and b' will 
make/’"‘(.O and /'^‘(j;) have the same sign, therefore in 
passing from a to b' through the root of f'(x} = 0, since the 
adjacent functions have the same sign, two changes will be 
lost. Ilciice we may diminish the indices of all the pre¬ 
ceding functions by 2, and proceed, relative to, the interval 
a'b', with that function preceding /’’(a’) which first has 1 for 
its index. Hence the proposed interval is replaced by partial 
intervals, in each of which the separation of the included 
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roots is more nearly effected than in the original interval; and 
hy proceeding with the partial intervals in the same manner 
as we did for a, we shall at last find only intervals in which 
the index of/(a*) is either 0 or 1; and the separation of the 
roots of /(sc) = 0 which lie hetween a and b, will he com¬ 
pletely effected. 

Ex. /(a-) = ag* — ar® + 4a’’' + sc — 4 = 0, 



f 

/' 

f" 

r 

/” 

(-10) 

+ 

— 

4- 

— 

+ 

(-1) 

+ 

— 

+ 

— 

4" 

C) 

— 

+ 

4- 

— 

4* 


3 

2 

2 

1 

0 

(1) 

4- 

4- 

4- 

+ 

4- 


There is no root hetween — 10 and — 1, and one root 
hetween — 1 and 0, also three arc indicated hetween 0 and 1; 
hut, forming the series of indices for tlmt interval, ne sec 
that /'' (sr) = 0 is the first eq^uation to which the criterion 

can he applied; bIso^^tt-^ hccomes which, for 




12.r-3 


sc = 0, hecopies — 

O 


and this neglecting the sign is greater 


than 1, the difference of the limits; therefore the roots arc 
imaginary, and consequent!}’’ there is only one root of the pro¬ 
posed equation hetween 0 and 1. 


GEOMETEICAL ILLUSTRATION OF FOURIER’S METHOD OF 
SEPARATING THE ROOTS. 

119. The criterion of the reality of two indicated roots 
in any interval may he readily deduced from geometrical con- 
sid^ations. 

Let y=fJi x) he the equation to a parabolic curve; then 
the portion of it between x = a, x = h, (supposing these limits 
to satisfy all the prescribed conditions,) must have the shape 
PCQ (Fig. 2), 0 being the origin, ONM the'axis of sc, PN^ 
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QM^ the ordinates of its extremities having the same sign, 
C the single point where the tangent is parallel to the axis, 
and the curve through the extent PGQ being convex to the 
axis of Xy because for tliat interval f{x) and f"{x) have the 
same sign. But if O'N'M'y a line par|i|lel to ONM and cut¬ 
ting the curve in two points, be the axis of x, the curve will 
have the ordinates of its extremities of the same sign, and 
will have its tangent parallel to the axis of x at one single 
point, and/(a*),/"(ir) will have the same sign for all points 
between P and Q; hence, for any thing that ye- appears, this 
construction will represent the function f{x) between x = a 
and x = l, just as W'ell as tlie former; but it is manifest that 
when f{x) = 0 has two roots between a and h, there will be 
two points of intersection with the axis of a;, and the second 
is the true construction; and the former belongs to the case 
where there is no point of intersection, and where the abscissae 
of the points of intfireection, that is^ the roots of f(x) — 0, are 
imaginary. If we knew the exact value, c, of OM, wc might 
substitute it mf{x), and if the sign of the result was different 
from that of/(«) and/(Z>), tlicn/(r) would be represented 
by Jl' Gy and we should be certain that there were two points 
of intersection; if the same, /(c) would be represented by 
RGy and there would be no point of intersection. But if 
wc can only find an approximate value of c, and the sign of 
/(c) is the same as that of/(a) and/(&), we are uncertain 
whether the points of intersection are imaginary, or so near 
to one another that our approximate foot of the least ordinate 
docs not fall between thfem. 


Now in the case of real roots, that is, when O'N'M' is 
the axis of £c, and there arc two points of intersection, if 
tangents Pt'y Qs be drawn at P, Q, it is manifest, that how¬ 
ever near to one another the roots are, and however close 
the limits are to the roots, N'M' must exceed iV'V + J/V, 


m f{a). 


(ff h-a must exceed ”/^ ' either 


18 
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m 

fih) 


» 


or 


.m 

/■(«) 


, or their sum, greater than 6 —a, we know 


that the roots cannot be possible, and may pronounce them 
impossible. 

But when we find the difference of the limits greater than 
the sum of the subtangents, we cannot conclude that the roots 
are possible; for this^onditioa is satisfied not only by the 
axis but also by ^Jf, as long as the tangents jRt, 

do not intersect between the curve and the axis. 


In the latter case, we must substitute a quantity d be¬ 
tween a and & for cc, then if /“(d) have a different sign from 
y(a) and y(&), the two indicated roots are real, and tlieir 
separation is effected; if not, y'(d) will have the same sign 
either as y'(a) or y'(l>); let it be the former, then no root 
can lie between a and d; and we must now apply the cri¬ 
terion of the subtangents to the new and closer interval from 
d to 5. • 


120. To avoid the risk of trying to separate two roots 
that are actually equal to one another, it will be often requi¬ 
site to ascertain directly whether 

f(^) = + ■ • • r +jj„ = 0.(1) 

admits of a pair of equal roots; and the labour of doing so 
may be shortened by the following considerations. If (1) lias 
a single pair of equal roots, they must be commensuiable; 
for in that case y(ic) and y'(^) admit of a common divisor 
x — c which, put equal to zero, will give a rational value for 
the root that occurs twice. If = the equal root c must 
be an integer (Art. 65), andp„_,,p„ must be "divisible respec¬ 
tively by c, c“; if^^ be not unity, the equal root must be a 
fraction a-i-d, and must be divisible respec¬ 

tively by a, a®, 6, 6” (Art. 62). In both cases, if a suspected 
equal root be not excluded by these conditions, we must try 
by substitution whether it satisfiesy(a?) = 0, /'(a?) = 0. 




SECTION m 


ON THE METHODS OF FINDING APPROXIMATE 
VALDES OF THE REAL INCOMMENSURABLE 
ROOTS OF EQUATIONS. 


121. When all the commensurable roots of an equation 
have been fomid, and all the incommensurable roots separated 
by the methods explained in the foregoing sections, the next 
step towards the solution of the equation is to find approxi¬ 
mate values of the incommensurable roots; and to this we 
shall now direct our attention. 

It will however be necessary previously to prove certain 
properties of the polynomial/(a;), which forms the first mem¬ 
ber of the equation. 

Since /(a; + h) -fix) =fix) h +f\x) ^ + ... + A", 

and as long as x is finite, none of the quantities /'(aj), f”{x)i 
&C.J being integral functions, can become infinite, therefore by 
taking h sufficiently small we may make the second member 
as small as ever we please; consequently if x increase con¬ 
tinuously by insensible degrees between two limits a and 5, 
fix) will also vafy continuously by insensible degrees between 
the same limits; and will go on increasing as long as fix) 
continues positive; and when fix) is negative, it will go on 
diminishing. 

Again, since 

h £ 
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and since by diminisbing h we can make 




n-l 


as near zero as ever we please, or always intermediate in value 
to + a and — e, where e is as near zero as ever we please; 
by taking Ti sufficiently small, we shall always have 


f{x-¥h) -f{x) 

h 


>/'W-e </'(a;) + e; 


if therefore x be always taken between a and h, and if 5, 
denote the least and greatest values which f'{x) can assume 
between those limits, h fortiori, the following inequality may 
be satisfied, 

f{x + h) —f {x) >h(A — e) e). 


Suppose now that, between the limits a and h, are inter¬ 
posed a series of ascending values of r, a, , a^, ... a„ so near to 
one another that the above inequality may be always satisfied, 
when we take one of those values for x and the following one 
for a; + /i; then 

/W-ZW > («!-«) (A-e) < (a,-o) (B-he) 
/W-ZW > K-«i) (^-e) < K-ai) (B-he) 


ZW -Z(a») > “«,») (^-e) < -«») (^ + e); 

therefore, adding, 

Z(^) -Z(«) > (^ -o) (A-e) < (If -a) (B-he); 

« 

or, since this is true however small e is, 

f(b)-f(a)>(!,--a)A<(h--a)B. 

But as X changes by insensible degrees from a to b, f'(x) 
will change by insensible degrees, and will assume all values 
between A and B, these being the least and greatest values 
which it can have in that interval. Therefore every quantity 




141 


between A and J3 will be a value oif'{x) corresponding to 
some value of x between a and h. Suppose therefore 

m -m 

h^a * 

which we have shewn to lie between A and j5, to be equal to 
the value assumed by f'{x) when aj = X; then 

where X is some quantity lying between a and h. 


NEWTON’S METHOD OF APPEOXIMATION. 

122. When we know an approximate value of a root, we 
may easily obtain other values of it, more and more exact, 

a method invented by Newfon, which rapidly attains its 
object. Wc shall give this method, first in the form in 
whicli it was proposed by its author, and afterwards with 
the conditions which Fourkr has shewn to be necessary for its 
complete success. 

I^et f{x) = 0 be an equation having a root c between 
a and h, the difference of these limits, h — a, being a small 
fraction whose square may be neglected in the process of 
approximation. 

Let e,, a quantity betwen rr and 5, be assumed as the first 
approximation to o, then c = c^ + hj where h is very small ; 

or /fe) +/'W » +/"W I + ... + A" = 0. 

Now since h is very small, /i®, &c., are very small 

compared with h\ also none of the quantities/''(cj,/'"(cj, &c., 
can become very great, since they result from substituting 
a finite value in integral functions of x ; therefore, provided 
/'(cj) be not very small (that is, provided f'{x) = 0 have no 
root nearly equal to or to c, and consequently/(a?) =0 
no other root nearly equal to c besides the one we are 
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appiozimating to) all the terms in the series after the first two 
may be neglected in comparison with them; and we have, to 
determine \ the resulting approximate value of A, the equation 


■ /'w {/'(»)U’ 

and the second approximation is 

c.=c, + A. = c.-{^}^. 


Similarly, starting from c/instead of Cj, the third approxi¬ 
mate value will be 



and so on; and if we can be certain that each new value is 
nearer to the truth than the preceding, there is no limit to the 
accuracy which may be obtained. 


Ex. 1. CD® — 2a; — 5 = 0. 


Here, one root lies between 2 and 3, and the equation can 
have only one positive root; also, upon narrowing the limits, 
we find that a; = 2 gives a negative, and x — 2’2 a positive 
result, therefore 2*1 differs from the root by a quantity less 
than 0*1, and ||e may assume Cj = 2-1. Hence 


^2 


= 2-1 


'a;''-2a;-5'\ 0-061 

, 3a;®-2 /*= 2 i * 11*23' 


or Cj = 2*1 — 0*0054 = 2*0946. 

Similarly, 

c, = 2*09455149. 

Ex. 2. a;''-7aj-7 = 0. 

There is only one positive root, lying between 3 and 3*1; ’ 
and it equals 3*048917339. 

Obs. To guard against over correction, that is, against 
applying such a correction to an approximate value, as shall 



143 


make new“f»ltie dite more from the root by excess than 
tihe original aipproximate value did by defect, or mce verad, we 
must be certain that each new value is nearer to the truth than 
the preceding; this gives rise to the following conditions, first 
noticed by Fourier, 

123. For the complete success of Newton's method of 
approximation, the following conditions are necessary. 

(1) The limits between which the required root is 
known to lie must be so close, that no other root of 
y(a;) = 0, and no root ofy'(a;) = 0, or = lies between 
them. 

(2) The approximation must be begun and continued 
from that limit which makes f{x) and f" (x) have the same 
sign. 

Let c be a root of f(x) = 0 which lies between a and &, 
a<h, the first approximate value, and h the whole cor¬ 
rection, so that c = e, + ^ ; 

then /(q + A) = 0, or /(ej + = 0, 

\ being some quantity between c, and c, (Art. 121). 

Therefore, supposing \ = c^, which amounts to neglecting 
all powers of /i above the first, and requires that/(a:) =0 have 
no root besides c in that interval, and calling the resulting 
approximate value of h, A,, we have 

Now the true value is c = q + 
the 1st approximate value is c, with error 

the 2nd approximate value is c.^ = e, + 7q with error 
which (neglecting signs) must be less than k, 

i. e. F — (/i - AJ® must be positive, or 2 — — + , 

or^_-i =+, or^-i = + ; 

which condition (since \ is an indeterminate quantity be¬ 
tween c, and c, or between a and h) cannot in all cases be 



144 


secured unless f'ip) be incapabW^dl its ’siipi be¬ 

tween a and &; i.e/ unless /'(») = 0 have no root between a 
and h, 

*«< /•/ / \ 

Moreover, we must have *4^ > -, or > 1. 


Now if f"{x) preserve an invariable sign between a and 
5, i.e. if y"(ar) = 0 have no root in that interval, thcn/'(ar) 
will increase or diminish continually from a to i; therefore 
c, must be taken equal to that‘limit which gives f'{x) its 
greatest numerical value without regard to sign. 

First, let /"(a;), have the same sign from a to h\ 

then /'(a) increases continually in that interval; therefore 
we must have = h, or we must begin from the greater 
limit. But/(i) has the same sign as /(c + h) = /(c) + hf'{c) 
= hf'{c), or as /'(c); therefore we must have c^ equal to that 
limit which makes f{x) and have the same sign. 

Secondly, let /'(j:), have contrary signs from a to 

h\ then/'(cc) diminishes continually in that interval; there- 
'dbre we must have c, = a, or we must begin from the lesser 
limit. But/(a) has the same sign as /(c — A) =/(c) —hf'{c) 
= — hf'{c)j or as "-/'{c ); therefore in this case, equally as in 
the former, we must have Cj equal to that limit which makes 
f{x) and f"{x) have the same sign. 


These conditions being fulfilled, we have 


fM 

/'W 


*“ 1 —H, 




therefore Cg lies between c and Cj; hence the new limit c^ fulfils 
the requisite conditions, and we may with certainty from it 
continue the appioximation. 

124. To estimate the rapidity of the approximation, we 
have 

error in 1st approximate value c,, = 
error in 2nd approximate value c,, = A — 
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But /(c,)-+iS/'(c.) + iAy» = o, 

/(«i) + *./'W =0; 

or h-h, - 

f («i) 

Let the greatest value which f"(x) can assume between a 
and b (which will be either f"{a) or f"{b), if f'”{x) — 0 have 
no root in the interval) be divided by the least value of 2f (x) 
in that interval which will be either 2f' (a) or 2y’'(5), and let 
the quotient be denoted by G; then, neglecting signs, 

hence if the first error h in e, be a small decimal, the error 
7i — /q with which is affected (since G will not, except in 
particular cases, be very large) will be very small compared 
with h; and if the quantity G be less than unity, the number 
of exact decimals in the result will be doubled by each suc¬ 
cessive operation. The quantity G, when thus computed for 
a given interval, preserves the same value throughout the 
operations which it may be necessary to make in order to ap¬ 
proximate to the value of the root lying in that interval; and 
as we thus know a limit to tlie difference between the approxi¬ 
mate value already found and the true value, we may always 
avoid calculating decimals which are inexact, and only obtain 
those which are necessarily correct. 

.Ex. • 6a;''-141a;-}-263 = 0. 

This equation has two positive roots, one .between 2*7 
and 2*8, and the other between 2*8 and 2*9. Now f'{x) 

— 18a;*— 141 = 0, has a root = /y/^ = 2*798 between 2*7 

and 2*8, therefore these limits arc not sufficiently close; but 
this root is greater than 2*79; also 2*7 and 2*79 substituted 
in f(x) gives results with different signs ; and 2*7 substituted 
in f{x) and/"(a;) gives results with the same sign; therefore 
c^ = 2*7. 


19 
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With regard to the other intertal 2*8, 2*9, /'(ic)=!0, 
.rw=o, have no roots between these limits, and 2‘ mabes 
/(x) ana/''(x) have the same sign; therefore ^^ = 2*9; and 
starting from these values wc are certain in each case to get a 
new value nearer to the truth. 


can assume in 


the 


f" (.r) 

Again, the gi-eatest value which 'j., ^ ^ 

interval 2*7, 2*79, is nearly equal to 10; hence if 
consecutive errors, we have < J (AJ*. 10. 


The same formula will he found to he true for consecutive 
errors in the interval 2 • 8, 2-9. 


GEOMETRICAL ILLUSTRATION OF NEWTON’S METHOD OF 

APPROXIMATION. 

125. The nature of Kewtons method of approximation, 
and the necessity of Fourier s limitations, are well illustrated 
by the following geometrical considerations. 

Let y =f{x) be the equation to a parabolic curve, then the 
portion of it between a: = a and .r = 5, (supposing these limits 
to satisfy all the prescribed conditions,) must have the shape 
FCQ, (Fig. 1,) 0 being the origin, OG the axis of a-, PiV, 
QM the extreme ordinates having different signs; and there 
being no point of inflexion and no tangent parallel to the 
axis in the interval between £c = a and x=^h, siflee neither 
f" {x) = 0 , nor /' {x) = 0 has a root between a and b. Now 
if QT he SL tangent at Q, it is manifest that OT will be in¬ 
termediate to OG and OM, whatever be the magnitude of 

CM; but MT= 4 ® is the correction furnished by Newtons 
7 (o) ^ 

method; hence if we start with that end of the arc which is 
convex towards the axis of x, and therefore from that limit 
OM= h which makes f{x) and / "(a;) have the same sign, we 

shall get a new limit OT-V^b- , which is certainly 
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closer than the former and on the same side of the root; and 
if we repeat the process with the next value of the root will 
be OT'i which is still nearer to the truth. But if we com¬ 
mence with that end of the arc which is concave to the 
axis of X, and therefore from that limit which makes 

f {x) and f” {x) have contrary signs, the correction will be 
•ft ^ 

NU=— ; and the new value OU will exceed 00, and 

may exceed 0(7 by more than ON falls short of 0(7; so that 
we cannot be certain that the new limit is ck er than the 
former; and if we again correct OOj the result may be still 
more erroneous. 


We may however obtain a new inferior limit by drawing 
FS parallel to Q2\ then OS will always lie between ON and 

^ and OS = a - . Thus 


0 0, and we have NS= 


/ f /]\ y ^ ^ w jyf / 7 \ * 

we have two new limits, and as many figures as their values 
have in common, so many are exact in the approximation. 


If the primitive interval were not sufficiently small to 
exclude all roots of /' {x) = 0 and f” {x) = 0, then it might 
happen that the limit h might correspond to a point B situated 
beyond a point of inflexion E, and the tangent at B might 
me(^ the axis at a point remote from (7; and if B were 
situated at the extremity of a maximum ordinate, the result 
would be still more eiToneous. 


In connection with these geometrical illustrations of New- 
tons method of approximation, and of Fourier's criterion of 
the reality of two roots at Art. 118, the following remarks may 
be made. If instead of the equation f[x) = 0, we consider 
the equation/(aj) and suppose y to assume successive 
known values, we shall have a system of equations, differing 
only in their final terms; and the roots of all of them may be 
exhibited by means of the intersections of the same curve 
with a system of parallel straight lines. For suppose the 
equation f{x)=y to represent the curve PCQ (fig. 2) when 
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referred to ONM aa axis of as ; then if we draw another axis 
(yN'M* parallel to the former, and call NN' we have 
PN‘ — BO that relative to the new axis the same 

curve is represented hy the equation y a—f{x)\ an^ if wc 
suppose y' = 0, the roots of /(jr) — a=:0, are the abscissae of 
the points of intersection O' A, OB, &c. If the new axis were 
drawn so as to touch the curve at C, and then the 

equation /(x) — c = 0 would have a pair of roots = OR ; and 
if b were taken less than c, so that the axis were situated be¬ 
tween C and Ry then f{x) —h = 0 would have a pair of ima¬ 
ginary roots, the curve having receded from the axis without 
intersecting it. We thus perceive that the slightest alteration 
in the final term of an equation, may cliange two real roots 
lying close together, into a pair of equal roots, or into a pair 
of imaginary roots conjugate to one another. 

126. The following method, known as Horner s method, 
of calculating the real incommensurable roots of a numerical 
equation, is laborious; but it possesses the advantage of de¬ 
termining with certainty, to as many places of decimals as 
may be desired, the successive digits in the decimal part of 
any root known to lie between two consecutive integers. It 
requires a peculiar mode of forming the equation whose roots 
shall be those of a proposed equation diminished by a giv'eii 
quantity, which we proceed to explain. • 

K we wish to diminish the roots of a numerical equation 
of the w*** degree, A'i, = 0, by a given number «, we may, in¬ 
stead of putting X = y + a as in Art. 25 and expanding, employ 
the following more expeditious method. Dividing AT, by 
x — a, let Xy^_^ be the quotient, and r^ the remainder which is 
numerical; again, dividing X„_^ by x — ay let bo the 
quotient and r, the remainder; and so on through n divisions; 
then 

X„ = (x - a) A",., + 

A'„_j — (x —• <i) “H > 


A, = (x - a) 1 + r,; 
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hence by succeesiTe substitutions we get the transfonned 
.equation 

(aj-a)" + r„ (a?-fl)"‘‘ + ... + r,=:0. 

■* » 

The coefficients which are the remainders after 

one, two, &c., n repeated divisions of JT, by a;-can be 
readily found from Art. 6; where it is shewn that when any 
polpomial/(a:) is divided by the coefficient of the "first 
term in the quotient is the same as that of the first term of 
the polynomitd; and the other coefficients and the remainder 
are formed, one from the other, by multiplying the coefficient 
of the preceding term by a and adding the product to the 
coefficient of that term of/(j’) which involves the same power 
of a; as the preceding term does; the last quantity that can 
be so formed being the remainder. Hence if we perform n 
separate divisions of by a;-a by this uniform process, we 
shall obtain n remainders, which are the coefficients of the 
transformed equation. The facility of the method will be 
seen in the following examples; when a=l, the process is 
merely one of addition. ^ 

Ex. 1. To diminish by 4 the roots of the equation 
2x* - 6x* - a:* + Ojs: + 3 = 0. 


2 2 

7 

28, 

115 = r.. 

2 

10 

47, 

216 = r,. 


2 

18, 

119 = rg, 



2, 

26 = r,; 


.*. 2(a--4)' + 26(a;-4)®+119(a;-4)*+216(a:-4) + 115 = 0. 
The second line gives the coefficients of the quotient 
2x* + 2a:* + 7j; + 28, • 

and the remainder 115, after dividing the proposed by x - 4, 
which are calculated thus; 2 we know is the coefficient of x\ 
and if we multiply it by 4 and add the product to - 6, the 
coefficient of the same power of x in the line above, we get 2 
the coefficient of x*; again, multiplying 2 by 4 and adding 
the product to the coefficient of in the line abote, we get 
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7 for the coefficient of x ; and so on. In the third line are 
given the coefficients of the quotient, and the remaind^ aftei; 
dividing 2aj^ + 2a?* + 7a? + 28 by a: — 4 (which 
forming two successive divisions of the proposed 4); 
and they are formed by the same uniform law, of multiplying 
any one by 4 and adding the product to the coefficient which 
stands over it in the line above, for the next following co¬ 
efficient, When the roots are to be diminished by unity, the 
process is still easier, as no multiplication is requisite in form¬ 
ing the coefficients. Thus if it were required to diminish by 
umty the roots of the above equation 


2a?* - 6x* - a:* + Ox + 3 = 0, 

2 -4-3-5, -2 = /*,, 

2 -2 -7, -12 = r,. 

2 0, -7 = r3. 

2, 2-r,; 


2(x-l/H-2(x-l/-7(x-l/-12^x-l)-2 = 0. 

^, The former result ^ws that x — 4 l»as no positive value, 
and this shews tliat a: — 1 has but one positive value ; there¬ 
fore the proposed has but one root greater than 1, and it is 
less than 4. 


Ex. 2. To diminish by 3 tlie roots of the equation 
4x’ - 6x" - lap + 8x* + 7x* - 23x“ - 22x -5 = 0. 

The transformed equation, which may be calculated witli 
the same ease as in the preceding example, will be found 
to be 

4 (j; _ 3 )’ + 78 (a? - 3)* + 641 (x - 3)“ + 2873 (x - 3)* 

+ 7573 (x - 3)* + 11704 (x - 3)* 

+ 9722 (x - 3) + 3232 = 0, 

and shews that the proposed has no root greater tlian 3. 

• It is plain that when all the roots of an equation are 
possible, this method of transformation combined with Dea 
Cartes^ Buie of Signs, will afford a ready means of separating 



the roots. For suppose the roots to he diminished by some 
numba fc imd let the proposed and transformed equation be 

...+^„ = 0 .( 1 ), 

{x - aY + ?•„(«- a)""* +... + rj = 0.(2); 

then these equations give as many positive values for ar, and 
for x — a, respectively, as each has changes of sign. If they 
present the same number of changes, there is no positive 
value of X less tlian a ; if (2) has a certain number less of 
changes than (1), then x admits of the same number of values 
between 0 and a. Again, if a second transformed equation, 
where h> a, 

{x - hY + Pn {x-hY~' + ... + p, = 0, 
present a certain number less of changes than (2), x will 
admit of the same number of values between a and b. If 
therefore we deduce in sueccssion the several transformed 
equations in j’ —1, a* —2, ... a*—10, and count the changes 
lost at each transformation, we shall learn how many roots 
the proposed has between 0 and 1, 1 and 2,... 9 and 10. 

127. When by the preceding or any other of the methods 
that have been devised for separating the roots, the equation 
f{x) = 0 is found to have one root, and one only, between a 
and 0 + 1, wc may calculate with certainty, to as many places 
of decimals as may be desired, the successive digits in the 
decimal part of that root. We must first transform f{x) by 
the method just explained, so that 

f{x) aY + (a;-o)""* + ... + = 0, 

where r^, »*,,...»•« arc the remainders after 1, 2, &c. n re¬ 
peated divisions of f{a^ by a; — a; then making x — a — y^ 
or a: = o + y, we get 

/ + »•«/■* + ... +»*j = 0, 

which ha^'its roots equal to those of/(a;) =0, each diminished 
by a, and it has therefore one root, and one only, between 0 
and 1. Consequently (Art. 30) the equation 

y;+iov/;‘-^ + ... + iov,=o. 


( 1 ), 






152 


has one root, and one only, between 0 and 10; let this be 
aeoertained by trial to be between h and 5+l,,|IL|hat it 
equals J + « where z is between 0 and 1. Now let (1) be 
transf(Mrmed into 


(y, - ^)" + p. ivi - +...+p, = 0, 

or *" + * + ... + Pi = 0; 

which has one root, and one only, between 0 and 1; 
•*. 4* * + . • • 4" l^^^Px ” 


hae a root between 0 and 10, = c 4- v suppose, where c is an 
integer found by trial, and v lies between 0 and 1. So that 
by carrying on tliis uniform process, we may obtain, to as 
many places of decimals as may be desired. 




y, h z h z, 

= ‘* + io = ‘' + io + Io”“ + io + Too* 


or* = a + A + ^ + j|_ 


4- &c. = a . b<vi ... 


S, c, d, &c. being written as the successive digits of the deci¬ 
mal part of the*root. 


If the root be greater than 10, we may, by a similar me¬ 
thod, determine its successive digits. 


Ex. 1. To find the positive root, lying between 1 and 2, 
of — 3ic — 1 = 0. 


Writing down only the coefficients of th^ terms in the 
successive operations, we have 

1 0 — 3 — 1 with a root > 1 < 2. 


Divide by a; — 1, 
1 


1 


1 -2,-3=:r, 

1 2, 0 =s r, 

1, 3«r, 

0 — 3 has a root > 0 < 1; 


3 
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1 30 0 

DiviSe "by a - 8, 

1 38 

1 

1 54 G72 


( bas a root > 0 < 10 
(or, by trial, > 8 < 9 

304, -568=r, 

46, 672 =r, 

1, 54 = 

— 568 has a root > 0 < 1 


f has a root > 0 < 10 
.M 540 67200 - 568000 g 

Divide by a — 7, 

1 547 71029,-70797 =?*, 

1 * 554, 74907 =r, 

1 , 561=?*3 

.*.1 561 74907 -70797 has a root >0<1 


I 


5610 7490700 -70797000 


( has a root > 0 < 10 
[or, by trial, > 9 < 10 

Divide byx-9, and repeat the same process, then the 
next decimal in the root rvill l>e determined^ and ao on for 

any number of decimals; 

x = l • 879 ... 

Ex. 2. To calculate the positive root, lying between 
5 and 6, of 

x® + 2.r’“-23jt;-70 = 0. 

Diminishing the roots by 5 we find 

(a; - 5)* +17 (a: - 5)* + 7 2 (a; - 5) -10 = 0, 

having a value of a - 5 between 0 and 1; 

• + 170y* + 7200y — 10000 = 0 .(1)» 

haa a root l^twecn 0 «id 10, wWeh ty trial ia found to te 
between 1 and 2. 

Uiminiahing the roota of (1) by 1, we find 

(y _ !)•+171 (y - 1)’ + 7371 (y -1) - 2629 = <>, 

having a value of y -1 betwera 0 and 1; 
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A »*-|-lll0«*+737100«-2629000*0.(2), 

has a root between 0 and 10 , which hy trial ia to lie 
between 3 and 4. 

Diminishing the roots of ( 2 ) hy 3, we fin^ 

(« - 3)* + 1713 {z - 3)* + 742239 (« - 3) - 402283 = 0 
having a value of a — 3 between 0 and 1; 

A V* + 17130w" +742239001?-402283000 = 0.(3), 

has a root between 0 and 10 , which b 7 trial is found to lie 
between 4 and 5. Diminishing the roots of (3) by 4, we shall 
find the next decimal in the root to be 9; and so on; and wc 
therefore have x = 5. 1349. 


CONTINUED FltACTlONS. 


Before proceeding to the main object of finding the roots 
of equations under the forms of continued fractions, it will be 
necessary to investigate several general properties of that sort 
of expressions. 

Every expression having the form 


a + 




h + 


c + 


(/ + ... 

is calledift continued firiction. We shall at present consider 
only the case where the numerators 7 , 3, &c. are equal to 
unity, and the quantiticB 5, c, are^^itive integers; so 
that the continued traction will be of th^anm 
1 


a + 


3 + 


0 "it 

f 


c + 




as hUnay be conveniently writtesu 


E:^ressions of this sort present themsellAw^^ Whenever we 
attempt .to expross numerical^ tii|^|^nes of fractional or 
irrational quantities. 7 
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For suppose we were required to estimate the value of 
a quaut^/O!) not expressible by an integer; if we first seek 
the whole humber a which is next less than a, the difference 

a —a is afracti 9 n less than unity, which we may Tepresent 

1 ' * 

y being a quantity greater than unity; similarly, if h 

y • 

be the whole number next less thany, the difference y-^h 

may be represented by i,being a quantity greater than 

unity. Proceeding in this manner, we have 

x = a+-f y^h + -f z=c + -, u=:d+-,&c., 
y z u V 

1 1 1 

• «»C — J I * 

If among the quantities x, y, z, &c., there occurs one 
which is exactly expressible,by an integer, the continued 
fraction terminates; in the contrary case, it may be prolonged 
indefinitely. The former, as we proceed to shew, will happen 
Avhenever the quantity proposed to be transformed is a com¬ 
mensurable fraction; and the latter, when it is irrational or 
otheiwise incommensurable; and the corres;^onding limited 
and unlimited continued fractions are called rational, and 
irrational, respectively. ^ 

128. To convert any proposed fraction ~ into a continued 
fraction. 

The integer nS^t less than ~ is the quotient of the 

division oim'byn; let a be this quotient and p the remainder; 
then ' 


m , p 

5S5 ^ • 

n n 

Similarly, let 6 be the quotient of the division of »1^ y, 
and q the remaitil^r ^ ^en 

^ _4, jfJ 2 

P” P' 



m 


Again, 

•£ as c + -, &c., 

q q* 

m ,1 1 

f , , — S Q -f- j, ^ ^ • 

n o + c +... 

Hence we see that, to reduce a vulgar fraction to a 
continued fiiuition, wc must proceed exactly in the same 
manner as to find the greatest common measure of its nume* 
rator and denominator; taking care, however, first to divide 
the numerator by the denominator, so that when tlie nume¬ 
rator is less than the denominator, the first quotient, a, will 
be zero. 


And as the process of finding the greatest common mea¬ 
sure of two numbers always leads to a remainder zero, and a 
quotient expressed exactly by an integer, %^e sec that every 
commensurable quantity can ‘be expressed by a continued 
fraction which terminates; and conversely, every terminating 
continued fraction is tlie expression of a commensurable quan- 
'^tity; for by performing the calculations indicated, it can be 
reduced to an ordinary fraction. 


Ex. By performing the process of finding the greatest 
common measw 743 and 611, we find the quotients 1, 4, 
1, 1, 1, 2, 3, ^ remainder zero; 

• 1 1 — J_ J_ J- J_ J_LI 

fill 4 + l + l + lq-2+8 + l + 3 


Henofi .diso, it llhat an inhoni|[|lfinsurable quantity 
can be cotmM. a^ntinned fraction whkli does not 

« yfiiax^yfp a|Mill iww give an uu^ce. 

h ITo convert a cohiplete square) 


tinned fraction. 
fifhQ the gieal^^- 



W, |8lh|kt 



be the re- 
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V'JV’=a + A 


, “ 1 VJV+o 1 

*’*®*^^^—r~ 

a being the greatest integer in a;', and A the remainder. 

Suppose that, in continuing this process, we urive at 

^ '^N+m , 1 

ceP =-= /t + - , 

n y 

fi being the greatest integer in a;'’’, and - the remainder; 

^ ^N— {rifi — m) ^)* * • 

•i, , ^ N-{nfi-mY N-m'* 

• • lit #5 

^ sfW + 7»' .1 

y! being the greatest integer in y, and the remainder. 

u- *1 1 V^+m" -f. 1. 

bimilarly, e *= — ~,r — = /^ + — ; &c. 

w", n", being formed jfrom m\ n', y^ by'^^pecisely the same 
laws as m', n', were from t?*, w,//-, in equations^(1); and /i" be¬ 
ing the nearest integer to z ; and so on for the rest. 

Hence y, the quotients y.\ ‘&c. will be 

found an easy and uniform |>roea^ wh«i Ijpst be con¬ 
tinued till wa^ arrive at a quotielit after wiichj^^e 
quotients wUl^ recur (as w^^Ims hereafter shewn) i^ th^ij^lie 
ordqr, beginning with tu 

Obs. and or 

since 


\ .jsw® 


?» 


«( 


being ’ihe 



<j?lTS7r 


prei 








m 


we aee ^ elweye belntegerflj sinoe the^ttrelK^ 

in the first bre cases, and anditvrill appear 

1 ^ o 

they are always positive. 

Ex, 1. To express sf^ hy a continued fraction. 

^23 *4* 0 

—-— =B 4, writing down only the integral part; 

X ^ 

gg_jg 

also ms0, «sl, .*. m' s 4.1—0 = 4, n* =—j—=7, 




V 23 + 4 

7 

• V 2 F +3 
2 . 

7 

V23+4 
1 

n/m+4 


si 7«" = 7.1 — 4s3, ?i” = 


23-9 


= 2 , 


23-9_ 

— • > 


2 


= 3 j»'''s2.3-3s 3, n' 

= 1 77i‘- = 7.1-3s4, = 

, , 23-16 , 

= 8 m’ ^1.8-4s4, s—^—=7, 


1 


si. 


Henee tUe quotf^ 1, 3, 1, 8 will recur; and consequently 

_ 11.111 1 

^23=4 + ^ 3+ T+ 8+ 1+ 3 + ...’ 

Ex.2. fi«2+i:f 1 +i+r+ITTr- 

a 


TT- 


COKVBEGING l^UCOTONS. m, 

130, Betoming to the con8id<9et^pa of the expression 



the Sections toned by taking 2^ 8, df tb# q^u^ties 

a, bi are called oonterging totions; th^^ 

« 

a 1 o5 + l _ , V a5c + a + c - 

i> “+?—j-? 

b + ~’ 

are converging fractions. *. 

The converging fictions, tajeen in order, are alternately 
less and greater than the true value of a? ; thus j is too 

small; a + ^ is too large, because a part of the denominator 

is omitted; again, i ^ is too large, and therefore 

c 

1 

a +- is too small, and so on. 

b+- 

c 


The quantities a, b, c, &c., are called quotients ; and any 
one with the quantity which must be added to it (supposing 
it were the last) to make the value of £c e^Kwt, is called a com¬ 
plete quotient. Thus, using the notation of p. 155, 

i >• * 

arc complete quotients. 


131. To transform any continued fraction into a-series of 
converging fractions. 

Supposesuccessive converging fractions. 

* V 

Write down the quotients, and under them the converging 
fracti^,, 

' a b 

a.a5>|-l dJe4*0+0 P P* p" ‘ 

1 " ’ '' ^+1 9 Q 9 
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Now as &t as we liave gone we observe that, having 
fonned the fust two conveaging fractions, and written them one 
row in advance of the quotients, the numerator of any fraction 
is formed by multiplying the numerator of the preceding by 
the quotient that stands over it, and adding the numerator of 
the fraction preceding that; thus 

abc + a + <js=:(o5+l)c + a; 

and the denominator, in the same manner, by multiplying the 
denominator of the preceding by the quotient over it, and 
adding the denominator preceding that; 


thus ftc +1 = Jc + the denominator of j. 

Suppose the law to hold up to the quotient m, so that 
being the fraction preceding ^ j 

q yitt + S 

Now ^ differs fix>m^only in taking in another quotient, 

so that if m 4 - be written for m. we have 
m 



• [jm+p^ ) m'-k-p pm!-^-p 
{qm-¥^)m! '\-q~~ ^m' + q * 


which is the same form as the preceding; if therefore the law 
hold for formation of any one ^nverging fraction, it holds 
for the formation of the next; but we have seen that it holds 
for tiie third, therefore the law Obtains generally. 


Ex. 1 . To find a series g/l fiactions converging to gjj. 

“ Here the quotients are (Art. 12 $) 1 , 4, 1 , 1 , 1 , 2 , 8 , 1 , 3; 

1 

and the first two fractions are -, and 1 -f 7 or j. 
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Hence, writing down the quotients and the first two frac- 
tions in the manner directed above^ and forming the rest by 
the rule, we ^t 

1411123 1 3 

1 5 6 11 17 45 152 197 743, 

1 4 5 9 14 37 125 162 611' 

the last being the original firaction, and the p^<>ceding alter¬ 
nately greater and less than the true value. 

If the proposed quantity has no integral part, then the 
first quotient, as was before observed, will be zero, and the 

0 

first converging fraction -. 

Ex. 2. To find a series of fractions converging to V^. 

The quotients are (Art. 129) 4, 1, 3, 1, 8, 1, 3, 1, 8, ... 

Hence we have 

41318 1 3 1 8... 

* 4 5 19 24 211 235 916 1151 

1 1 4 5 44 49 191 240 *** 

Ex. 3. Two scales, "whose zero points coincide, are placed 
side by side, and the space between consecutive divisions in 
one is to that in the other as 1 to 1*06577; to find those 
divisions which most nearly coincide. They are 15 and 16, 
61 and 65, 76 and 81, &c. 

132. The difference between any two consect^ve con¬ 
verging fractions, is a fraction whose numerator is unity, 
and denominator the product of the denominators of the 
fractions. 

Ttis il^ immediately verified W^th respect to the first two 
converging fractions; for 

ad + l a 1 

. . ess 

5 15 * 


21 




m 


To proto^ tliat il is generalljr true, it wiU be 

sufficient to consider thile consecutive fractions ^, K 3 

and to shew that if the property holds for the two , 

» , 2 ff 

it must hold also for ^ and A • 

Now 3 

5 ' q mq+Y 9 

and by the hypothesis 

133. In a series of converging fractions, each fraction 
approaches nearer to the value of the quantity to which the 
approximation is made, than that which precedes it; and (the 
^tegral part, or zero, being the first converging fraction) all 
the converging fractions of an odd order are less, and all those 
of an even order greater, than the true value. 

We have ^ ; 

q niq + q 

and to deduce the value of a:, the quantity to which the 

t 

approximation is made, from that of ^, it is sufficient to 

replace the quotient m by the con^plete quotient wi + — — y 
suppose, where y is always positive and greater than unity; 




jy + 2 
1 -I y 

2to+«")’r *9"(?y+s*) 


Now ^ <^3 end y > l,.i|^eicefore on both accounts the 
value is less than the value of'^ — a? (not regarding 
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the i^gns); therefoxe the euccesewe coiiverging firactioiui ep- 

ptoAch. nearer and nearer to a;. 

0 "'‘T 

Also sinceand x — ® 

T ? 

have the same sign, the successive converging fractions are 
alternately greater and less than the true value; but the first 

converging fraction ^ is less than x; therefore all the converg- 

ing fractions of an odd order are less than a?, and form an 
increasing se^es; and all the converging fractions of an even 
order are greater than x, and form a decreasing series. 

134. All converging fractions are in their lowest terms. 

For if the numerator and denominator of the fraction^ had 

a common measure, then from the equation pq — q'p= ± It it 
would follow that this common measure must divide unity. 

135. The error, in taking any converging fraction for 
the value of the continued fraction, is less than unity divided 
by the product of the denominators of that fraction and the 
following one; and greater than unity divided by the product 
of that denominator and the sum of that denominator and the 
following one. ^ 

For, since x—^=± 

and y is greater than m and leas than m+l\ therefore, leaving 
the sign out of consideration, 

p 1 _1_^ 

q^ q iqm+q^)^ q +2+j") * 

or, since q'^qm + j”, 
pi 1 ‘ 

q. $q q{^+q) 

136. We can -also obtaUi a superior limit of the error, 
depending only on the denomihfitor of that converging fraction 



m 


wbidi; we take for approximate Tuliie ; and an infonor 
limits depending only on the denominator of the following onl. 
For since is always greater than 


is less than i aiid 
q^ 2 * 

therefore, a fortiori^ 


1 

2 ( 2 '+?) 


greater than 



X 



1 


1 



These limits are to he preferred, on account of their 
simplicity, to the former; and in most cases are sufficiently 
exact. 


Hence we may at any step measure tlie accuracy of 

our approximation. Thus, in the examples of Art. 131, the 

152 743 

fraction which converges towards , differs from it 


by a quantity less than greater than 

916 — 

tKft fraction , which converges towards V23, differs from 


it by a quantity less than 


1 

(191)*’ 


and greater than 


1 

2 (240)* * 


Ex. To find a series of fractions converging to the value 
of the ratio of the circumference of a circle to its diameter; 
and to estimate the error with which each converging fraction 
is affecHed. 

The value of this ratio, exact to ten places of decimals, 
is 3*1415926535; therefore, adding unity to the last decimal, 
the value of w will be comprised between the fractions 

31 416 926 535 , 31 415 926 536 ** 

10 000 000 000 10 000 000 000 ‘ 


If now we perform the successive divisions for each fimction, 
" we find the two series of quotients 

8, 7y 15, 1, 292, 1, 1, 6 

B, 7, 16, 1, 292, 1, 1, 1; 



165 


therefore, reserving only the quotients which are common to 
bftth, and which must belong to the continued fraction which 
expresses the value of w, and forming the converging fractions, 
we get 

3, 7, 15, 1, 292, 1, 1, 

3 22 333 355 103993 104348 
1' 7 ’ 106' 113* 33102 ’ 33215 * 


These fractions are alternately greater and less than the 
true value of w; thus — is too great j it is the ratio dis¬ 
covered by Archimedes^ and differs from the true value by 
a quantity lying between 

—^— and —:—^-r or —— and —^. 

7 x 106 7 (7 + 106) 742 791 


The fraction is the value discovered by Adrian Metins; 


it is also too great, but far nearer than that of Archimedes^ 
since it only leaves an error comprised between 


1 

3740526 


and 


1 

3703295 * 


137. In order that the fraction may differ from the 
exact value of a? by a quantity less than a given quantify -, 

it is sufficient that we have 4 < -, or ^ = or > Va. 

j a 

Hence we can always obtain, either exactly, or within any 
degree of approximation, the value of a quantity expressed by 
a continued fraction; for if tlie continued fraction terminates, 
we then obtain its value exactly; and if it does not terminate, 
we can obtain a converging fraction whose denominator satis¬ 
fies the condition g' = or > Va, because the denominators of 
the converging fractions are integers, and go on increasing 
indefinitely. 



IBB, In a ser^ of cont^rghig fractions, eaoli friction 
difleis less from frm ralne of ihe quantity to whH^ the 
approximation is made, than any other fraction in more simple 
terms. 

Let he one of the converging fractions, and let ^ ho 

another fraction whose denominator is lets than q. If ~ he 

8 

one of the converging fractions, the, proposition is manifest 
from what has heen proved. But if “ ^ >iot one of the 

converging fractions, then it cannot lie between ^ and the 

preceding ^ j for if it could, then ± — -j would he less 

than -4"» or ± {j/^s — fr) < -, which is impossible, because 

the first member of this inequality is an integer different from 
vnero, and the second a proper fraction, since s < q. 

Since then - cannot lie between ^ and ^, if it lie to 
8 a 7 


the right of ^ (supposing the three arranged in order of 
magnitude) it differs from x more than ^ docs; and if it 

15 ** . ^ 

lie to the left of ^differs from x more than ^ docs, 
and therefore a fortiori more than ^ does. 

139. Every periodic continued fraction is the expression 
for one of the roots of a quadratic equation whose coefiici^ts 
are commensurable. 

Let the continued fraction be 


, SB O + 

■4 

yM 


] I 


6 -P... h-\r ^ + y * 

, ' 1111 
,,].«ey = r+_ — p; 



X67 


so that c, ••• I are ci^uotieiits which do not recur, and 
r, 5, ... V are those which recur indehnitely. 


Let ^, be.converging fractions in the value of a, the 

last quotients comprised in them being, respectivelj, k and I ; 
so that I and r are the quotients which stand over them, when 


formed according td Ihe method of Art. 131; and let 


F 

be converging Bnctions in the value of y, the last quotients 
comprised in them being, respectively, u and v ; then, as in 
Art. 133, 


Py+P . 

^ Qy+Q’ 

between which equations, eliminating y, wc obtain an equation 
of the second degree in x, which demonstrates the property 
announced. When we wush to find x under an irrational form, 
we must take the positive value of y in the equation 

'gy^+{Q-F)y-P=^0, 

and substitute it in the preceding value of x. 


Ex. 


x = a + 


1 1 

2tt 4- 2a + ’ *' ’ 


£C = a H-, or a;“ = 1 + a*. 

x + a 


LAGRANGE’S METHOD OF APPROXIMATION BY CONTINUED 

FRACTIONS. 

« 

140. To approximate to the roots of an equation by the 
method of continued fractions. 

Let the equation f{x) = 0 have only one root between 

*■ 1 
the integers a and a +1; then writing a + - for aj, the first 

transformed equation will be 

/(«)+/'(“) - +’^=0 ( 1 ). 



Wd ranee only one veliie of ^ lies t>6tw6^ 0 and 1,^ lias 


only one valne gzefter than 1; if therefore we substitute sue- 
cessiyely 2, 8, 4, &c. for y, stopping at the first which gives 
a positive result, the integer preceding that, is the integral part 


of the value of y. Let this be h, and in (1) write 5 + - for y; 


then the second transformed''equation have only one 
root greater than unity, the integral part of which, as before, 
will be the whole number next less than the one in the 
series 2, 3, 4, &c., which first gives a positive result when 
written for z\ let this be c, and in tlie second transformed 

equation write c + ^ for then the third transformed equa¬ 


tion will have only one root greater than unity, the integral 
part of which may be found as before, and so on. We thus 
obtain successively the terms of a continued fraction 


1 J_ 

1+ c+ ... * 


which expresses the required value of x; consequently we 
are able (Art. 137) to find this value to any required degree 
of exactness. 

If any of the numbers hy c, dy &c. is an exact root of the 
corresponding transformed equation, the process terminates, 
and we find the exact value of x. Also, if one of the trans¬ 
formed equations be identical with a preceding one, the con¬ 
tinued fraction expressing the root is periodical; for, a$er 
that, the same quotients will recur in the same order; in this 
case a finite value, in the form of a surd, may be obtained 
for the root (Art. 13^) by solving a quadratic whose coefficients 
are rational, both of whose roots will be rpots of tlie proposed, 
(Art. 16) since the coefficients of the latter are supposed 
rational; conseqq^tly the first member of this quadratic will 
be a factor of the ^t member of the proposed equation, 
which may therefo!re<||6 depressed two dimensions. 
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Ex. 1. To find the positive root of a' — 2a! - 5 = 0 under 
the form of a continued fraction. • 


Comparing this with a^^ — qx + r-0, we find that 

r’ 25 8 . ... 

4“27 = J“27*®* positive quantity, 


therefore (p. 61) the equation has two impossible roots; and 
since its last term is negative, its third root is positive. 
Substituting 2 and 3, the results are —1 and +16, tiierefore 


the root lies between 2 and 3. 
transformed equation is 


Assume a? = 2 + -, and the 

y 


y_io/_6^-i=o, 


in which 10 and 11 being substituted give —61, +54. 
Assume y = 10 + ^, and we obtain 


61s“-94«"-202!-1 = 0, 

whose root lies between 1 and 2. Proceeding in this manner 
we iind 

„ , 1 1 1 1 
10 + 1 + 1 + 2 + ... 

the value of the root, in a continued fraction, which may be 
converted into a series of converging fractions. 


Ex. 2. £c®-7a! + 7 = 0. 

The roots which lie respectively between 1§ and 2; 1^ 
and If; and — 3, — 3 J; (Art. 49) will be found to be 


1 JL 1 1 . . JL 1 1 1 . 

^■*’ 1 + 2 + 4 + 3 ^’ "^ 2 + 1 + 4 +^' 


and -(3 + 1); 

where y is the root greater than unity of 

y»-2(^*-9y + l«9; 


22 
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In this casC} theiefoie, the three roots terminste hy tlie same 
quotient; a property thSt has been shewn to belong to the 
equation 

{axY — (1 + a + o*) {Sax — 2a — 1) = 0, 

where a is any integer, and o' a divisor of I + o + o*. The 
example before us results from making a = 4, o'a= 3. 

141. When an equation has several roots between two 
consecutive integers, this method of approximating to them 
may be rendered easier by combining it with StumCa 
theorem. 

* 

Substituting 0,1, 2, 3, &c., successively for x in the series 
of quantities (Art. 101) 

.( 1 ), 

and noting between what substitutions, changes of sign are 
lost, and how many, we shall perceive between what integers 
the roots lie, and how many in each interval. For those 
fjots which are situated singly between consecutive integers, 
the process will be that described above; but for those which 
lie in groups between consecutive integers, we must proceed 
as follows. Suppose several roots to lie between a and a + 1; 

substitute a + - for a? in scries (1), and let the result be 

y 

(y)» ^i(y)» ••• .(2); 

then as many roots as f{x) — 0 has between a and a +1, so 
many positive roots greater than unity will ^ (y) =» 0 h*ave; 
and if we write 1, 2, 3, &c., for y in series (2), and observe 
between what substitutions changes are introduced, the con¬ 
secutive integers between which those values of y, either 
singly or in groups, are situated, will be determined. If 
there still be a group of values of y between consecutive in¬ 
tegers h and 6 + 1, put y=s:6 + l in series (2), and let the 
result be 


V'W. ^'iW. V'.W.—f.W 


,.....( 8 )! 
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then as many roots as ^ (y) « 0 has between h and & +1, so 
many positive toots greater than unity will (a) = o have; 
and, as before, substituting 1, 2, 3, &c., for z in series (3), 
and observing where the changes are introduced, we may 
determine the situation of those values of z; and the process 
must be continued till we arrive at a transformed eqdktion 
whose positive roots are situated singly between consecutive 
integers; the approximation to each of these roots, as well as 
to all those already partially found, may then be continued, 
as in Art. 140, to any degree of accuracy. Thus all the 
values of x between a and a + 1 will be determined; and the 
other groups of values of x, if there be any, must be treated 
in the same manner. 

142. It is manifest that Fourier s method of separating 
the roots might be employed "with similar advantages. For, 
being applied to the proposed equation /(a;) = 0, it would 
enable us to ascertain between what integers the roots lie, 
and how many in each interval. Next, being applied to the 
transformed equation 

/(a + ^) = 

# 

(a and a +1 being one of those intervals,) it would point out 
between what integers the values of y lie, and how many in 
each interval. Similarly, in the next transformed equation 

<^ (* + j) = 0, or i|r (z) = 0, 

^ and 5 4-1 being an interval containing more values of y 
than one, it would shew the situation of the values of z; and 
so on for all the transformed equations which it might be 
necessary to obtain, to completely separate the processes for 
approximating to each root of/(a;) = 0. 

The following is an instance of the employment of Sturm's 
theorem. 
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Ex. /(«) - Ula? + 268 , 

y;(a;)«6«^-47, 

/,(a;)=94aj-263, 

/.w=+ 

/ fx ft ft 
( 2 ) + - - + 

(3) + + + -f; 

Jience two values of x lie between 2 and 3; 

aj=32 + i, 

y 

^(y)“29/-69/ + 36y + 6, 

^i(y) =-23/4-24y + 6, 

^*(y) * “ "’*y + 

. ^fky) =+ 

‘ (!) + + + + 

(2) + — - + 

Hence two values of y He between 1 and 2; and, patting 

M = 1 + - it will be found that z has one value between 3 
^ z 

and 4, and another between 5 and 6; and the roots must now 
be approximated to by separate processes. 


SOLUTION OF INDETERMINATE EQUATIONS OF THE FIRST 
ORDER BY CONTINUED FRACTIONS. 

143. Another usefhl application of continued fractions is 
to find the integral values of x and y, which satisfy the inde- 
^ terminate equation of the first order, ax + hifs=c, 

j We suppose a, c, to be integers positive or negative, 
t and the two former prime to one another; for if they are not, 
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c must necessarily hare the same divisor, since x and y repre¬ 
sent integers. Let a;»ot, y be a solution, then 

«a + J/8 = c; 

and therefore by subtraction, 

a{x-a) 

but since a and b are prime to one another, y — fi must be a 
multiple of a =s a< suppose; therefore x — a^ — ht^ 

that is, x — a — btj y s= -P a<, 

where i is any integer positive or negative. Now to find 
a and resolve ^ into a continued firaction; and in the 

series of converging fractions, let ^ be that which imme- 
« 

diately precedes ^, then pb — qa= ±1, according as 

p a 

■^ > or < 7 -: 
q h 

cp .h — cq .a = ±c\ 

hence, comparing this witli the proposed equation, if the 
second members have the same sign, fi — cp^ fi==- — cq\ if 
different signs, ^^ — cp^ a=^cq. 

Ex. 1. 5a:4-7y = 29. 

1*1 + ~ i, and the convergmg fractions are j, |, |; 

r 3.5 — 7.2 = 1, and 5.87 — 7.58 = 29; 

a; = 87 — 7^, y = — 58 4 bt. 

Ex. 2. lla + lSy = 190. 

a = 1140 - 13?, y = - 950 + 11/. 

144. When we wish to solve oa? 4 * Jy = c in positive in¬ 
tegers, / must be restricted in the general values 

a = a — 5/, y =.+ at. 

First, suppose a and 5 to be positive, and therefore c 
positive since x and y are to be positive; then we must have 
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a & 

a - > 0, /3 + at> 0, 6r i and > * , therefore only 

those integral values t which are compiilfed between tlie 

o a 

limits —, T ^ admissible. These limits are never contra* 
a 0 

dictory; for since a and /8 are positive or negative integers 
which, satisfy the relation oa 4- = c, we have aa + A /8 > 0, 

a B 

and therefore j ~*hey may not include any integer, 

in which case the proposed equation has no solution in in* 
tcgers; and in no case has it more than a certain number of 
such solutions. 

Secondly, let the equation be oo: — Ay = r, a and A being 
|)ositive; then x = a + Ar, y = /8 4 -; and in order that these 

values may be positive, we must have f> — j aind < > — -; 

hence we may give t any value above the greatest of these 
limits, so that the proposed equation will admit of an infinite 
number of solutions in positive integers. 

In Ex. 1 (Art. 143) < < 12 ? > Il9 ; .*. f has only one 
value 12; and a; = 3, y = 2 are the only positive integral 
values.* Similarly, in Ex. 2 , t has only one value 87. 

The equation cw; 4 * Ay 4 - w == cf may be solved in positive 
integers, by assigning values 1 , 2 ,3, &c. to the variable whose 
coefficient is greatest, and of which consequently the admis* 
sible values lie within the narrowest limits; and solving, as 
above, the resulting equations. 

V 

Ex. 1 . lOaj 4 - 9y 4 - 7s = 58. Here x can od^SHjhre the 
values 1, 2 or 3. If a;»1, we get 9y 4 - 7 s » 48, whi^ admits 
of the single solution y s 2 ; = 3 . If a; = 2 or 3, we get the 
equations 9y + 7« := 38, 9y 4 - 7« = 28, neither of which admits 
of a solution. Therefore the only solution of the proposed is 
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£|;* 2. SOoj 4* 8^ + s* 100 is satisfied by the fotlr sys- 

tetns of values for a, y, g sespectively: 

1, 6,11; 1, 10, 8; 2, 5, 5; 2, 10, 2. 

The e(][Uation {mx + j) y =* na^ +px-hr may be solved in 
positive integers, by putting it under the form 

, . . — 7w»o + wo* 

m y = mnx ~-na+ mp H- ^ -2-, 

^ ^ ^ mx + q * 

and equating mx + q successively to all the divisors of 

»**r — mpq + nj*; 

then if any one gives an integral value for x, that value can 
be substituted for x\ and if the second member be then 
divisible by m*, we shall obtain an integral value of y. 

Thus ary 4- a* = 2a; + 3y + 29 has two solutions, 
a* = 4, ^ = 21; and a; = 5, y—1. 


PROPERTIES OF THE CONTINUED FRACTION WHICH 

EXPRESSES Jn. 

146. The last application we shall make of continued 
fractions shall be to determine the nature of the development 
of the square root of a number not a complete square, in that 
form; preparatory to which the following property must be 
demonstrated. 


Let -V 


a4- b+ c4-... m-¥ m' + m! 


—- be the development 


ox 


a pro] 


P 

ction -Ttj then writing down the quotients and 
coirespoTraing cdnverging fractions, we have 


df 5 , Cf 

1 b 


... m, m't m"f 




a <1!64-1 


• • • 
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whence we obtam the following equations; 

€ * 




* «iy + j. 




- W* 

Y 

g"- ^ . 

m' + l’ 


g' 

1 


m + 

g 

1 1 


0» 
1 


, j_ 

^ w"-f m'+ w + ... i + «’ 

// 

that is, the development of ^ in a continued fraction 

P\ 

being the last of the series of fractions which converge j 

p 

gives the same quotients as the development of —, but in an 

V 

inverted order; if therefore in any case tf' — P, the series of 
quotients will l)e symmetrical, i. e. the same taken from the 
beginning and end, or of the form a, h, e, ... c, i, «. 

146. If be a whole number (not a complete square), 
thenyV!?rmay be developed in an indefinite continued fraction 
whose quotients recur in periods, the last quotient in each 
period being double of the greatest number whose square is 
less than N, and the period, as to the other quotients, being 
the same taken from the beginning andgend. 

In the continued fraction which expresses ^/N (formed as 
explained in Art. 129), let the series of complete quotients, 
partial quotients, and converging fractions, be 




•/W-¥a 

VA+to' 


b »'• 

n* 

’ « ’ 

n 

* 

»* 

n 

QC) • • • 




«; 


a 

r 

£ 

g’ 

t 

gl ^ 

■a,... 

it 
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then "any formed from that 


which precedef^liy the lW%5 -iiff^^rr^, n=- ; and 

we most friat shew that Ifrl thi quantities #»,», w", n\ &c., are 
positive integew." Suppose this to be the case up to w®, n“, 
then all the partial quotients up to /a® are positive •integers, 

and the converging fractions up to inclusive can be formed 

ill the usual way; and therefore, since is the com- 

n 

plete quotient corresi>onding to ^, we have 

(sTN + 7n\ o 

/V.V+,»N 

«(—r-j+« 

which, by equating rational and irrational parts, gives 

j)m+p''n = qN, ((i?/-'Z/)»» = 

qm + <[11 = p, — qjp"') n=p*— N(f. 

But pq^ — qp^ = +1 or — 1, according as -^ > or < V^, 
therefore n is a positive integer; also the equation 

qm + q^7i=p gives = 

and since i > J®, » and consequently n > •/N — m ; 


the iWlft 5 = /A®n®—»M*, n = - 


; and 


^fW 4- w 


> /A, «<Visr+»w, 


which would be impossible if m were negative. Hence m 
and n will always positive integers, unce they are so in 
the first t^WJlwes. 


23 
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We can now find the limita which v* Anfi n cannot, sur¬ 
pass, however far the process be carried on; for the equation 
iV— m* = nn® shews that m < and therefore m cannot ex¬ 
ceed a the nearest integer to ; and since #» + m®« 

2 a is the limit both of n® and /a®. But since the continued 
fraction which expresses is unlimited, and since there can 
only he a certain number of values of m and n, the same value 
of m must occur with the same value of n an infinite number 
of times, that is, the same complete quotient must recur; and 
whenever this happens, then the succeeding quotients will be 
the same as those before obtained, and will recur in the same 
order; therefore the continued fraction w'hich expresses •/N 
will (at least after a certain number of terms) be composed of 
a constant period of quotients, and we must now determine 
the point at which that period begins. 

Suppose the recurring period of quotients to be 

/A, M.; 

then since N — m’ = k«®, and — ju* = iiw,'', .*. n® = a*,®; 

’ also since »»= //rt® — m®, m = oaaj,® — 

AA4® — /A4 ® = n® (ft* — oa) . 

But the equation 

.0 • V ^ 4' 

qm + q n — p gives aai = ^ ^ « = « + - — 

since ^, being an approximate value of can only differ 
from a by a small fraction -; 

2 '* A. 

T 

-; 

7 7- 

therefore, since <-qi a — in<n, 

hence a — m“ < »® and a — w,® < «®; 
therefore w® — m ® < n® or — — 5 ^ < 1 , 
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but it also equals tbe integer /*"-«; this integer then must 
equal aero, or = and w* = 7n,®. In the same manner 
we can shew that the quotient which precedes « is equal to 
tliat which precedes /i®, and so on to the quotient a, so that 
a is the quotient which first recurs and with which therefore 
the period commences. 

Hence the quotients and converging fractions may now be 
represented by 

a] a, 13, ... X, fi; a, ... X, /x; a, A ••• 


a 

I 




Pt. pL 

7x' ’ 


Let z be the complete quotient of which /x, the last partial 
quotient in the first period, is the integral part, then 

z — = \^X— a ; 


V_Y - V- _ P (m-«) +/ . 

qz -f 17 " q 4- r/ (/X - o) + ’ 

+2'' = Xq, q(jJi-a)+q''=p-, 

p — a+ 

7 7 

or /X — a is the greatest integer in ^ and therefore = a ; 

.*. fj, = '2a, 

Lastly, since 

n j 2*' ~ “V" V — nq 

q^^qi-aq, aiid^— 

q q 

are consecutive converging fractions, and the development of 

the latter equals — , therefore (Art. 145) the period 

a + P + ••• ^ 

of quotients a, /3, 7 X is the same taken from the begin¬ 
ning and end, i. e. X — a, « = &c. Hence the quotients 

proceed according to the law, 

a; 7 , ... 7 , A a, 2 a; a, fi, ... fi, a, 2a; a, &c. 
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which law would be yet more regular, if the first quotient were 
either 2a, or zero; i.e. if the irrational quantity developed 
were */N± a instead of ViV. 


SOLUTION OF THE INDETFJtMINATE EQUATION OF THE 
SECOND ORDEE, X* - ± 1 . 


147. Every converging fraction, ^, which corresponds 

to the quotient 2a in any period, is such that ± 1. 

For since fi = ^2a, the equation m + vi — fin, in which neither 
m nor m can exceed a, will necessarily give m = m =a, and 
n — 1; therefore the equation (yy/ — yy/') Stf becomes 


j?* — = ± 1 according as y > or < X, 

Hence the equation jf — X/= ± 1 may Ix' always solved 
in whole numbers (at least with the upper sign) wliatever be 
the number X (provided it Ix' not a perfect SMiuare\ in an 
infinite number of ways. If the nuinlxT of b’rms in the 
po iod a, ... OL, 2a, be even, all the fractions in the 

different periods corresponding to 2a will 1)C > \^X, and 
we shall obtain solutions only of x*—Xy=+ 1; but it the 
period consist of an odd numlnir of terms, then the first 

fraction which corresponds to 2a will be < VA, the second 
fraction corresponding to 2a > Vand so on; so that all 
fractions corresponding to 2a which stand in odd places will 
satisfy = - 1, and tho.se in even places the equation 

j’-jvy= + i? 

Ex. 1. a:*-23/ = l. 

For we have (p. IGl) the quotients and converging 
fractions, 

4, 1, 3, 1, 8, 1, 3, 1, 8, ... 

4 5 19 24 1151 

I’ I’ 


T’ 5 '. 240 ’ *’ 

x = 24, ^ = 5; ora* =1151, y = 240, &c. 
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Ex. 2. a;*-13/=±l; 

With the upper sign cc = 18, y — b\ 
with the lower x = 649, y = 180. 

The preceding investigation of the properties of the con* 
tinned fraction which expresses •/W, is taken from Legendre’s 
Esaai sur la TliSorh des Nomlyres, 

It may be observed that if p be a prime number, the 
polynomial 4-... + .t + 1 or A' possesses the remark¬ 

able property that the indeterminate equation 

can l>c satisfied by taking for Y and Z integral functions of 
in an infinite number of ways if = 1, and in onJy one 

way if = 4 <’+ 6. If jj = 3 , the equation 

A{.d + x+\)=Y^ + ^Z‘ 

admits the three solutions 

l’’=2.e-l-l, Z=l; Y=x + '2. Z=.xy l"=sr —1, Z—x+\. 



SECTION vm. 


ON THE SYMMETRICAL FUNCTIONS OF THE ROOTS 

OF AN EQUATION. 


148. A SYMMETRICAL ftinctioii of tlie roots of an equation, 
as was before observed, is an expression in wliicb cacli root 
is alike involved; and which is consequently made up of all 
the roots in such a manner tliat if any two be interchanged, 
its value is not altered. Thus 

—= o + J + c 4- ... + pj^ = ah + ac + he 4- Ac., 

and, in general, all the coefficients are symmetrical functions 
of the roots; for in these expressions, if h were written in 
every place where a occurs instead of a, and a in every place 
where p occurs instead of h, or if* any other two of the roots 
were interchanged, the values of the cxjjressions would not be 
altered. Our researches will be confined to those symmetrical 
ftmetious which are rational. 

149. AVe shall first consider the elementary cases where, 
in each term, only one, two, three, &c., of the roots arc in¬ 
volved; viz. 

rt’"4-/>’"4-c"’4-<f”4'Ac| 
arl/+a”(f + b”*c^^ &c., 
fri/d* + 4- 4- &c., 


The first is formed by taking the sum of the roots each 
raised to the same power m, and consists o n terms. 

The second is formed by taking all the permutations of 
the roots taken two together, and affecting the' first letter 
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in each product with tlic index w, and the second with the 
index p ; and it consists of /< (« — 1) terms. 

The third is formed by taking all the permutations of 
the roots taken three together, and affecting the first letter 
in each product with the index the second with the index 
and the third with the index j; and it consists of 

n (n — 1) (n — 2) terms. 

Similarly, the symmetrical function each term of which 
contained r roots, would be formed by taking all the per¬ 
mutations of the roots taken r together, and in each product 
affecting the first letter with the index wi, the second with 
the indexthe third with the index and so on; and it 
would consist of w (/i — 1) (n — 2) ... (a — r + 1) terms. (The 
al)Ovc supposes all the indices m, p, <p &c., to Ije unequal: 
we shall afterwards revert to the case where some of them 
arc equal.) 

Since, therefore, in the above cases, any term being given, 
all the others may be deduced from it, by forming all the 
permutations of the letters which compose it, and affecting 
the letters in each with the indices taken always in the same 
order; we may denote them by the symbol ^ prefixed to any 
one of the terms, thus ^ 

S («"•)» 

and the first, that is, the sum of the powers of the roots 
may be indifferently expressed by S (n”) or /S',,; we shall 
generally emjjloy the latter, as the sums of similar powers of 
the roots are the simplest sort of symmetrical functions, and 
are the quantities by which all others are expressed. 

150. The value of every rational symmetrical function of 
the roots of an equation can be expressed by the coefficients, 
without knowing the actual values of the roots, as we shall 
shew. But it will be necessary to consider only the case of 
integral functions; betChuse when the terms of a symmetrical 
function are fractional, we can, by reducing them to a common 


•f 



4 
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denominator, express the function by a ftjngle fraction whose 
numerator and denominator are integral symmetrical functions. 


^ ^ S* ^ ^ ~~ * fractional symme¬ 

trical ftinction of the three quantities, a, b, c, becomes by 

reduction-rr-jrri-• 

2aW 


In the elementary cases of Art. 149, the indices are the 
same, and of course have their sum the same, in every term 
of each ; i. c, the function is homogeneous; if a symmetrical 
function should present itself not fulfilling these two con¬ 
ditions, it can be separated into two or more symmetrical 
functions that do fulfil them; so that the only symmetrical 
functions necessary to be considered arc those 'which, liesides 
being rational and integral, are homogeneous, and such that 
each has the same indices in every one of its terms. 


NEWTON’S THEOKKM FOK THE bFMS OF THE POWERS OF 

THE ROOTS 

151. To express the sum of tlie powers of the roots 
of an equation in tenns of the coefficients, and the sums of the 
inferior powers. 

AVe have (Art. 60) 


x—a x—b 


x-r 


therefore, effecting the divisions, which can all be exactly per¬ 
formed, since a, b,I are roots of f{x) = 0, we get (Art. 6) 

*= £c""* + (a + a*"® + (o* + + ... 

+ (a"* + + ppT-^ + ... + + &c. 
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= x'-' + (J + J),) a^-* + q,' + pj, +p^i^ + ... 

+ (ir+ + p,Jr-' +...+p„) +&c. 

{~l =^""+ + 

+ (?"+/-,?■' ■ + pj "^+■ • • +r J +&c. 

TTi'iice, adding these (iuoticnts together, we ha\ ^ 
y *+ {>*^1 +wy),) j;" ®+ [s^ 4- ^ 

+ + . • • + + w;>J a?""””' + &c. 

But f\x) = 4- {)i — 4- (« -- 2) 4- ... 

... 4- (« - 7n)p„x”~^''^ +&C.; 

licncc, equating the coefficients of coiTcsponding terms in these 
identical expressions, we get 

S\ 4- fq\ = («-!) , or = 0 ; 

^2 + + ”;h = (” “ 2) P 2 > or 4- pA 4-2^), = 0; &c., 

4- pA-2 + • • • P>r^l + ’'i'm = (»* “ 

01 *S,jj 4" ”h J^2^fn-2 "h .. • 4" 4" 

the fomiula which gives tKe sum of tlie powers {ni being 
h*ss than ii) of tlie roots, in terms of the coefficients smd the 
sums of the inferior powers; and by means of whicli the 
^^ms of all similar powers whose index is less than the degree 
of the equation, can be successively exj)rcssed by integral 
functions of the coefficients. 

But if ni be equal to or greater than «, multiplying the 
equation by x"*"”, wc have 

a;"‘ 4-i).x’’-‘4- p,x^~* 4- ... 4- PnX”'~” = 0 ; 

therefore, replacing x successively by all the roots a, hy c,... I, 
and taking the sum of the results, we have 

ft 4- A^m-I 4-4- ... + p„S^„ = 0. (1) 


24 
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Hence, making m = 91 , « + l, n + 2, &c., Buccesaively, we 
find, observing that 

— o'* 4* + c” 4" • • ■ + ^ “ w, 

8^ -hPiS^j^ 4-4- ... 4* «7>„ = 0, 

+ 2*i^n + + ... == <S:c. 

Hence the suras of all sirailar ^Kiwers whatever of the 
roots, can be expressed by integral fimctiinis of the eoelH- 
cients. 

Obs. The sums of the powers of the roots of any etjua- 
tion 8^, 8^y 63 , &c., form wlvat is c.ille*! a Recurring Series; 
that is. a scries in which an e({iiation of the first degree with 
constant coefficients liolds good between a certain definite 
number of consecutive terms, in whate\er p.irt of tin* series 
they be taken; for, any one of them, S,„ depend'^, when the 
equation is comjdete, upon the u preeetling, by the equation 
( 1 ), in which the constiints of relation are the cfiefficients of 
the equation. 

152. To find the sums of the negative similar powers of 
the roots, we must write - for x, and a])ply the above formula' 
to the transformed equation in y. 

153, We may obseree that by the prec(*ding method the 

value of ^ (a) 4- <^ (//) + ... 4- (0> [where <f> [x) denotes any 

rational algebraic function] may |e readily found. For, 

• f'{x).4>(x) _ <f>{x) W . 

fix) x^a'^x-b^-'^x^r 

therefore, performing the divisions, and reserving only the 
remainders, (Art. 6 ) 

Ax”-^ + J2x^-^&c. _ <f>{a) ^ 

f{x) x — a ajjs:^ ^ —^’ 

4- &c. - a;"-’ l<t>{a){h) ++<l> {2)] 4 - &c.; 
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.*. <l> (a) + {b) + + (f> {1) ^ A ^ coefficient of the highest 

power of x, in the remainder of the division of f\x ). <f> (x) 

I’y /W- 


154. In practical applications to equations of a low 
degree, or consisting of a small number of terms, we may, 
instead of calculating the sums of the powers successively 
from one anotlier, cx])rcss them immediately in terms of the 
coefficients of tlie ccpiation, by the following method. 

For X write - in the identical equation 

y + + • • • + = (**■ — o) (ic “ 

X {x-c) ... {x-1); 

0 

1 -^ppf + ••• = (1 - a^) (1 “ by) 

X ••• (1 - W- 

Hence, taking the SajiuTtan logarithms of both sides, 

I r+A ) y’+lh ] y’ + 

-yii -PiPA -Pd\ 

+Ptp% I 

-\p: J 

= - - WS, - hiS, - h/S, - (fee.; 

therefore, eipiating coefficients. 


^^1 = -i>i> 

^i = - ^P* + ¥iFs + - WPu +Pi*y ; 

and, in general, /S'^ = coefficient of in the expansion, by 


ascending powers of y, of — m 



Ex. 1. .'ll* + + 5 = 0. 

Let x* +rx + s (x —a) (x — b) (x — c) (x—d); 

. • . 1 + / (r + = (1 - ay) (1 - %) (1 - cy) (1 - efy); 
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y* (r + 8y) - \y* (r + fly)* + &c. = - yS^ - Jy*^, - Jy*/8' 

* 

hence, equating coefficients, wc have 

^^ = 0, 5i = 0, 5,==-3r, 8 , = 0 , 

Ex. 2. The sum of the m*** powers of the roots of 
®* — 1 — 0 is n, when m is a multiple of n; and zero in all 
other cases. 


Let x" — I = {x — a) [x — h) ... {x — 1); 

.*. 1 - y" = (1 - ay) (1 - hy) ... (1 - ly) ; 

y"^ iy*"+ ••• + “y"*+ &c. =y^"j4- 4y®^j+...+—y 7 ^r«+ 

.*. 6'j = jSj = ... = 0, 

^11 “ ^9n — • • • — • 


Ex. 3. To express the sum of the powers of the roots 
of a quadratic in terms of its coefficients. 

Let X* —px q-= {x — a) {x— h) \ 

l~y(i>-( 7 y) = (l-oy)(l-%); 


therefore, taking the Napierutn logarithms of l>ot]i sides, and 
writing doT^Ti only the terms which, when developed, will 
involve y", we have 


-{p- qy)”' + {p “ qyT^ +&c. 

«l OT —t 7/i —2'-^ 


= — y'"^m + ; 


therefore, equating coefficients of y”, 


mp”^q + 


m (m — 3) 

1.2 




/_ (m-r-2)... (w-2rjfl) 

^ ' 1.2.3 ... r ^ 


■Z + &C. 
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1 1 4 

Ilencc, if = 1, J = ® ^value of a“ + 

in terms of a + ^, is given by tlie series 

+ (-l). f.2T3.:.r- ^ 

Ex. 4. x" — 2 >x"”’ -f- ^ = 0. 

/?„, = coefficient of y'^ in expansion of — m log (1 —y {p — 

■ =p” - 


1.2 

w? (/« — 3/1 4* 2U?w — 3// + 1 ) 
^2^3 


^r"’V + &c. 


155. Similarly, we may express the coefficients imme¬ 
diately in terms of the sums of the powers. For since 
(Art. 151) 

log,(l +pj/+ppf+ppf+ ... +Pnf)=-I/S^-iy^S^ 

.*. 1 + p^y + p.p/^ + p^y'' + &c. = ■• 

= i-yS,-lS, iy-&c. 

+ WJ 

-mf 

hence, equating coefficients, 

i'l = - 

1^2 («.)', 

A=-4«.+oA;s.-nl:3('S.)’. 


Ex. x^+ppc* +pgX^ + ppe^ 4- ppc 4- pg = 0. 

Here = 0, and proceeding as above, and in the develop¬ 
ment of the second member reserving only powera of y as far 
as the sixth, we have 
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1 +j>y +py + py + py = 

= 1 (is. ++ J /«.+ h'‘V 


(.h-Vi 


I 




Pi~-i + j~o i* 

A=- [h^^A+1A A - (i 


OF THE SUMS OF SIMILAR POWERS OF THE ROOTS IN 
APPROXIMATING TO THE VALl'ES, REAL OR lMA(aNARY, 
OF THE ROOTS. 

156. The employment of the sumt^ of >imilar jiowers of 
the roots, wa.s first priintofl out hy X^tefon as a method of 
approximating to the greatest root, in the following pro¬ 
position. 

If in the series .s;,tec., formed hy the .sums 

of the powers of tlie roots of an equation, each term be 
divided by that which precedes it, the successive quotient.s’ 
continually converge to the greatest root, provided it be 
real. 

Suppose o, b, p (cos 6 + sin 6), &c., to be the roots, 
•arranged in order of numerical magnitude, each pair of imagi¬ 
nary roots being estimated in that respect by its modulus 
(Art. 85), then 
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+ 2 p"‘^^ COB (m 4 l)g + <S:c. 
rt”* 4 4- ‘ip’" cos 4 &c. 

,T ' m+l > \ m+1 

1 4 f-J 4 f y 2 cos (w 4 1) ^ 4 &c. 


= a. 


iff /d 

>n«j n^) 2 co3m04&c. 

su|)})osin_i^ the greatest root to he real; 

^\liieh [since the fractions [-) , (-j , &c., may, T^y the in¬ 

crease of niy he mafic as small as ever we please) approaches 
to a as its limit; and tliercforc is an approximation to 

* m 

the greatest root pro\i(led it be real, heconiing closer and 
el(>>^iT as hi iiiereases. But if there he a jjair of imaginary 
roftts hotsc modulus exceeds the greatest of the real roots, 
tlieii 

/ \ 7)1 + 1 ^7\lll+l 

2 cos (//# 4 1) ^^4 f-j +(“) 4<5tc. 

/ f " ^ • ml in 

^ 2 cos md "h ) ■*" i ^ j 

and tliercforc, by the increase of /«, approximates to 

cos I //i 4 1) ^ 

^ cos mS ’ 
which may evidently have any value. 

l/i7. Again, according as the two greatest roots are real 
or imaginary, we liavc 

a.. = («” + ) (i + ’ 


1 / \ m / 7i \ ”* 1 

2 cos niB + m • 


Hence, whether a and h be real or imaginaiy, provided 
they he the two greatest roots, we shall have, by the con¬ 
tinual increase of trif 

= o'" 4 h”* nearly, 
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each equation being nearer to the truth than the preceding; 

- «•„. = (-.?<)”•■ (a - /.)*, («^.) 
and the quotient of the laUtor divided by the former, = ah. 

This shews tliat if from every tlirec terms of the scries 
^i> another series be fonned by subtracting 

the square of the mean from the ])roduet of the extremes, tlien 
the quotients obtained by dividing eaeli term of tin* new series 
by that term which prt'C(‘des it, continually converge to the 
product of the two greatest roots. 

When the two great<'st roots are real, since the first is 
.already known, the second becomes known by the jtroeess just 
described. When they are imai>:inary, as tlieir product is 
kno^vn, it remains to determine their sum, wdiich may be done 
as follows. We have 


S,. = a-ir (a + h) - //;*, (rj 

and dividing this by we get a result = 04 -/;; whieh shews 
that if from every" four terms of the series S\, Jkc. 

another series 2 (r„,) be f<»rmed by subtracting the product 
of the means from that of the extremes: then the quotients 
obtained by div'iding eacli term of this series by the corre¬ 
sponding term of the scries )£ continually converge to the 
sum of the two greatest ro«)ts. 

Hence tire product and sum o0 the two imaginary roots 
being known, caclr of tlicm can be found. This is the chief 
method yet known for approximating, with tolerable facility, 
to the real and imaginary jrarts of imjroBsible roots. 


Hx. 1. a?"—lOa^ —Gar—1 = 0 

2 (-§;„) = 10, 112, 1183, 12012, 132330, 1399555, 14202042, &c. 


14202042 

1399555 


10*576. 
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Ex. 2. +4a;*+ 37-4 = 0. 

•• 

^(^N») —^“15 29, 96,—34,—503,—347, 2083, 3838,-6159, 
^(0= -63,-399,^185,-10202,-49444,-241211,-1168158, 

X (t’m) = -69,-266,-2308,-11323,-50414,-245363,-1207713; 

the fir55t series being a divergent one, shews that a and 5 arc 
imaginary; 

j • 7 1108158 . 

the second gives no = 041211 

tlic second and third give a + 5 = = 1.03 ; 

77 = 1(1.03+4.3 V-l), /7=,^(1.03-1.3\^1). 

The remaining roofs r and rl may be found from the 
equations 

c + f/ + 1.03 = 1, 0(1 = — —^. 


THEOREMS FOR EXPRESSING SYMMETRICAL FUNCTIONS 
OF THE ROOTS BY THE COEFFICIENTS. 

158. Ever)’’ rational .symmetrical function of the roots • 
of an equation can be cxi)rc.s.sed by tlie coefficients of that 
equation. 

First, to find the value of the double function 

Tf wc multiply together the two equations 

,S;, = a"* + r + f”+...+r, 

= n^ + 5** + r’** + ... + 

WC have + c"*"" + ... + 

+ rt’"/;^ + oV + 5 V + &C. 

Now the first line is equal to find the second consists 
of all the permutations of the roots taken two together, the 
first letter in each being affected with the index m, and the 
second with the index/), and is therefore equal to the double 
function 2 ; 

or 2 {a”'l/) = B^Bj, - 8 ^^^... (1). 


25 
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Next, to find .the value of the triple function 
Multiplying toother the equations 

S {erlf) = oTb^ + + &c., 

= a* 4- + c’ + &c., 

the result will consist of three different partial products; 

(1) the sum of products of the form = 

(2) the sum of products of the form eTh^ = 

(3) the sun» of products of the form = — [a”*b^c^) ; 

. S,t [aTb^) - 2; + 1 [a”b^) + 2 i i^b^c^) , 

a formula wdiich enables us to calculate a triple function from 
knowing how to calculate a dou]>le one. 

Hence, replacing 2 (</"*//'*', 2by tlicir 
values obtained from formula (1\ we have 


2 (a"W> = 


s — s S 4 - '2S 

■i p Pr'i -'ui ' “' I 


"<♦»>+7' 


In the same manner might the quadruple functioii 
2 (rt”^/V(f',, or the sum of any >ucceeding combination’^, be 
expressed by the gums of the powers; and as the^e latter an- 
expressible by integral functions of the cf»efticients, it follows 
that all the above symmetrical functions can be expressed 
by integral functions of the coefficients. And as every sym¬ 
metrical polynomial in «, h. e, Ac. must bi' composed of the 
assemblage, by addition or subtraction of several .symmetrical 
fftnetions of the form 2 , it follows that tin* value of 

every rational symmetrical fimction whatever of the roots of 
an equation (without the roots being^nown) can Imj expressed 
by the coefficients of the equation. 

Obs. The above expressions for the elementary sym¬ 
metrical functions will require to be modified, when any of 
the indices become equal. Thus, if m = in the formula 

2 («"//) = 

since oTJ/ = h^c^y the terms in 2 [rr¥) will become equal two 
and two, and 2 (a*^) will be reduced to 22 (a"*6"*); 
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Similarly, if «» =j^ = ^ in S(a’"JV), the six combinations 
formed by interchanging a, Z», c, in a*’JV are reduced to one, 
and % is reduce^ to ; 




and in general, if t of the exponents become equal, tlie gene¬ 
ral formula must be divided by 1.2.3 If X{a”'h^cK..) 
have r roots in each term, it will consist, as we have seen, 
of /i (« — 1)... (« - y -j^ 1) term.s; and if i of the ind: es become 


equal, it will consist 


7 ? (« — 1 ) ., 


r + \) 


1.2.3., 


terms. 


• Ex. 1. Let the roots of .t*® + p.r'* + ^.r += 0 be a, h, c, 
to find the value of S laVA. 


V (aV,) = S\S\ - 

= (— p) (p^ — 2</'' — .3y + ?ipq — (Art. l.ll) 

= 3 /- — pq. 

Ex. 2. Let tlie roots of ./■“ — 1 = 0 be a, i, c, &c., to find 
the value of i u”7>^'. 

V - ,SU,.. 

Hence the value is it^—n, when vi and jj are both mul¬ 
tiples of n ; and — n, when m + j> only is a multiple of n ; and 
zero, in all other cases. (Kx. 2, Art. lol.’) 

Ex. 3. Let the rof)ts of ./•" + + ... +pn = 0 be «, h, c, 

<ic., to find the value of It will be found to be 


159. Any rational function whatever of a root of an 
equation of the /d*' degree, can be reduced to an integi-al fmic- 
tion at most of m — I dimensions; or to a fraetion whose nu¬ 
merator is at most of in — 1 dimensions, and denominator of 
n — m dimensions, if the proposed function be integral and of 
m dimensions. 

If «, //, c,... Z be the n roots of f{x) = 0, and if the pro¬ 
posed function of one of them a be integral, and of the form 



where m is greater than n ; then constdering f{x) as divisor, 
and forming the identical equation 

(a*) =*/{») 

and making ar = «, we get i^(o) *= where R is at the most 
of « — 1 dimensions in a. 


We may tlierefoiv always suppose the dimension m of 
F{a) to he less than n; and now takipg for divisor, 

and forming the identity 

fi^x) = F{x)xQ' + Ji\ 

K 

and making x — u, wc get F\t() = — , where li' is at tlyp 

V 

most of m — 1 dimensions in a, and Q' t»f « - m dimensions. 
But if FUt^ the propftsed function he fractioiial = ^ 

Y (a\ 

suppose, then, 

yfr (a) ^ ’ yjr ^a) [hj 7^(/ -. ’ 

tlie denominator is a .s 3 'iiinietrical function of tlie n,H>ts of 
f{^x) = 0, and can be exprcb'^cd by the coetlieieuts of/u-) = 0. 
The numerator is toiiailarly an integral symmetrical function 

of the roots of •- — = U, and can be expressed in terms of the 


X — a 


coefficients of that equation; that is, in terms of a and the 
coefficients ofy‘i^,r)=0; therefore the equation fl) takes the 
form • 

" 1^1 — -^0 + + ... ^ 

and is reduced to tlie preceding case. 

By the same method any rational function of several roots 
of an equation, may be replaced by an integral function of 
the same roots. For if other roots c, ... o{f{x)=^0f be 

contained in the expression latter may in the first 

place be put under the form 

“¥ .A„/i , 
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where &c. are rational functions of the coefficients of 

f{x) s=0, and of b, c, &’c,; then the quantities A^, A^y &c., 
can be rendered integral with^fMpect to another root b; then 
with respect to another root ej and so on, till the expression 
is rendered integral with respect to all the roots involved 
in it. 


TRANSFORMATION OF EQUATIONS BY SYMMETRICAL 

FUNCTIONS. 

The theory (»f symmetrical functions will enable us to 
tran.sfonn an equation, whose roots arc unknown, into another 
whose roots are all the combinations, formed after an assigned 
law, of the root.s of the proj)().sed, taken two, three, &e. at a 
time. AVe shall fir.st exeinjdify the method in the following 
transformation, as being 4lie most convenient practical one of 
solving a jjroblem of considerable interest. 

IGO. To transform an equation into one whose roots are 
the squares of the differences of its roots. 

Let a, h, r, ...I be the n roots of the proposed, then the 
roots of the transformed equation will be 

{a--b)\ {a~ry\ 

in number {n — l), since they include all the eombiiiations 
of the n quantities a, h, c. ... I taken two together; hence the 
degree of the transformed equation will be —l)=wi 

suppose. 

Let the transformed equation be 

and let s,, s,, ...s, denote the sums of the first, second, &c., 

powers of its roots; then (Art. 155) all the coefficients may 
be expressed by these sums, thus 
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therefore it only remains to calculate &c. Now if 

S^y &c«^ denote, as usual, the sums of the powers of the 
roots of the proposed equi^i^j^Mb^pd k be any positive integer, 
we have V 

{x - a)*'+ {x-bY + ... + (.r - ly = nx^ - 




Therefore, changing x successively into o, />, cand taking 
the sum of the resulting equations, we have 

(a — — r''* + ... + — r* + i/; — o'* + (h — r'* + ... 


+ J> — ^ ^ 4 - ... 

«,v, -/-s.-V. + 1 - ' .S/V.- ... + (- 


Now if k be an odd number, each member of this equa¬ 
tion is separately zero; but if k bo an even number and = 2f, 
then the value of the first member is 2.v,; and in the second 
member, the terms are equal, taktui from the beginning and 
end; 


2/ '2i*— O 

= n - 2t,S, .s;_, + -' . 

1 • 


,1/ ••.(<■+!) us 

+ i(-ii - TraTF-,-— 


Hence to form the equiition whose r^ts are the squares 


of tlie differences of the roots of 


I 


.r" + = 0 




or, as it is called, the equation of rlifforence.s, wc iim.st first 
calculate /?., &c., in tenn.s of p^y &c.; and next 

a,, &c., by the formula just investigated; and lastly 

3 *> ?s> Saj coefficiefits of the required equation, by the 

method of (Art. lo5). 


161. We have seen one use of the equation of differences 
(Art. 40), viz. to determine a limit less than the least difference 
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6f the roots of a proposed equation; another is to determine, 
within certain limits, the number of impossible K)ots which 
the proposed equation contaiiSf^,_ •>' 

If the transformed equation be complete and have no 
continuations of sign, it cannot have a negative root; and 
therefore the primitive equation has no imjiossible roots, 
because a pair must give rise to a real negath . root in the 
equation of differences; but if the transformed equation liave 
continuations of sign, then it has either impressible or nega¬ 
tive roots; and as these can only arise from impossible roots 
in the pnqeoscd equation, it follows that this latter has im¬ 
possible roots. Also if the proposed equation have p pos¬ 
sible roots, and if the difference of no two^f its imaginary 
roots be a real quantity, tlic transformed equation will have 

])Ositive roots, and the rest will be either negative 


or imaginary; hence if the last term of the transformed equa- 
ti(»n be positive, is even; and therefore j), which 


must be of the same parity as «, will be of the form 4m or 
4 m-fl, according as n is even or odd. Similarly, if the 
last term of the transformed eciuation be negative, it may 
be shewn tliat tlio nnmbt'r of real roots in the proposed 
eqt^tion will be of the form 4m + 2 or 4m + 3, according 
as n is even or odd. 


Ex. 1. x^—‘‘2jc — o = 0. Tiie equation of differences is 

12/ +36//+ 643 = 0, 

which lias not all its roots positive; therefore the proposed 
has impossible roots. 


Ex. 2. I’o transform a;* + ra; + « = 0 into one whose roots 
shall be the squares of the differences of its roots. 

Here, by Ex. (Art. 154), and by the formulee of Arts. 160 
and 155, we have • 



/?, s*^r*, Sf « 7rj», 8s » 4/, . ;S(, =;-- 3r*, 

8 ^^ = ~ lOi-V = -1|1^, iS',^ = - 4»* + 3r*; 

iij=sO, .»,s=-ir>#, <^,« 376 «*, 

= - iOrV .9. = - mas* + 21<)0r*; 

//, = 21 ar\ = 25Gjf’ - 27r*. 


Hence the traiisfonncd equation is 


/ + 8«2/* + 26ry - 112jfy + 21 Gr% + 2:>rts" - 27/ 


= 0 . 


Hence if the last term ho positive, or 




number of real roots in the ])roposod will lx* of the form of 
4/»; but there cannot Ijc more than twf>, therefore there arc 


none. 


1 




the imml)ci 


of real roots of the proposed will be of the form 4rrt-+ 2, and 
therefore there will he two. These results a.i^ree with tlntx! 
found at p. 02. 


Ob8 . The absolute or final term of the equation of differ¬ 
ences, which put equal to zero expresses the con(litit>n for the 
proposed having equal roots, and in mo.st cases is the only 
one wanted, is a .symmetrical function of the roots of the*first 
derived equation; and we shall shew that it can Ixj calculated 
for any equation, supposing iti^ expression detenninable for 
an equation of the next inferior degree. 

Let denote, respectively, the product of the squares 

of the differences of the roots of/(jr) =* 0, and of 

= + («+!>,/“*-f-&c. = 0 ... (1), 

QC “* CL 


But, by the supposition, q^^ can be expressed in terms of 
the coefficients of (1), that is, of a and&c., and there- 
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?in> ^>eing an integral function of one of the roots of 
y*(a;) = 0, can be reduced (Art. 159) to the form ' 

Jm =* ^0 + + A®* + • • • d* 

But since is a symmetrical function of the n roots 
a, b, ...Ij this equation must still remain true when 5, c,... 7, 
are severally substituted for a; hence it is satisfied by n quan¬ 
tities and is only of n — 1 dimensions; 

(Art. 14). 

Ex. a;® + qx-h-r = 0. 

Here = jr-® + (a -j-j?) a; + a* +j)a + q, hence (Art. 84) 

q, = (b — ry = (a 4-;))*— 4 A-q) = — 3c^— 2j>a + ji/— 4^ ; 

1/'(«)!*= (3«’'+ 2^^ + qY -{f — Sq) a® + (pq — 9r) a + Spr, 
reducing by the relation 

flf® = —^>a® — qa — r. (2) Hence 

— qa — (3«®+ 2/>a + 4^ —p^) {(^>*—3;^) a® 4 (i?J—9»*) a 4 3^) 

= (3 {p^—Zq)a + 2^— 5pq —27r] a® +... 4 (4^' —^?®) (2*“3^), 

and as we only want the term independent of a when this is 
reduced so ^ to contain no power of a higher than the second 
by relation (2), we get by successive substitutions 

q^ = {3 (^>" - 3^) rt 4 2p^ — Sjiq — 27r} {pa^ 4 4 r) 4 ... 

4(/-4j) i^-Sjyr) 

— (j!/*'-4j) ( 2 *— Spr) 4 {2ji/—Spq-r 27r)r-^3p (qi^—Sq) a*4&c. 
s= (^y —— 4^ 4 3pqr — 27r® — 3pr {p^ — 3q) 4 A,a 4 

= /'/ - - 4?® 4 18^^r - 27r^ 

In the particular case of a biquadratic equation, Mr Cayley 
has shewn that, if it be put under the form 

ax* 4 4baf 4 Gex^ 4 4dx 4 a = 0, 

and if J=ae —46ff 4 3c*, *7’=ace4 25cc?— cm?* —c5* —c*, 

then a, /9, 7 , B being the four roots, 

(a-^)®(a--y)*(a-5)*09-7)*(;3-S)* (y-BY^ 16 (7*-277*), 

26 
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162. Besides the method of Art. 160, we may also trans¬ 
form an equation l>y means of symmetrical functions, as 
follows. 

Suppose that each root of the transformed equation is to 
be a rational fimetion, <j> (n, K c, of any ninuber of tljc 
roots of the proposed equation; then having formed all the 
combinations <p a, h, c, &c.), r, d, &c.), &c., the trans¬ 
formed equation, resolved into its fact*>rs, -vvill be 

[y - h, c, &cy, [t/ -4>{a, o, </, &c.); ... = 0; 

and as this product is not altered by intcrclianging o, h, r, &c., 
among themselves, (for tlie only elfect of tliat is to place its 
factt)rs in a ditferent order) we are certain tliat, after multi¬ 
plication, the coefticienta of the ditferent powers of ?/ will lie 
symmetrical functions of a, A, e, &c., and may therefore be 
expressed by the cocfficioiita of the proposed equation. 

Hence if we can discover a rational function of four letters 
which, when the letters are permuted in all pos-^ible wa 3 's, 
admits of only three values, we ina\' transform a hi^piadratic 
intu a cubic; and the roots of tin*cubic may be so composed 
of the roots of the biquadratic, as to h*ad to the deterniinatioii 
of the latter. It is evident that each the expressions nh-\-a{, 
and (« + A —c—answers the abovemuned cuudilion; and we 
proceed to apply to the solution of a biquadratic lliis method, 
which has for its leading feature the cireumstance that we can 
form functions of four letters wliicli admit of only three values. 

Ex. 1. To transform x* + qx^ + r.r + « = 0, roots 
a, hj c, rf, into one whose roots shall be 

ah + cd^ ac + AJ, ad he \ 
the transformed equation is 

\y — (aA + — {ac + hd}\.[y — (a(7+ Ae)| = 0, 

in which the coefficient of y* evidently = — 
the coefficient of y 

!= X {a^hd) = (a + A + c + f?) (wAc + cd>d -f ac</ + herVj — iahed 
es: — 4#, 
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and the last term with its sign changed 

= % (a^hcd) + •> s + 

r* - 2S {aVM) = (^* _ 2^) if + r® - 2js; 

•*• if-9y^+(pr- is) y - (r» - +;?*«) = 0,... (1). 

Ex. 2. Hence, also, we can transform the proposed 
equation into one whose roots shall be 

(a+h — c — d)^, {a-\-c — h —dfi (a + c? — 5 — c)*. 

h’or let c = (rt + i — c — dy 

= (rt + ^ + c + dy — 4 {fib -f- + (id + ic + + cd) 

+ 1 + cd) = 2 ?^ — iq + 4y; 

. + 

'•If- > 

ami substituting in (1), the transformed equation in z is 
2 '' - (.y _ 8,^) + (3/ -1 C/g' +16^ + 16pr - 64s) « 

- {})' - ipq_ + 8r)® = 0. 

E’thcr of these transformed equations may be employed 
in the solution of the proposed biquadratic. Thus, in the 
first case, let a be a value of y, then oh + cd = a’f abed—8] 
therefore air and cd arc known; also 

(e + «?)+ ct/(rt + /») = — r, {a-{-b) + {c + d) — —p ; 


therefore a-\-hy and c + d are known; hence all the roots are 
obtained from one root of the reducing cubic. In the second 
case, if we know 2 , the three values of s, by means of 
these, and the equation a-\-b + c-\-d = —p, we can find the 
roots of the biquadratic merely by addition and subtraction; 
or they may all be expressed by a single formula 

4a; = Vij 4- 

where tlic first two radicals carry double signs; and the sign 
of the third radical is determined by the relation 

Vij ~ — 1 ^ + 
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Ex. 3. To transform a:®4-|)aj*4- + r « 0, roots a, h, c, 

into 

^ y* + ji>y + i5y + ;ir’ = 0, 

whose roots are 

{a + by {a + cY {h + cY 
4ad ’ 4ttc ’ 4/>c 


r r 


It will he found that 3, (Art. 21) 

T 

Sfa'i*) , S(a-) + S2(«V.) , 

-+ 

fl?-'}’ 




abc 


+ 


163. To transform an equation into another wliich shall 
want an assigned number of terms. 

Let the given equation be 

x'* -V ... +;?„ = 0 .( 1 ), 

and assume 

y = 4-... + v".(2), 

where a^, rtj, &c. are indeterminate, and in < n. Since y has 
the same number of values as a;, the transformed equation in 
y, resulting from the elimination of x between (1) and (2), 
will be of the degree. This elimination may be performed 
by means of symmetrical functions, as follows. Raising equa¬ 
tion (2) to the power, and not admitting any power of x 
greater than a;* by means of (1), we get 

y = jl^xJl^X + ...-j-, 

where A^, &c. are integral homogeneous functions of a^, 
a^f &c, of the r*** degree. Hence substituting for x its n 
Talues in this equation, and taking the 8uj|^ of the results, 

Sf, — nA^ + A^9j + A^^Sg + ... 4" •••.•• (3), 
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where S^, denote, respectively, the sum of the r“* powers 
of the roots of the proposed equation, and of the transformed 
equation in y, which suppose to be 

+ = 0.(4), ' 

then (Art. 155) 

3 ', = ~ i "h > &c. j 

so that by means of (3) all the coefficients 3 ,, &c. can be 

expressed in terras of a,, &c. and the coefficients of ( 1 ). 
Now suppose that we wish to exterminate m successive terms 
beginning with the second in (4), then we must have 

— 0, S^ — 0 , &c. = 0 ; 

but as these equations are respectively of 1 , 2 , &c. m dimen¬ 
sions in Oq, a^, ... tlierefore the determination of these 
quantities, one of which may be taken arbitrarily, will depend 
by Bezout’s theorem on an equation of the degree 1 . 2 .3... m. 
If we wish to exterminate all the terms except the first and 
last, the problem will depend on the solution of an equation 
of the degree 1 . 2 .3 — 1 ). 

Ex. 1 . To solve + 30 ? + r = 0 , by taking away 

its second and third terra. 

Assume ^ = a + hx-{-x* .( 1 ), 

and let the transformed equation in y be 

+ E = 

then from the equations P= 0 , ^ = 0 , which are respectively 
of the first and second degree in a and 5, those two quantities 
may be determined, and expressed by the coefficients of the 
proposed. The equation in y is then reduced to y* + = 0, 

and furnishes three values of y. But, squaring and cubing 
( 1 ), and reducing by means of the proposed, we get 

y* = ^o + ^^ + 5j^", 
y® = c, + c^x + c^; 

which two equations along with (1), will furnish a value of x 
expressed rationalljfby y, y*, and y*; so that the three values 
of X become known from those of y. 
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Ex. 2. To solve aj*+^®+ graj“+ nc + 5 = 0 by taking away 
its second and fourth terms. 

Assume y-a + hx + a^, 

and let tlie transformed equation in y be 

y + + % + 5'= 0; 

then from the equations P=0, P = 0, which arc respectively 
of the. first and third degrees in a and h, those two quantities 
may be determined and expressed by the coefficients of the 
proposed, by means of the solutiijp of the Cubic. 

The equation in y is thus reduced to 

y + <?y 4- <S' = 0, 

wliich'can be solved as a quadratic, and will furnish four 
values ofy; then, as in the preceding example, obtaining the 
values of y, y, and y* under the forms 

y = + ^>3^, &c., 

we"" get a value of x expres^^ed rationally by the first four 
powers of y ; so that the foiu: values of x become kno^vm from 
those of y. 

This method of solving the general equations of the third 
and fourth degree is known as Tsclilrnhamm s Method. 

Ex. 3. To take away the second, third, and fourth terras 
of ... = 0, by means of the solution of a single 

cubic equation. # 

Assume y = <^0 + 

and let the transformed equation in y be 

y + + ... + = 0. 

Then by what was shewn above, the sum of the r*** powers 
of the roots of this equation is a homogeneous function of the 
quantities a^...a^o^ the r*** degree; consequently the co¬ 
efficients ^ 1 , jj, &c. are homogeneous fuiflstions of those same 
quantities, the degree of each being equal to its subscribed 
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index. To make the second, third, and fourth terms of the 
transformed equation disappear, we must have 

^1 = 0, (?2 = 0, y, = 0; 

the first of these is linear, let he determined from it in 
terms of a^, a^, and substituted in the other two, and 

suppose the latter to become = 0, ft = 0; ft, ft being 
respectively homogeneous functions of the second and third 
orders, of the four quantities a^, a^. Hence ft may 

be put under the form 

-P*-p 2PQ(i^ -J" or + QY d* -R — ft> ■* 

where P is a constant, and P, .homogeneous functions of 
flg, respectively of the first and second degrees: simi¬ 
larly li — ft, being a homogeneous function of the second 
order of tlie three quantities a^, can be resolved into a 

square, and a homogeneous function of two of them Oj, a^; 
and this latter can be reduced to the form 

{P\+Q’a,r+{JR\)\ 

80 tliat by these reductions ft = 0 assumes the form 

+ f + + = 

where f, //, Zf, Jc arc linear functions of o,, Oj, a^, and this 
equation may be satisfied by making 

y** + ,< 7 * = 0, + = ox f= g1i = h*>/—\, 

These latter equations arc lineai* and give o',, in terms of 
Oj and and if the values of Ug, be substituted in ft = 0, 
its first member will become a homogeneous function of the 
3rd order, of (\ and ; and if either or a, be taken arbi¬ 
trarily, the other will be determined by solving a cubic 
equation. Thus the values of a^, Og, become known, and 
the transformed equation in y is 

/ + •••+ 2'n = 0. 

By the same transformation the second, third, and fifth 
terms may be made to dipappear from any equation, but the 
determination of a, a^ will require the solution of an 
equation of the fourth degree, instead of a cubic. Hence also 
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it appears that by this process, joined to the transformation 
which consists in replacing the unknown quantity by its 
inverse, we may exterminate in any equation either the second, 
third and fourth terms from the end; or the second, third 
and fifth terms from the end; and in oquatidis of the fifth 
degree, we may exterminate any three terras between the first 
and last, the solution at most of a biquadratic equation being 
required. This application of Tschirnhausen s method is due 
to Mr Jerrard. 

164,* To determine the roots of /(u^) = 0, an equation of 
the w*** degree, having given one of the values of a rational 
function of them that is sasceptible of 1.2.3...7# distinct 
values by the i>ermutations of the roots. 

Let r denote this rational function, and the given value 
of it; also by T’’,, T,, ..,V^ let the r = 1.2.3 ... (u — i) values 
be denoted, which K assumes when in its Expression the n—1 
quantities a*,,... arc permuted in all possible ways 
without changing the place of jl\. We may hence form an 
equation in T'’ of the degree 

{V- rj(r-T;)...(r-];)=o .(i), 

whose roots are all different, and whose coefficients, being 
symmetrical functions of a*,, a:,,... the roots of 

/(*) ■*-(*- »•,) = 0 , 

can be expreased rationally by the coefficients of the proposed 
equation and Then the first nfember of (1) takes the form 
F{V, X,) ; and as (1) is satisfied by Fj, we have inden- 
tically arj = 0. Hence f{x) = 0 and F{V^, x) = 0 have 

one common root and only one; if therefore we seek the 
common measure of fix) and i^(F„ a;), and continue the pro¬ 
cess till we obtain a remainder of the first degree in a*, and 
equate that remainder to zero, we shall find iPj Next 

by fixing |||)on another root with a different coefficient in 

esqippeBsion of F, and going through the same process, wc 
jpall fittd and so on. 
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Ex. To find the roots a;,, aj, of a?* - Ga;® + 1 la; - 6 = 0 , 
having given that a value of + 2x^ — 4:X^ is 3 . 

TJie equation in V for determining a?, is 

(“ 2a-, + 4 x 3 ) (F- a;, - 23-3 + la;,) = 0, 
or (T"- a-J® + 2 (a-3 + a;3) (F~ a-,) + 20053^, - 8 (a;,® + a-,*) = 0. 

But a-i + a-, + a-g = 6, a-^a-g+y, (a-^ + aTg) = 11, a-,® + ar,® + a-,* = 14 ; 

T'* - 4 !>, 4-121"+ 31a-,* - 132a-^ + 108 = 0, 
or, putting for T^'its given value 3, 

3l.r,*- 141a*, + 153 = 0, 

which is found to have a common measure a;, — 3 with the 
propftscd. Similarly, the equation in F for determining ar, 
Avill be 

(F- 2^3 - a-, + 4a-g) (T'- 2a-, - a:, + 4a*,) = 0, 
wliich may be reduced to 

31.r/-159a-,+ 194 = 0, 

and is found to have a common measure a-, — 2 with the 
proposed. ..Vlso the equation for the remaining root will be 
foimd to be 

31a-3®-G9a;3 + 38=0, 

I 

which has a common meaburc a*, — 1 with the proposed. 

Ons. Any symmetrical function of the roots has but one 
value, however the roots are interchanged amongst themselves; 
but a function of the roots not symmetrical may assume 
several values by interchanging the roots amongst themselves. 
Thus the linear function of the three roots a, h, c, 

F = ma + nb + rc, 

admits of six values; which wc may form by taking along 
with abc, the other five permutations, 

ach^ bciCf bca^ cahf cha^ 

and substifuting the* Ifetters of each in the same ’^rder'% 
which they stand in it, in the expression for F. But if 

27 
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80 that V is syniinetrical with respect to two of the roots, 
then V has only three distinct values; for the two values in 
which a stands hrst, become identical: and the same is true 
of the two values in which b stands first, and in which 
c stands first 

Lagrange has shewn, generally, that the number of dis¬ 
tinct values which a function of n letters can assume by the 
permutations of the letters amongst themselves, when it falls 
short of 1.2.3 ... »i,' is always a divisor of 1.2.3 ...«. 

The next step in the Problem 'would be to determine by 
■which of those divisors in any given ease, the number of 
values which a function of n letters admits of, is expressed; 
but at present the chief results which have rewarded the 
labours of Mathematicians in this inquiry, arc the following: 
(1) that a function of « letters (/i > 4), if it have 'fewer than 
n "vnlues, has at most two yalues; and ^2; that a funetion 
of n letters (n different from G), if it have exactly n values, is 
symmetrical with respect to n — 1 of those letters. We are 
prep^ired for the exception u = 4 in the firs't result, because 
we have already met with functions of four letters that admit 
of three values; and the exception n = G in the second result 
arises from the circumstance that there are functions of six 
letters which have six distinct values, 'svithout being symme¬ 
trical relative to five of the letters. It is owing, as we know, 
to the fact of the existence of functions of three letters, such 
as (o + aJ + a*e)* where a*=*l, which have but two values; 
and of functions of four letters, sucl^fas (a + b—c — d)*, which 
have but three values, that we arc able to solve the general 
equations of the third and fourth degree. If we could form 
fnnetions of five letters admitting of only four distinct values, 
we might expect to arrive, in the same way, at the solution 
of the general equation of the fifth degree; but a function of 
five letters, if it have fewer than five distinct values, has at 
most two values, so that, for the general equation of the fifth 
degieOi it would be impossible to fonft a reducing'equation of 
a degree inferior to the fifth. 
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Hence we perceive the important hearing which the re¬ 
search of the number of values that a rational function admits 
of, from permuting the letters of which it is composed, has 
ujion the Ti^eory of Equations. 

It is always possible to form a function of n letters 
n,'h, (*... Je, I, which shall have but two values; for if from 
each of these letters we subtract all that follow it, and then 
take the product of all these differences, we shall find a 
function v of n letters 

{a — h){a-c) ... (a -/)(& — c) ... {k — 1) 

having only two values; for would be a symmetrical 
function of the n letters, and therefore would have but one 
value; and consequently v admits of only two values, equal 
to one another but of contrary signs. Hence if A and B 
represent any two symmetrical functions of the 7i letters 
fi, h,c ...I, then the function A + Bn will have only two 
values. The general form of a function of n letters having 
« values, is that it is symmetrical relative to w — 1 of these 
letteis. 

QUADRATIC FACTORS OF EQUATIONS. 

165. Every equation of an even degree has at least one 
real quadnatic factor. 

Let the proposed equation, having roots a, 5, c, &c., be 
x” + ... = 0; 

and let n = 2 /a, /* being an odd number. Let it be transformed 
(Art. 162) into an equation whose roots are the combinations 
of every two of its roots, of the form y=^a + b + mah, m being 
any number; also let the transformed equation be - 0; 
then its coefficients will be symmetrical functions of a, b, c, &c., 
and therefore rational and known functions of p,, &c.; 

and its degree will be — which‘is odd; therefore 
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have at least one real root, wliatever be the 
value of m. Hence, making wi» 1, 2, a,... — 1) + J|, 

successively, each of the equations <f>^ (y) *= 0, <f>^ (y) ** 0, &c., 
will have at least one real root; that is, we shall have 
ft (2ft — 1) -f 1 real values for combinations of two roots of the 
proposed equation, of the fonn « + i + tnah ; but there arc 
only ft (2ft —1) such combinations which arc differently com¬ 
posed of the roots a, h, c, &c.; therefore two of these combi¬ 
nations, for which wc have obtained real values, must involve 
•the same pair of the quantities «, d, c, &c.; let this pair of 
roots be «, 6, and a, a', the real roots of the corresponding 
equations =0, (/>„,'(//) so that 

a + i 4- mad = a, a + d-h viah = a'; 

therefore a-k-h and ah are real, and the proposed equation 
has at least one real quadratic faetor, and two roots, either 
real, or of the form a + /S V — 1. Hence cvciy equation whose 
degree is only once divisible by 2, has at least one real quad¬ 
ratic factor. 

'V'^e shall now prove that if it be true that every equation 
has at least one real quadratic factor wlicn its degree is 
r times divisible by 2, or when w = where fi is odd, the 
same is true when the degree of tiie equation is ;• +1 times 
divisible by 2. For let 7i = 2'^‘ftj then the d^'grcc of tlic 
transformed equation will be —1), which is only r 

times divisible by 2; therefore, by supposition, the trans¬ 
formed equation, 4>m{y) =0, will have two roots, cither real 
or imaginary. If tliey are real, tl<ln exactly in the same 
way as for the preceding case of the index being only once 
divisible by 2, it may be shewn that the proposed equation 
has at least one real quadratic factor. If they arc imaginary, 

we shall have ^ = a + /9V—1, each of which quantities ex¬ 
presses the value of some one of the combinations 

o + 5 + Ttiab^ a + c + woe, &c. 

Suppose therefore that we have a + ^ + mah = a + /9 V — 1; 
then, 045 shewn above, we can give m such a value m\ that 
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4>m’{y) =0 shall have a root corresponding to the combination 
of the same letters, so that + 6 + m'ah = a' + from 

which equations we can obtain Values of ah and a + 6 under 
the forms 

o + = 7 + 8 n/— 1, 
ah = 7 '-f 3V— 1; 

a;® — (7 -I- 8 V— 1) a; + 7 '+ S' V— i is a factoi of f{x) ; 
but if any real expression have a factor of the form 

it must also liave one of the form 

M- N^/~\; 

.T® — (7 — S \^— 1 ) a" 4 - 7 ' — 8' V— 1 is a factor of f (x); 

if therefore these two expressions have no simple factor in 
common, their product will he a biquadratic factor of f{x), 

(.r® — 7 ^ 4 - 7 ')“ + {8x — 8 ')®, 

which ''an always he resolved into two real quadratic factors 
(Art. IKi). 

If they have a factor in common,' since they may be 
written 

0;® — 7.r -f 7' — V— 1 (8.r — 8'), a:® — 70: + 7' 4 V— 1 (8.r — 8'), 

it can only he of the form .c — €; and tlic factors themselves 
become 

(.r — /c4XV — 1 ) (.r — e), (ar — « — XV^) {x — e); 

and therefore the proposed equation admits the real quad¬ 
ratic factor 

(j" — /c)® 4 X®. 

ITcncc an equation whose degree = will have a real 
quadratic, factor, provided an equation -whose degree = 2 ^ 
has one; but we have proved this to be the case when r = 1 ; 
therefore it is universally true that every equation of an even 
degree has at least one real quadratic factor. If now this 
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factor be expelled, the depressed equation will Kaye its co¬ 
efficients real and its degree even, and will therefore, as before, 
have one real quadratic factor. Hence the first member of 
every equation of an even degree may be resolved into real 
quadratic factors. 

166. Hence if we divide the first member of any equa¬ 
tion 

X* + + ... -f i)n = 6 

by X* + <u: + admitting no terms into the quotient that 
have X in the denominator, we shall at hist obtain a remainder 
of the form Ax + B, A and B being rational functions of a 
and b ; and in order that a^ + ax-\-h may be a quadratic factor 
of the proposed equation, it is necessary and sufficient that 
this remainder should equal zero for all values of x, which 
requires that we separately have A = 0, 0. The difterent 

pairs of values real or imaginary of « and b which satisfy 
these equations, wdll give all the quadratic factors of the 
proposed; and as the number of these factors is {n — 1) 
(Art. 17), the final equation for determining one of the quan¬ 
tities rt, h, obtained by eliminating the other between the two 
preceding equations, will be of the degree (a —1), whieh 
exceeds n, if n > 3; therefore the determination of the quad¬ 
ratic factors of an equation will generally present greater 
difficulties than the solution of the equation. 

As the proposed equation has necessarily or — 1) 
real quadratic factors, according Is n is even or odd, there 
will always exist the same number of pairs of real values of 
a and J, satisfying the equations .4 = 0, B = 0; and if any 
of these pairs of real values be commensurable, they may be 
easily found; and the commensurable quadratic factors being 
known, the equation may be depressed. 

Ex. 1. To resolve x* — 6x“ + nx — 3 = 0 into its factors. 
Dividing hy ax+ we find a remainder 

(n + '2ah + 6a — a*) X — {a^h — 5* — 65 + 3) ; 
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therefore, to determine a and 5, we liave 

n + 2ah 4- 6a — a® = 0, 

a®&-i5»*-6J+ 3 = 0. 

Solving the former with respect to 5, and substituting in 

the latter, we find (a* — 4)* = w* — 64, or a = \/4 + — 64; 

from whence and the other quadratic factor 

£c® — ax + a“ — & — 6, 

may be determined. 

Ex. To resolve x* + + gx® + rx + « into its two 

quadratic factors 

X® + nix + w, X® + m'x + n. 

Since —p = a + ^» + c + ff, the sum of any two roots is not, 
in this case, equal to tlie sum of the other two with a con¬ 
trary sign; and therefore the equation for determining 

m = — (a + 5) 

would rise to the sixth degree. But we have 

2m —p = — (a + /v) + c + c?, 

a function of the roots the six values of which are equal two 
an 1 two and of opposite signs, and which we may denote by 
s'"; then z is determinable by a cubic equation, and the reso¬ 
lution may be effected by the following formulse; 

«» = i(;) + V2), w'= Vjs), 

r — qm + — «i* , r — qnC + pni* — 

~ p — 2m ’ p — 2ia ' 

where « a root of the equation (which has necessarily a 
real root) 

(3p*8j^)+ (3/ -16/^ +162* + « 

— (Sir ~ 4p2 +pT = 6. 

’ EVERY ALGEBRAIC EQUATION HAS A ROOT. 

16Z. There is no uncertainty about the existence of a 
real root for every equation, except for an equation of an even 
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degree with its last term positive? an equation of this sort 
may not admit of any real roo% 1>Ut then it must have an 
imaginary root; and we are now able to supply a proof of 
what was assumed at Art. 11, namely that every equation 
has a root, in the following Theorem; the truth of which, at 
least for equations with real coefficients, may be considered 
to have already been established in the foregoing Proposition 
of Art. 165. 

• • 

An equation of any degree with coefficients either real or 
imaginary, has always at least one root of the form a V—i, 
where a and h are real finite quantities, but eitlier of them 
may be zero. 

We must first prove that this is true with regard to the 
binomial equations 

x'‘=±l, x’* = + % —1, 

to which the more general forms j:/* = ± e, ic" = ± c V— 1 may 
easily be reduced. 

The equation a;"=l is always satisfied by j:*= 1, .and tlic 
equation a:" = — 1, when n is an odd number, by a: = — 1; the 
other cases of both equations arc included in the solution of 

x” = + vCl; 

for suppose we have found a value x — a, which satisfies this 
equation: then since 

a” = + v^^l, a** = (a®)” = - 1, and = (a®)" = - V-1; 
so that a* and a* are, respectively, roots of 
a;** = — 1, and of x" = — V— 1. 

It is therefore only necessary to consider the equation 

a*" ss q- V— 1; 

if n be odd, n is of one of the forpis 4m +1, or 47n + 3; and 
the equ|ition is satisfied by a? = + V— 1 in the first case, and 

— V— 1 in the second; if n be even, and equal to 2n' where 
fi'is odd, then, putting the proposed equatiop is re¬ 
placed by which, as n' is odd, admits of a root 
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+ v'^; and then two v^-lues of x can be obtained under the 

form a + J 1 by extracting the square root of + after 
the ordinary method. Similarly, if n — 2*^^ x where w' is 

odd, putting a;® = y, the equation is replaced by y®'+ 'v/— 1; 
and if this give a value of y under the form « + J V— 1, we 
get, by extracting the square root, two values of x under the 
same form. But if r = 1, we have proved that a:®"' = + V— 1 
admits of a solution of the form « + 5 V— 1; therefore 
a;” — + I always admits of a solution of the same form, 
« being any even or odd number. 

Next let us consider the general case of 

/(a:) =x”+ + ... «= 0, 

the coefficients being real or imaginary. If in it for x we 
substitute a -f h V^l, where a and h arc real quantities, the 

first number will assume the fonn A + ^ V^, A and B de¬ 
noting real quantities functions of a and h ; and in order that 

a + b 1 "may be a root of the projjosed, W’C must have 
^ = 0, 7? = 0, or we must have the modulus of ^ ^ V— 1, 

viz. 77® = 0. Let us suppose that this condition is not 

satisfied; we shall shew that a corrected value of the same 
form, can be given to x such that the result of the substitution 
of this new value will have a modulus smaller than s/A^+B^ 
the modulus of the first result. To this end assume 

a; = a + J V— 1 + c?/, 

where c denotes a number as small as we please, and m an 
indeterminate quantity which may receive cither real or ima¬ 
ginary values. If in the development of/(,r + y^) 

-./•W + ¥\^) + \Kn^) +(1) 

wc put X = a-\-h V— 1, and h = ew, 

f{x) will become A-\-Bs/—\\ some of the coefficients of the 
powers of h may vanish by this substitution, but not all of 

28 
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them, eince the coefficient of h* it Let h' be the lowest 

power of h which does not vanishflm JB + ^8 V-1 its coeffi¬ 
cient, where B and 8 are not equal to aelO at the siimc time. 

Calling therefore the result of the Substitution in /{jc) of 
u + J V— 1 -f eu for a:, A' + Bsf— I, 

we get 

A'B's/— 1 = A -{■ B I + (i? + 5V— !)(«/)’’+ terms 
in (eu)" (2). 

Now as ir = c always admits of a root of the form 

o + )9 V-l, 

we may suppose ^ to be a real quantity c; therefore, substi¬ 
tuting for u its value, and eejuating to one another the real 
and imaginary parts of (2), we find 

A’ = A + lin'' + real terms in ... t", 

B = B See" + real terms in ... c". 

. • _ 

Consequently, the square of the modulus of .d’ -f 7?V— 1 is 
A'*+ B** = .4* + i? + 2 {AB + BS) re’’ + real tenns in e’^‘... e®". 

Now we may assume the number e so small that tlie 
aggregate of the terms that follow A* + B may take tlie sign 
of the term 2{AB + BS) ce"; and we may always render this 
last term negative by taking r =s 4*1 or — 1 according as 
AB + BS is negative or positive. When these conditions 
relative to e and c are satisfied, we Hive 

A'* + B® less than A^ + B. 

This demonstration requires that AB + BS must not = 0; 
if this should be the case, then, as w’’ = c always admits 
of a root of the form a + /9V^, we may assume to be an 

imsginaiy quantity c ; therefore, substituting for u its 
value and equating to one another the real and imaginary 
parts of (2) as before, we get 
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A'=A-£lik^c<L, £'=B + Jlce'+&e.; 

j4'* + ss — 2 (AS— BR) ce^ 4 - &c., 

the terms which follow being real, and eontaining no power 
of e inferior to r. Since AB + B8=Q, we cannot have also 
AS — BR = 0 1 for if these coexist, then we find the sum of 
their squares or (A* + B^) (R^ + S^) = 0, which resolves itself 
into eitlicr A = 0, B=0; or R = 0j ^ = 0; contraiy to the 
suppositions that have been made. The quantity .d/S'— 
being ditfcreiit from zero, we may, as befoie, assume e so 
small that the term involving e’’ shall exceed the aggregate 
of all the succeeding terms; and tliat term may be rendered 
negative by assuming c = + 1, or — 1 , according as AS— BR 
is positive or negative. Consequently, when the two con¬ 
ditions relative to e and c are satisfied we still find A'^ + B'* 
less than + B"^, 


If therefore Vll* + B\ the modulus of the result of sub¬ 
stituting 0 + //V— 1 for jc in f{x), does not vanish, we may, 
by assigning suitable values to u and e, obtain a corrected 
value of j: = rt + Z/ V— 1 4 - cu, such that s! A'^ 4- iZ'®, the modulus 
of tl e result of substituting it iny(jj), may be less than ^/A'+B\ 
Hence it follows that there must exist a value of x of the form 


a4-Z»V—1 such that, upon substituting it in the proposed 
e(juation, we shall eventually obtain a result whose modulus 
is zero; sucli a value is a root of the equation. And in this 
value of X the quanflties a and b arc finite; as we shall 
establish by sliewing thatlhe result of the substitution cannot 
be a finite quantity unless a and b be finite. For representing 
as before the result of the substitution of a + b for x in 


Pi 


4-...4* 


Pn 


f(x) hy A + B •J — I, ■wa get 

i3V=l' = (o+J\/“l)"|l + - _ . . /-T^.l 

i a4'Z*V—1 (a4-Z>V —1) ) 

Now the real or imaginary quantities ... have 

each a finite modulus; if therefore we 8up}>ose the quantities 
a and bf or one of them, to increase indefinitely, the modulus 



of each of the fractions ^ decrease inde¬ 

finitely and these fractions will become 

+ oc, + ^,V-l, &c., 

where the quantities Oj, ^9^, &c. may be as small as we please; 
for any one of them, by Art. 8 .>, admits of the transfonnation 

p (cos <f> + — 1 sin </>) 

(a + S V^— 1 )”* r"* (cos md + V— 1 sin vid) 

= ^ {cos (<^ — + V— 1 sin (</» — w^){. 

Consequently the factor of {a 4 - h V— 1 )’* will be reduced to an 
expression of the form l +7 + S\/^— 1 , where 7 and 8 may 
be as small as we please; and the modulus of this factor 
V(l+ 7 )^ + S* will approach indefinitely near to unity. But 
the modulus of (a + 8 V— 1 )” will increase indefinitely ; there¬ 
fore the modulus of A B v — 1 will itself increase inde¬ 
finitely. 

Without therefore assigning the value of the root, and 
without examining whether there exist several values of x 
which make y’(a:) = 0 , we may at all events conclude, from 
the above investigation, that an equation of any degree, with 
either real or imaginary coefficients, has necessarily one root 
of the form a 4 - 8 'V^— 1 ; where a and h are real finite quan¬ 
tities, but either of them may be zero. 



SECTION IX. 


ON ELIMINATION. 


168. An equation between two unknown quantities x 
and supposed to contain no term wliich is fractional or 
irrational, is said to be of the degree which is expressed by 
the sum of the indices of a* and y in that term where the 
sum is the greatest. The general equation of the degree 
between x and y ought to contain all the terms in which the 
sum of the indices does not exceed n; therefore, when com- 
])lete and arranged according to descending powers of £c, it 
will be 

"0®“ + (^'0 + \ y ) + (^0++ cy) + ... 

+ (^0 + ^ 2 / + ^ 2 ^ + ... + = 0 . 

When an equation is incomplete, that is, when it does not 
contain all the terms which belong to its degree, we must 
suppose, in the general equation, the coefficients of the deficient 
terms to be equal to zero. 

Although we are always at liberty to divide an equation 
by any one of its coefficients, we cannot in the above general 
equation suppose 0 ^ = 1^ for then it would not comprehend 
those equations which want the terra involving a:”. After 
having divided the equation by any one of its coefficients, 
there will remain as many indeterminate constants as there 
are terms, wanting one; the number of these constants will 
therefore be 

2 + 3 + 4 + ... 4- (w + 1) = \n {n 4- 3), 

which expresses how many conditions an equation of the 
degree may be made to satisfy, by a suitable determination 
of its coefficients. 
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To eliminate between two equations of any degree involv¬ 
ing two unknown quantities, is to obtain an equation con¬ 
taining only one of the unknown quantities, and which gives 
all the values of tliis unknown quantity, which, together with 
the corresponding values of the other unknown, can satisfy 
the proposed equations. Tliis equation, involving only one 
unknown quantity, is called the tinal equation, and its roots 
are called suitiible values. 

In what follows, we shall suppose the polynomials which 
form the first members of the equations to be freed from any 
common divisor which they may admit; for if they had a 
common divisor containing both variables, it might be re¬ 
duced to zero, and therefore the proposed c<]uations might 
be satisfied, by an infinite number of systems of values of x 
and y; or if they had a common divisor containing only one 
of the variables, there would be a limited number of values 
of that variable, and an unlimited number of values of the 
other, by which the proj)osed equations might be satisfied; 
sc that in both cases there could be no final equation. 


METHOD OF ELIMINATION BY THE GREATEST COMMON 

MEASURE. 

169. To determine all the systems of values which will 
satisfy two equations between two unknown quantities, each 
being of any degree. 

Let Fixj y) = 0, /(ar, y) = of be two equations, respec¬ 
tively of the and degrees, admitting only a limited 
number of pairs of values of x and y, and their first members 
consequently having no common divisor, involving cither both 
or only one of the variables. Then in order that any value 
y = may be a suitable value, it is necessary that there 
should exist one or more values of x which, substituted in the 
polynomials F{x, ^),f{Xj ^), will reduce them to zero; these 
polynomials must therefore have a common measure a func¬ 
tion of Xy which, equated to zero, will give one or more values 



223 


of aj, that, jointly with y = satisfy the proposed equations. 
If therefore we perform the operation for finding the greatest 
common measure of F{x, y), f{x, y), (which we suppose ar¬ 
ranged according to descending powers of x) introducing or 
suppressing factors, functions of y, so that no quotient shall 
have any term with y in its denominator, we shall at last 
arrive at a remainder independent of x, which put equal to 
zero will give the final equation "^(y) = 0. For if be a root 
of this equation, and ^{x,y) be the last dis isor,.since y = ^ 
makes the remainder vanish, ^ (x, /8) is a common measure 
of the polynomials F[x, /9), /(a?, ; therefore ^ (a;, /8) =0 

will give values of x which, jointly with y = satisfy the 
proposed equations. 

Ohs. In tliose cases where tlie process for the common 
measure requires neitlier the introduction nor suppression of 
factors, we are certain that the last remainder put equal to 
zero, or (y) = 0, will furnish all the suitable values of y, 
and no more; but wc cannot affirm this in other cases, unless 
we are certain that the last remainder is unaffected by the 
factors tliat have been rejected or introduced; and it frequently 
happens tliat in the final equation, values of y arc found which 
are foreign to the ])roblcm, and others arc deficient which 
belong to it. On this account the method of elimination by 
the greatest common measure is imperfect, but it is still the 
most convenient practical one for numerical equations. 

170. In particular cases wc are able to find all the sys¬ 
tems of values which satisfy two proposed equations, by easier 
methods than the one just described. 

Thus, whenever we are able to solve one of the equations 
with respect to one of the unknown quantities, x for instance, 
we have only to substitute the resulting expressions for X in 
the other equation, and we shall obtain equations containing 
y only; and if we substitute the values of y given by these 
equations in the corresponding expressions for x, we shall ob¬ 
tain all the pairs of values required. Also, if the two equations 
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are of the same degree with respect to the variable which 
we wish to eliminate, we may, by introducing factors, if ne- 
cessaiy, and subtracting, depress one of them to an inferior 
degree. And if the first members of the equations are, or can 
be, resolved into their factors, then the solution of them is 
reduced to the simj)ler case of finding all values of x and y 
which reduce at the same time a factor of each to zero. 

171. In all cases of elimination between the equations 
F{x,ij)=0, /(x,y)=0, 

besides expelling any common fiictor which the polynomials 
admit, the application of the general method may be simplified 
by previously ascertaining whether either has factors contain¬ 
ing only one of the variable-. 

This may be done by arranging each, first according to 
powers of y, and finding the greatest common mca.sure of 
the coefficients of the several powers ofy in it; and secondly 
by arranging each according to powers of x, and finding the 
greatest common measure of the coefficients of the several 
powers of x. Let A^, 1’, be the factors thus discovered of 
F{x^ y)^ and J/ its remaining factor; and let A", be 

similar quantities for f{x, y ); then the proposed system may 
be replaced by 

xrd/=o, A'r.V=0, 

which will be satisfied by simultaneously putting any factor 
of each equal to zero, provided wc do jiot take A'' and A”"' 
together, or Y and Y togetl^er; for A’^ and A' cannot be 
reduced to zero by the same value of j*, unless they have a 
common factor; and that they cannot have, since by the 
supposition (a?,y),/(a;,y), have no common factor. Hence, 
with the exception of M = 0, A= 0, vach of the systems into 
which the system F{x,y) = (i, /(jr,y) =0, is resolved, has at 
least one of its equations involving only one unknown quan¬ 
tity; ,and therefore its solution is attended with no other 
difficulties than what belong to equations of that description. 
But the system M—O, A—0, whose first members contain 
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both variables, but have no factors depending on x only, 
or y only, will reqtdre the process of elimination by the great¬ 
est common measure to be applied to them, in order to reduce 
their solution to that of equations containing only one unknown 
quantity, as we shall now more minutely explain. 

172. To examine the consequences of introducing or sup¬ 
pressing factors in the process of elimination by the greatest 
common measure, and to investigate the ii.eans of obtaining 
an exact final equation. 

Let J/=0, N^O, be two equations, between x and y, 
of the and «*** degree, respectively; the polynomials M 
and N being arranged according to descending powers of x, 
and not admitting a common divisor, and neither of them 
having a factor composed of x only, or of y only; and let m 
be greater than n. Divide 31 by N, and let Q be the quotient 
(containing no term witli y in its denominator) and jB the 
remainder, so that 

M= 

then all values of a; and y which satisfy lf=0, .^^=0, also 
satisfy N=0, JR = 0; but if tlic division cannot be per¬ 
formed without putting powers of y in the denominator of 

J£ 

the quotient, i. e. if Q be of the form where K contains 

y, then we cannot affirm that all values which satisfy the 
proposed system, also satisfy iS^= 0, i? = 0; for the equation 

M=^^.N+R 

A 


shews that values which make 3/=0, jy^=0, may make 
If * 0 

K=0, so that may assume the form -, the real value 


of which, and therefore of R, may be finite or infinite, instead 
of zero; and, conversely, values which make iV"=0, R = 0, 
may still not make the second member equal to zero, and 
therefore not make if equal to zero. To avoid fractional 

29 
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quotients, we must use th» smue means as in finding the 
greatest common measure j that is, we must multiplj M by 
the coefficient of the first term of N, or by certain ffictors 
of that coefficient; then no commjftn factor will have been 
btroduced into both polynomials; and if P, a function ofy, 
represent this multiplier, Q the quotient, and R the remainder, 
we shall have 

which shews that the solutions of J^^=0, P = 0, arc the same 
as those ofP.lf=0, ^=0. But these latter equations resolve 
themselves into the two systems 

J/=0, N-O; P=0, X={). 

Therefore, besides furnishing the solutions of the proposed 
equations, tlie system K= 0, P = 0, will fumisli those of 
P=0, N=0. Hence we must solve the two latter equations, 
one of which P~ 0 contains only ?/, and substitute all the 
resulting pairs of values of x and y in J/= 0: then those pairs 
of values which do not satisfy it must be rejected, and we 
^ shall thus obtain those solutions of xV= 0, R = 0, wliich belong 
to the proposed system Jf=0, JV'=(». 

The remaining solutions of the proposed 8\ stem arc con¬ 
tained in the equations iV=0, R = (), R being a polynomial 
of smaller dimensions than N. Now if R have factors con¬ 
taining only one of the variables, (which may be discovered 
by seeking the greatest common measure of its coefficients, 
when arranged according to the powers of each variable in 
succession,) so that i?= Xl’R'fthen the system iV*=0, P=0, 
may be resolved into the three systems, 

-^^=0, A'=0; N=0, F=0; X=0, R' = 0; 

the two former of which present no difficulty, because one 
equation in each contains only one variable; and the third 
i\r= 0, P' = 0, is exactly of the same nature as the one we 
started with; for X, R\ have no common factor, otherwise 
M and N would have the same common factor, which is 
contrary to the supposition, and neither N nor Jff admits a 
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fiujtor oontoimg only one of the variables. This system then, 
by eicactly the same process, may be replaced by another 
similar system jK'r= 0, 0, the latter being of a lower 

degree in x than the former; and the system E = 0, E' = 0, 
by another, of which the second equation will be of a degr^'e 
in aj, inferior to that of E' « 0. In continuing these uniform 
operations, we shall at last arrive at a remainder not contain¬ 
ing X ; suppose this to be E\ then the solution of the pro¬ 
posed system is reduced to that of E — 0, E*= 0, and is tlius 
made to depend upon the solution of an equation containing 
only one unknown quantity. 

173. In ascending from ^' = 0, E' = 0, to the preceding 
system N=: 0, E == 0, it may happen that some solutions 
will liave to be added, and others suppressed; and, similarly, 
in ascending from N— 0, E = 0, to Jf = 0, N= 0; and so on, 
if there were a greater number of ffueccssive divisions. This 
method then, as we perceive, will not always lead to a single 
equation in y, but to several, some of which may give un¬ 
suitable values for that variable. When we have recognized 
all those which really enter into the solutions common to the 
two proposed equations, we may, if necessary, combine them 
into one final equation. 

It may be observed that, since M and N ai*e prepared 
so as to admit no common measure, we can never find zero, 
but we may find a number, for the last remainder E'l in 
that case, the final equation, E = 0, is absurd; and the 
proposed equations (unless solutions have been suppressed in 
the process) are incompatible with one another; i. e. incapable 
of being satisfied by finite values of x and y. It is easy to 
form equations of this sort; such for instance are P=0, 
PQ + A; = 0; P and Q being integral functions of x and y, 
and k a number; for the condition expressed by the former, 
reduces the latter to A; = 0, which is absurd, since A; is a 
number. 

Also from the final equation P"=:0,‘wc can never deduce 
a value )8, of y, which will reduce the preceding divisor E 



228 


to zero independentlj of the ridiie of a?; for ia that case, R 
would have a factor, y ~ ft which is impossible, because in 
the process each remainder, before being employed as a divi¬ 
sor, is cleared of factors containing x only, or y only; but 
y^fi may destroy some of the terms in JR', and so cause 
jS' s 0 to furnish a greater or smaller number of corresponding 
values of a*, or none at all if y *= reduce i? to a number. 
Of the above |>eculiarities, and of tlic application of the general 
method, the following are instances: 

*Ex. 1. ys^ — fy’ — 3y — 1) ar+y = 0, 

— y* + 3 = 0. 

The first division gives the remainder a: + y,* and the 
division of £c“ — y®+3 by J’ + y gives the remainder 3. The 
proposed equations are therefore incompatible. 

Ex. 2. (y-l)a^+(y“+y)a;’+(3y* + y-2)a; + 2y = 0, 

(y - 1) a^ + (y'H-y) a; 4-3y*- 1 =0. 

The final equations arc 

y’'-l=0, (y-l)a*4-2y = 0; 

the former gives y = ± 1; but the value y = 1, furnishes no 
corresponding finite value of a, since it reduces tlic latter to 
2 = 0 . 

Ex. 3. ar*— 3ya* + (3y* — y + 1) a — y* + y^ — 2y = 0, 
a^ — 2yx + y® — y = 0. 

a*- 2yx + y*-y^ a^ - Sya’ + (3y^-y +1) “ y“+y* - 2y -y 

a"-2ya“+(/-.-y)a 

- ya* + (2y® + 1) a - y’+y’- 2y 

-ya° + 2y"a-y-fy® 

a — 2y^ a^ — 2ya + y* — y 
ar“ — 2ya 

f-y< 
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therefore the final equations are 

»-2y = 0, y*-y = 0, 
which give ^ = 01 y = 11 

X = 0) £P=s2J* 

and as no factor has been introduced or suppressed, these two 
soltttions are those of the proposed system. 

Ex, 4. (y — 2) - 2a; + 5^ — 2 = 0, 

— 5x + 4y = 0. 

Multiplying the dividend by y, 
ya^-5x + 4ry^ {y ^ 2) ya^ ^ 2yx + 5y^ - 2y ^y-2 
(y - 2) yx^ - (5y -10)x + 4f - Sy 
(3y-10)a;+y’‘+6y. 

Next multiplying the dividend by (3y —10)*, 

(3y-10)a; + y*+€y) 

(3y—10)*ya;^-- 5 (3y — 10)*a; + 4 (3y — 10)®y ^(3y—10)ya; — &c. 
(3y ~ 10)*ya;* + (3y -10) (y* + 6y) yx 

- (3y-10) 6y*4- 15y - 50) a; + 4 (3y - 10)*y 

- (3y-10) (/+ 6y*+1 r>y - 50)a; (y«+ 6y) (y*+ 6y* + 15y- 50) 

y* + 12y" + 87y* - 200y“ + lOOy. 

Therefore the final equations are (suppressing the factor 
y, since the solution y = 0, * a; = 0, does not satisfy the pro¬ 
posed system, and is due to the factor introduced in the 
operation) 

(3y-10)a! + y*4-6y=:0, 
y* + 12y* + 87y* - 200y + 100 *= 0, 

which contain no false values; for the only false value which 
the final equation in y could contain, would be ^, which is 






impossible, since all the coeffioiexitB of that eqnaticn um inte)- 
gers. One pair of yaluea is ^ »1, a; ^ 1; the other solutions 
can be obtained only approximately. 

Ex. 5. Qc (4y* + 3) — 8ay = 0, 

4y(3-2jp*)-4/+3 = 0. 

Here we can solve with resp^t to one of the variables, 
and we find for the final equations 

= y=2 + |-a^: 

x — Jl I, 


y= 





Ex. 6. y = <^ (x), x-<f> (y). 

The final equation resulting fi'om the elimination of eitlicr 
of the variables between simultaneous equations of this fonn» 
ait^mits of a remarkable reduction. For, suppose a to be a 
root of X — = 0, and put x^i/ = a in the proposed 

system of equations; then they are evidently satisfied; there¬ 
fore x = a satisfies the final equation 

x = <f>{4> (x)|, or f{x) = 0; 

therefore every factor of x — <f> (x) is a factor of f (x); 

y(®) == (®) “ 

which leads to the reduced final Equation/(x) = 0. 

Thus, let the system of equations be 

„_16x(l-x)* ^_16y(l-y)‘. 

J'""l + xir> (l+y)‘ ’ 

then 

X (1 + x)* — 16x (1 — x)* == X (x® — 2x 4- 5) (a^ 4- 6x — 3) 
is a factor of the final equation. 

174. It was observed (Art. 23) that the problem of trans¬ 
forming an equation, in its widest sense, required the general 
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methodb of d^muuiition. This is especially the case where 
each root of the new equation is to be composed of several 
roots of the primitive equation. Of this use of the methods 
of elimination we shall now give some instances. 

To transform an equation into one whose roots shall be 
thejiifferences of every two roots of the proposed equation. 

Let/(y) = 0 be an equation of n dimensions, having roots 
a, c,... I ; to obtain another equation whose .oots are the 
differences between all the roots of the proposed and a, we 
must make y — x —a ora; = o4-^, and the substitution of this 
value for x in f{x^ =0, will give =0, the required 

equation; or, developing (Art. 27), 

/(«) +/'(a) + ... +^* = 0.(1). 

Since, by the supposition, a is a root of the proposed, 
/(a) = 0; therefore the preceding equation has y for a factor, 
or admits a root zero, corresponding to the difference a — a j 
suppressing this factor, we have 

/'(«) +/"(«) + ••• 0 .( 2 ). 

an equation having for its roots the difference between a and 
the n — 1 other roots of the proposed equation. If in this 
equation we replace a by h, e, &c., successively, we shall 
form equations whose roots arc the differences between h and 
the « — 1 other roots, between c and the n — 1 other roots, 
and so on. Hence it follows that the differences of every 
two of the roots of the proposed equation are the values of y 
furnished by the equation 

/'(*)+/» lf2 + -+y"'’ = o. 

when we substitute successively in it, for x, all the roots of 
the equation f{x) «= 0; which amounts to solving the system 
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formed hj the above equation, and f{x )» 0. If ^erefore we * 
eliminate x between the equations 

f{x) - 0, f{x) +/" W. + • • • + = 0, 

the resulting equation in y will be the one required. The 
proposed equation being of the degree, tlie transformed 
equation will be of the «(« — !)*** degree; for the number 
of its roots is eqiml to the number of permutations which 
can be formed with the n quantities o, ft, c,... taken two and 
two together; also the tr^sformed equation will contain only 
even powers of y, for if it have a root a — ft it will also have 
the root ft — a; so that its roots are equal two and two, and 
of contraiy signs. Hence if n (« — 1) = 2m, and y^ — z, the 
transformed equation will be of the form 

+ ... + = 0, 

and the values of z are the squares of the differences of every 
two roots of the proposed equation. 

Ex. . a/* -f ja- + r = 0. 

In this case/'(a*) +/''(a;). gives 

3a;* + S' + 3a*y + y® = 0. 

+ Zxy + y* + Jj 3a^ + Zq_x + 3r — y ♦ 

3a;*4- ... 

2(y* + g')«+y* + yy+ 3r 

2 (y* + y) a; + y* + yy + 3r^ 

6(y‘4- y)V+ 6 (y*+^')*ya; + 2(y*+ qf ^3a;(y*+j) + ... 

6 ( y* -f g) V-h 3 (y*+ g)*ya; + ... _ 

4 (y*+ ?)*- 3 (y*+ qy + 3r) (/+ qy - 3r) 
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therefora^ equating the last remainder to zero (since the 
factor y + g' put equal to zero, reduces the last divisor to 
3r, which is different from zero), we have the equation of 
differences 

y + figy* + 9g*y* + 4g® 4 27r* = 0; 

and putting y* = z, the equation of- the squares of the differ¬ 
ences is (as at p. 45) 

%* 4 6gz* 4 9g*z + 4g* 4 27/= 0. 

By similar reasoning it may be shewn, thai to transform 
f(x) = 0, into one whose roots shall be the sum, product, 
or ratio of every two of its roots, we must eliminate x between 
J{x) = 0, and 

f'{^) +/"(^) O + • • • + 

where 7i=y — 2a?, ^ — x, md.xy — Xt respectively; taking in 

CX/ 

the two former cases the square root of the result. 

175. To eliminate one of tlie unknown quantities between 
two equations containing two imknown quantities, by means 
of symmetrical functions. 

Let aj" 444 ... 4j>n =0.(1) 

a;"* 4 4 g,a?”-» 4 ... 4 = 0. (2) 

be two equations respectively of n and m dimensions in x 
and y; so thatg?,, are functions of y involving 

'respectively no power of y above the first, second, &c., n***; 
and q^, gj, ... g„, functions of y involving no power of y 
above the first, second, &c., If we can solve the first 
with respect to a;, and deduce n values, a, 5, c, &c., functions 
of yy then upon substituting them in the second, we shall have, 
for determining y, n equations not containing ar, viz. 

a"' 4 giO"'“* 4 4 ... 4 g™ == 0 j 

h'”‘ 4 4 g// “ 4 ... 4 gm = 0 i ^3) 

r«4g,c"^'4g,c"‘-4...4g„ = 0j. 

... ass - * 


30 
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Bat in general the solution of (1) is impossible, and our 
object must be to obtain a final equation containing in¬ 
differently all the suitable values of y, and tliis we shall do 
by multiplpng together the above n equations; for the result 
will be satisfied by every value of y derived from any one of 
them, and by no other quantity; and to every one of those 
values of y there will correspond a value of x such that the. 
pair will jointly satisfy (1) and (2). For suppose a value 
of y deduced from the first of equations (3) to be /9, and let 
the equation a; — a = 0 give, by making y^^, x —a; then it 
is manifest that x= a, y = will jointly satisfy the proj) 08 od 
equations. But in the result of this multiplication, the factors 
only change places when we interchange in any manner the 
quantities a, b, c, &c.; therefore the ])roduct will only involve 
rational and integral symmetrical functions of those quantities, 
which may be expressed by means of the cocfiicionts of 
equation (1); and we shall so obtain the final equation in y. 
The calculations required by this method arc in general 
tedious; but it has the recommendation of giving the 
final equation with all the ro6ts it ought to contain, and no 
others. 

176. When we eliminate one of the unknown quantities 
• between two equations containing two unknown quantities, 
the degree of the final equation cannot exceed the product 
of the degrees of the two equations between which the elimi¬ 
nation is performed. 

To prove this, we must aftaminc to what degree y may 
rise in the symmetrical functions composing the product of 
equations (3). Each term of this product will be itself the 
product of terms, one taken out of each of the equations (3), 
and will therefore be of the form * 

S'*-*®' •••» ^ ^ ^ - 

But the product of the n equations, being symmetrical, 
must contain all the terms of the same form which we can 
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make with the above quantities; consequently it will contain 
all the terms represented by 

J?in-4 •**S(o&C «••) ... (4)f 

and we must now ascertain the dimensions of this expression. 

Now the degree of y in &c. cannot exceed 

m — A, m — k, &c., respectively; therefore in q^ q ^... 
it will at most be equal to mn — h — k~-l-^ &c. Also if 
we refer to the formulae which give the values of the 
double, triple, &c. functions in terms of the oums of the 
powers of the roots, we see that in [^(a^AV...) the term of 
highest dimension in y will be found in 8„S but 

the equations which give 8^^ 8^, &c., in terms of &c., 

(since these quantities do not involve powers of y exceeding 
the first, second, third, &c. respectively) shew that the degree 
of y in any sum 8^ cannot exceed A; therefore the degree of 
?/ in S (rt A e'...) cannot surpass A + A + Z + &c.; consequently, 
in the expression (4), the degi-ce of y will at the most be 
equal to mn. Tlie same thing may be similarly proved of all 
tlie symmetrical functions whose sum makes up the product 
of the 71 equations. Therefore, lastly, the degree of the final 
^quat.on cannot exceed the product of the degrees of the two 
etjuations from which it results by the elimination of one of 
the unknown quantities. 

Although the degree of the final equation cannot exceed 
mn, in particular cases it may be less than mn. If we 
extend the process to any number of equations, we shall 
have the general theorem discovered by Bezout, viz. that if 
between equations cfjual in number to the unknown quan¬ 
tities, w^e eliminate all except one, the degree of the final 
equation will be at most equal to the product of the degrees 
of the several equations. 

Ex. To eliminate x between the equations 

yj? — bx +Ay = 0, 

(y — 2) a;® — 2a* + 5y — 2 = 0. 
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Let a and h denote the values of x given by the first 
equation; then substituting them in the second equation, we 
have 

(y — 2) a* — 2a + 5y — 2 = 0, 

(y — 2) 6“ — 2i^ + 5y — 2 = 0; 

the product of these equations, which will be the required 
final equation in y, is 

(y - 2)* 2 {a^V) - 2 (y - 2) 2 {a%) + (y - 2) [by - 2) S, 

- 2 (5y - 2) 8, + 42 (aJ) + (oy - 2)» = 0. 

®uti>, = -|, = y,=^0; 




25 - 8?/ 



125-6^/ 




90 

2(a^)=4, 2(a*^») = ^, 2(«V;*) = 16. 

Hence, substituting and reducing, we find for the final 
equation (as at p. 229) 

y‘+ 12y* + 87y* - 20qy + 100 = 0. 


177. The following method of elimination, depending 
upon the expansion of an implicit algebraical function in 
descending powers of its variable, has the advantage of, ex¬ 
hibiting as many terms as we please of the final cejuation. 

The two equations M {x, y) = 0, N {x, y) ~ 0, between x 
and y, of the and n*** degr^ respectively, if in each we 
collect in successive groups the tepns which are of the same 

dimensions, may be written, putting ^ = w, 

xy{u) + ( m ) + ... = 0 .( 1 ), 

x'^Fiu) + x*~^F^{u) +... s= 0.(2), 

where/(w), &c. arc polynomials with determinate co¬ 
efficients, of the degrees ?», w — 1, &c.; and F{u)^ &c. 

polynomials of the degrees n, w — 1, &c. The m values of u 
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furnished by (1) are functions of x ; and for a; = ao they co¬ 
incide with the m determinate roots of /(a) = 0, which is an 
equation of the ordinary form 

+ &c. = 0, 

and we will suppose it to be free from equal roots. We may 
therefore put m = a + e, where c is a quantity that vanishes 
when a; = 00 ; then since/(a) = 0, we get from (1) (Art. 27), 

[«/'(“) + + ...} + »”■' {/(“) + ef, v-t) +...) 

or, dividing by x”*~\ 

exfia) +f^{a) + i [^{exYf'ia) + ea/;(a) +/(«)) + ... = 0. 

Now let a* = 00 , and let the limit of ex be denoted by cl\ 
tlien a'./'(a) +^(a) =0, which will always give a finite value 
fbr a', as /(a) = 0 has no equal roots. Since ex has for its 
limit the quantity just determined a', we may put ea; = a' + e'; 
then 

a' e' 

« = a + e = aH-1--, 

X X 

and y = oa* + a' + e', 

the series for y, when we restrict the development to the two 
first terms, e being the remainder. 

Next, substituting this value a + e for m in (2), we get 

a;" lF{a) + eF'{a) ...J + aj-^ {if;(a) + eF;{a) + ...) = 0, 

or, since ca; = a' + e\ where e' vanishes when a; = oo, 

x^F{a) + {aT'(a) + i^,(a)) + x^-^F= 0, 

E denoting a quantity that vanishes when a; = oo; which is 
the development of AT (a;, y) = 0, restricted to its two first 
terms. If we now form a similar expression for every root 
0 ,of /(a) = 0, and multiply all these expressions 



238 


together, we shall obtain the final equation in Xj which will 
be of the form 


+ At + //c-*-* = 0, 

where A denotes the value of the symmetrical function of 
the roots of /(a) = 0, 

F{a,).F{a^..,F{a^); 

and the symbol t extends to every one of those roots; a' 

f(a) 

being equal to Also ZT expresses the sum of a 

J 

limited number of terms that vanish when a; == co. 


Hence we have a new proof of Bezout's theorem, tlic 
degree of tlie final equation being at most equal to ; and 
we observe that the sum of the roots of the final equation 
in Xf equals 


^ fa'F'(a) + Z;fal] 

I r 


w’here 


t 

a = — 


/(») 

/'(“) ■ 


' By proceeding in the same way, we may determine three 
terms of the development of u under the form 

*9 tf 

a a e 

u = aH-+ 

X XT XT 

where o" is given by the equation 


“"■/'(«}+i«Y'M + «X’(4) +/(«)=0, 


and ^ is the remainder of the scries; and then three terms of 


the development of N (a;, y) = 0; and next three terms of the 
final equation in x; and so on. The method is applicable to 
the elimination of k — 1 unknown quantities from n equations; 
and it leads to the proof of Bezout'a theorem in its most 
general statement. 


178. As all the preceding methods suppose the equations 
to which they are applied to be rational, it is of importance 
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to be able to reduce an equation involving radicals, to a 
rational form. The extermination of radicals, considered 
generally, is only a case of elimination, as will appear from 
the following example. 

Ex. 1. To reduce x — — 1 4- IJx 4-1 = 0 to a rational 

form. 

Let = —1, z* = x + l; 

x-y + z = 0; 

this gives y = x + z, and therefore = x — l gives 

2 ® + 2zx + a-® — j* + 1 = 0, 
and it remains to eliminate z between this and 

z^-x-1=0, 

Using the process of the greatest common measure, we find 
for the exact final equation, 

a® - 3a;* + 8a;" + a;’+ 7 j;® - 7a; 4-2 = 0; 

a result that may also be obtained directly from the proposed 
equation, by successive involutions. 

Ex. 2. To form the equation which has a root 

a* = (c + — 2*)^ + (e — Vc“ — 

or x = a-{-h, suppose; 

.r* = rt* 4- 4- oah (a® 4- P) 4-1(« 4- h) 

= + p + 5ah (a 4- hy - (a + h) 

= 2c + 5qx^ — 5q^x; 

a;* — 5qx^ 4- — 2c = 0. 

Also, if we assume a”* 4- = 2c, = q”*, then 

ar*-ir = 2 Vc®-/*, and a”* 0Yb”^ = c± 
a + h=(c + + (c - 

is (Art. 154, Ex. 3) a value of x in the equation 

x^ — mqx'^ 4- ^ q^x^~* — &c. = 2c. 



SECTION X. 


ON THE GENERAL SOLUTION OP EQUATIONS. 


179. A REMARKABLE application of the theory of B}Tn- 
metrical functions is that made hy Lagrange to tlie general 
solution of equations; by tliat means he solves the general 
equations of the first four degrees, by a uniform process, and 
one which includes all others that have been proposed for 
that purpose, tlie common relation of which to one another 
is thus made apparent. 

It consists in employing an auxiliary equation, called a 
reducing equation, whose root is of the form 

^ a*, + oa?, + a*j;, + ... + 

denoting by a*,, a-,,... a*, the n roots of the proposed equation, 
and by a one of the roots of unity; and the principle on 
which it is based is as follows. Let y be the unknown quan¬ 
tity in the reducing equation, and let 

y= + ... +a„x^, 

Oj, ttg,... a, denoting certain cor^^nt quantities; then if n —1 
values of^, and suitable values of the constants a,, a^, ... 
can be found, so that we may have w — 1 simple equations; 
those, together with the equation 

x^+... 

will enable us to determine the n roots. 

Now, supposing the constants in the value of y to preserve 
an invariable order o,, oq, &c., since the number of ways in 
which the n roots may be combined with them to form the 


241 


expression a^x^ + a^ajj, + &c. is the same as tlie number of 
permutations of n things taken all together; therefore the 
expression for y will have n (« - 1) ...3.2.1 values, and the 
equation for detennining y will rise to the same number of 
dimensyons, or will be of a degree higher than that of the 
proposed equation; hence the method will be of no use, unless 
such values can be assumed for the constants a^, ... as 
shall make the solution of the equation in y depend upon that 
of an equation at most of«—1 dimensions. ?"ow this may 
be done (at least when n does not exceed 4) by taking the 
roots of unity a”, a, a®, a®, ... a"~' for a^, a^, ... so that 

y - + au *2 4- ... 4- 4- 

For, in the first place, with this as'^umption, the reducing 
equation will contain only powci*s of y Avhich arc multiples 
of H ; for, since a" = 1, 


u” y — ot” 'iTj 4" oc" 4" • • • 4- 4" 4" •.• 4" ct" ^ 'x. 


n > 


or a" 'y = 4- 4- ... 4- a"~V-,, 


which is the same result as if \\ c had interchanged and 
•^.+ 2 » so that if y be a root of the reducing 
C([uation, a”~''y is also a root; therefore the reducing equation, 
since it remains unaltered when a!‘~'y is written for y, con¬ 
tains only powers of y which arc multiples of w; if therefore 
we niake //'' = s, we shall have a reducing equation in z of 
cmly 1.2.3... («— 1) dimensions, whose roots will be the 
different values of z which result from the permutations of the 
« —1 roots X., .Tj, ...£r,* among themselves. We shall now 
have, expanding and reducing, 

z = if = 4~ 4* 4"... 4" a” 


in which 


are determinate functions of the 
roots, which will be invariable for the simultaneous changes 
of.r, into 37 ,+,, .r^ into a*,&c., since » = (a’y)’'; and when 
their values are known in terms of the coefficients of the pro¬ 
posed equation, we shall immediately know the values of the 
roots. For let z^, z^, ,..z„ ^ be the different values of 2 :, 

31 


• • • 
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■ when Ij Of fif yt the roots of y" — 1 snO, are substituted 
for a ; then since y =» we have 

iPj + JJ, + ... + a*^ = 

a-j + flWg + ... + ~ 

••••••••••••••••••••••a••« ••• 

+ ^-Tjj + ... + \" == J 

therefore, adding, and taking account of the properties of the 
sums of the powers of 1 , a, 7 , &c. (Art. lol), we get 

»wrj = + + ... 

Again, multiplying the above system of equations respec¬ 
tively by 1 , a"~S ... X"“^, we get 

nx^ = ijz^ -f- a*"’ 4 - ... + X""' , 

and so on for the rest. Hence, since = * 7 - 0 ’ 

=-0 ~ ” 0 ++ ••• + 

the problem is reduced to finding the values of Wj, ... 

180. The reducing equation of « — 1 dimensions, which 
has for its roots 2 ,, z^, ... z^_j the quantities by which the roots 
of the proposed equation have just been expressed, •will re¬ 
quire, for the determination of its coefiicients, the solution of 
an equation of 1 . 2 .3 ... (« — 2 ) dimensions. 

For if in the equation 

z = (j:, + 4 * ol\ 4-^... -H a"‘V„)", 

we replace a by each of it.s powers a*, a®,... a"“‘, and denote 
as before the corresponding values of z by z^, z^... z„_j, an<l 
call the above value of z, z^, we get 

z, = (j-, 4 or, 4- 0^3 4 aV« 4- •. 

Zg = (a;j4-... 4-aV3 4*.)** 

«a =(^1 +.4-a-X4. r---(l) 


= (•'^1 + 


4- a"-’£r,)". 
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In these expressions a?,, occupies, successively, the second, 
third, &c,, place; that is, all the places it can occupy sub¬ 
ject to tlie condition that ajj always stands first. If therefore 
in each of these expressions wc make all possible permutations 
of UTg, [the number of which is 1 . 2 . 3 ... (n - 2)] with¬ 

out altering the place of or we shall from each obtain 
1.2.3 ... (» — 2) values of z; and therefore on the whole w<‘ 
shall obtain the 1.2.3... (w —1) values^which z admits of 
from the permutations of the n — 1 roots 

Now let 

’ 4 - ^ 4 -... 4 - = 0 , ... ( 2 ) 

be the equation which has the above quantities z^. and 
for its roots; then the coefficients &c., will depend for 

their determination upon an equation whose degree is 

1.2.3 ... (/i — 2). 

h'or suppose that, by causing another root x^ to stand first in 
the ('xpressions (1), we form .another system of values of 
z^, and an(»ther equation of which they are the 

routs, similar to (2), viz. 

xj’‘* ‘ 4- 4-... 4- g'n-i — ; and so on; 

and let Jc be the number of such equations necessary to be 
formed m order to furnish all the values of then the first 
members of thc.se equations multiplied together will be of 
the degree — and will be the final equation whose 
roots are all the values of z; and whose coefficients, being 
.xymmctriciil functions of the roots of the proposed, are ca¬ 
pable of being expressed rationally by its coefficients. llence, 
as the degree of the^nal equation is equally expressed by 
7t’(u —1) or 1.2.3 ... (n —1), we find 7* = 1.2.3 ... (n —2), 
Also since there will be k equ.ations similar to (2), there will 
be the same number of values of g^; and the coefficients, con¬ 
sequently, of (2) will depend for their determination upon an 
equation whose degree is 1.2.3 ... (n — 2). 
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To fonn the equation for determining we must divide 
the final equation in z by the first member of (2) which is one 
of its factors, and equate to zero the n — 1 terms of the re¬ 
mainder ; then n — 2 of those equations will serve to determine 
in terms of and substituting the values of q^y 
q^y &c., in the remaining equation, we shall have art equation in 
5 , whose degive will be equal to 1.2.3 ... (n —2). If wc know 
one system of values of the coefficients q^y &c., and if we 
can solve the corresponding equation in « of w — 1 dinien-iions, 
.'SO as to o])tain the values of 3,, z^y \’c., then the solution 
of the ])roposed equation follows, as has been shewn. Tlie 
result of the entire process would be* that the e(]uation of 
1.2.3 ... (a - 1) dimensions, having for its roots all the values 
of z, would be resolved into 1.2.3... (« — 2) factors of— I 
dimensions, by means of a single equation wliose degi'cc 
equals 1.2.3... [n — 2). 

1811 When u i.>« a composite number, tlic above general 
metliod admits of .‘simplifications. For let n have a divi.sor 
r> so that n = mp where m i.s not greater than^), and let a be 
a root of y” — 1 = 0; then since a” = 1, = a, = a“, &c.. 

ft"™ = 1, ft"”"^’ = ft. &c., we have 

* .y = -r, + (3U"2 + 

= .A, *1- ftA., 4- ft"Ag + ... + ft™ *A,„, 

where Xy. = + ... -f « 4 , > and consists of 

p roots; 

.-. z-if= + ... 4 ft”‘“‘, 

where &c., arc known functions of A',, X^y &c.; and 

when they are found in terms of the coefficients of tlie pro¬ 
posed equation, we shall be able to determine immediately the 
value.'* of A",, X^y &c., as before. To deduce the value of the 
primitive roots j’,, x^y 2*3, ... we must regard separately 
those which compose each of the quantities A', A'j,, &c., as 
the roots of an equation of dimensions. Thus let the roots 
whose sum is A', be those of the equatioh 

- A>"“‘ + - Mx^-^ + ... = 0.(1), 
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where Z, Jf, &c., arc unknown; then the first member of this 
e(juation is a divisor of the first member of the proposed, since 
all its roots belong to the latter. Hence, effecting the division 
and equating to zero the coefficients of x^'\ &c., in the 

remainder, we shall have p equations in , L, IT, &c., of 
which the p — l first will give the values of L, M, &c., in 
terms of -Y,. It will then remain to solve the equation (1) 
so determined of p dimensions. Similarly, substituting the 
value of A' in place of that of A'j, we shall havv an equation 
giving the next group of roots &c.; and so on. 

182. In this case, that is wlien n is a composite number 
and = mp where m is a ])rime number, the formation of tlie 
reducing equation will require the solution of an equation of 
1.2.3 ... 7? 

[hi — 1) wi (1.2.3 

For since y — X^ + aX,^ + a'A’g + ... + 

if cvciy pne of the roots found in A'^, Aj, (S:c., were affected 
with a different coefficient, since there arc of those roots, the 
number of distinct values, which y would be capable of ac¬ 
quiring from tlicir permutations, would be 1.2.3 ... n. But 
ftii .account of the p roots in each group having the same 
coefficient, the number of values of y is diminished. Let p be this 
number; then supposing all the roots in the group X^ to have 
distinct coefficients and so to furnish 1.2.3 ...jw permutations, 
the number of values of y would be increased to 

next, if all the roots in A' received distinct coefficients, the 
number of values oiy would become (1.2.3 ... x p ; and 
BO on; so that if every root in every group had a distinct 
coefficient, the number of values of y would be 

(1.2.3 X Pj 

which, as we have seen above, is equal to 1.2.3 ... w. But, 
as shewn in Art. 179, the number of values of z, where 
z = (A, + aAg + a®Ag + ... + a”* *A„,)"*.(1) 



...pY 


dimensions. 
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iB ^th of the nomher of valuee of y, and therefore is cc[tial to 

fi-i-m. Also, if as before we denote by the value of e in 
equation (1), and by a?,, »j, ... the values which z assumes 
when ^ is successively replaced by its powers a®, a", 
we may form an equation which has the quantities s,, 
for its roots, viz. 

+ &c. + = 0; .(2) 

and next by causing another of the (piantitics to stand 
first in the value of y, we may form another system of values of 

••• 

and another equation similar to (2), viz. 

+ 2 ’',-"''^ + ••■ 4- 2'im-i = so on. 

Let k denote the number of such equations necessaiy to 1 k' 
formed, in order to furnish all the values of r; then tlie first 
meml>crs of these equations multiplied together wUl be tlve 
final equation in z, and its degree will be /* {m — 1), which is 
same as the number of values of z. and equals y. -r- ///. 
Therefore, substituting for its value, we find 

, _ 1 .2._ 

7)1 {)n — ]) (1.2.3 ..-7^/'* * 

Since, therefore, there will be k equations similar to (^2), 
there will be the same number of values of the eoefficient f/^; 
and tlic coefficients, consequent!^, of (2) will depend for their 
determination uj)on an equation whose degree is equal to the 
value of k above written. 

183. Tliis is the point to which the investigation of the 
algebraical solution of equations was brought by Lagrange, 
and where it still remains at the present time. The method 
leads to the solution of equations of the 3rd and 4th degree, 
as we proceed to shew; but for the equation of the 5th degree 

+2)x* + 4- ro;’ + + < = 0, 
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if) talcing a for an imaginary root of af — I sss o, we asBume 

0 =* (iPj + aa?g + a’ajj + a\ + aVJ', 

we may form the equation with determined coefficients whose 
roots are all the values of z, and whose degree will 

= 1 .-2.3.4 = 24: 

and its first mernher will he capable of being resolved into 
2 X 3 or six biquadratic equations of the form 

z* + q,z'^ + q,/+q,z + q, = 0; 

where each of the coefficients g^,q^, &c., admits of 2 x 3 values, 
for different permutations of the roots; and will therefore 
depend upon the solution of an equation of the sixth degree. 
So that by this process the solution of an equation of the fifth 
degree wdll necessarily involve the solution of another equa¬ 
tion of a higher dcgi'ce than its own. 

Ex. 1. jc® — + qx — ?’ = 0. 

Let tlic roots be a, h, c, and let 

y = a + ah\ 

z—y^ = ■{■ (?+ ^ahe + 3 {ePh + Wc + (Pa) a 

+ 3 {ePe + IPa + <Ph) a®, 

= ?/„ + ?/,a + M^a®. 

But ?/,, arc roots of the quadratic 

iP — (f/j + u f = 0, 

and Wj + Wj, = sS {(Ph) = Zpq — 9r (Art. 159), 

= 9 (a^>c/S[, + % {(Ph'^) + 3a®Zi®e®| 

= 9^® + 9 (/ - Qpq) r + Sir®. 

Hence u ^, are known, 

and .*. «<, =p' — (?/, + Mj), is known. 

Hence, denoting by z^, the values of z when a and a® 
are respectively written for a, we have 

a+ h + c=jyf 
a+ a5 + a®c = /y«j, 
a + oPh + ac = !!Jz ^; 



m valm of ^ and 

a« J(2>4^yij + y5j, 

6« J(^ + o*;/F,4-ai/Fj, 

c = i(^ + ayj, + a*7^)- 

Ex. 2, X* — paj® + qx^ — ra; + « = ().. 

Since 4 = 2.2, let a be a root of p* — 1 = 0, so that a® = 1; 
then p = ajj + ewg + J7, + au*^ *= A' + aX ,^, 
if “ £r, + a?,, Ag = .r, + x ^; 

.*. ^=3^*= 

where 4/^«A7 + Xg®, m,s= 2X,A’„ and + m, = 

Hence = 2 (r, + jCg) (•*’« + a?J, by interchan^^infj the roots 
among themselves, will admit the two other values 

2 (a-, -1- Xg) (a -3 + a-J, and 2 (a-, + x^) {x, + .rj, 

and ^vill therefore be a root of^an equation of the form 

w,® — Mu* -I- ATtq — P = 0; 

the coefficients being syrametrical functions of a*,, a*g, .r,, .r^, 
and consequent, assignable in terms of p, tp r, s. It is 
easily seen that if we make u^ — 2q — 2tt, we shall have an 
equation in u whose roots are 

and the transformed equation is (Art. 162) 

M* — qtt^ + {j)r — 4a) w — {p* — 5 — »** = 0. 

Let tt be a root of this equation, then Kj — 2g — 2u'; hcncc, 
making a = —1, 

= —M,=p* —2 m,=p®- 42 + 4?i'; 

X, + X,=p, X,-X,= -Jz,-, 

tp 

Hence ar,, ajg, may be regarded as roots of a quadratic 

a? — Xpa + X = 0; 
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dividing the proposed by this, and putting the first term of 
the remainder equal to zero, we find 

therefore x^, arc known; and ar^, will result from the 
same formula by interchanging X^ and ATj, or by changing 
the sign of the radical ^/z^. 

x” — l 

Ex. 3. — = 0, « being a prime number. 

If r be one of the roots, and « be a primitive root of the 
prime number (that is, a number whose several powers 
from J to « — I, when divided by n, leave different rf^main- 
ders) it is proved (Art. 80) that all the roots of this equation 
may be represented by 

r, r“, r“*, ... 

Let y = r + ar“ + aV’ + . • ■ + 

a being a root of the equation y""' — 1 = 0. Therefore, ob¬ 
serving that = 1, and r* = 1, 

2 = .V"’’ = Wo + awi + + ••• + «*"*««-*.(l)» 


Wj, dec. being rational and integral functions of r which 
do not change by the substitution of r«, r“*, r“®, &c., in the 
place of r; for these quantities, regarded as functions of 
a*j, a*,, a*g, &c., do not alter by the simultaneous changes of 
a*j into JCj, a*, into &c., nor by the simultaneous changes 
of x^ into a*,, a*, into x^, &c., to which correspond the changes 
of r into r*, into r«*, &c. 

Now every rational and integral function of r, in which 
r" = 1, may be reduced to the form 

A + Br + Or^ 4- Dr^-h ... 


the coefficients A, B, C,... N being given quantities inde¬ 
pendent of r ; or, since in this case the powers 


r, r% r, 


„n-l 


• • • 


32 




250 


SIA7 ^ VBpresented, although in a different order, by 

r, r«, r®*,... r®"^, 

we may reduce every rational function of r to the form 

^ + (7r« + + ... + AV®-*. 

Therefore, if this function is such that it remains un¬ 
altered when T is changed into r“, it follows that the new 
form 

^ + .B/-* + CV ’ + i)r«* + ... + AV 
coincides with the preceding; 

s 

&c., .V=J5, 

and therefore the function is reduced to the form 


+ J? (r + r® + r®* + ... + r®*^), or -d — i?, 


since the sum of the roots = — 1 ; hence each of the quan¬ 
tities w,, &c., will he of the form -.1 —B, and its value 

will he found by the actual development of s = 7 /"'‘; so that 
wq have the case wherc the values of w^, &c., arc 

known immediately, without depending upon the solution of 
any equation. Hence if we denote by 1 , a, yS, 7 , &c., tlie 
n — 1 roots of the equation a’”'* — 1 = 0 , and hy z^, &c., 

the value of z answering to the suhstitution of these roots 
in the place of a in equation ( 1 ), we shall have, as in the 
former cases, 


r = 


*>-1/— , n-l/— n-1/- , , Ti-1>- 

« — 1 


an expression for one of the roots of the equation a;’* — 1 = 0 ; 
and the other roots are r*, r®, &c. 

Thus the solution of a:" — 1 = 0 is reduced to that of the 
inferior equation 1 = 0 ,''of which 1 , a, 7 , dec. are the 

roots; also since n — 1 is a composite number, the deter¬ 
mination of «, 7 , &c. will not require the solution of an 

equation of a higher degree than the greatest prime number 
in » — 1; that is, the solution of a:" — 1 = 0 {n prime), may be 
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made to depend upon the solution of equations whose degrees 
do not exceed the greatest prime number which is a divisor 
of n — 1. 

Ex. 4. a;®-1 = 0. 

The least primitive root of 5 is 2; for the powers of 2 

from 1 to 4, when divided by 5, leave remainders 2, 4, 3, 1; 

• 

•*. y = ar* + aV® + aV® ; 
also a* = 1, r® = 1, and r + r’' + / + — 1; 

.*. a = y* = — 1 + 4a + 14oi? — 16a*. 

But the four roots of y* — 1 = 0, ai'e 

1 , - 1 , 

.’. 2jj = l, 2 j = 25, = — 15 + 20 V— 1, 

2-^ = - 15 - 20 ; 

.-. .r = i(-l +V5+‘I/-15 + 20V^+V- 15-20V-1). 


ABEL’S EXTENSION OP LAGRANGE’S METHOD. 

Some of the principal extensions of Lagrange's method 
made by later Mathematicians, are contained in the following 
Propositions relative to equations whose roots have the same 
property as those of j*” — 1 = 0 , namely, that all the roots can 
be expressed rationally in terms of one of them. 

184. If two roots of an irreducible equation are so con¬ 
nected that one of them can be^ expressed rationally in terms 
of the other, then all its roots will be capable of being repre¬ 
sented either by one group or by several groups of quantities 
of the form x 6x where 6x denotes a rational 

function of x such that ff'x = x. 
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Let f(x) = 0 be an irreducible equation of the /***“ degree, 
and let two of its roots x' and x^ be connected by the equation 
x—9x^j where 6x denotes a given rational function of x. 
Then since x is a root of f{x) = 0 , we havey (^x,) = 0 ; there¬ 
fore= 0 admits one of the roots and consequently it 
admits all the roots of J [x) = 0; for, otherwise, f{dx) and 
y(j*), which are both rational functions of a*, would have a 
common divisor; and that is inq) 0 ''sible sincey(a;) =0 is irre¬ 
ducible. Hence f \6x) = 0 is sati^^^ed by eveiy one of the roots 
oi f{x) = 0 ; in other words, if be a root of/’(a*) = 0 , then 
is 6x, likewise one of its roots. But dx^ is a root of f\x) = 0 , 
therefore 6 \6x^ or €Px^ is a root; hence also 6 (^a*,) or ff^x^ is 
a root, and so on; so thaty (a*) = 0 , has for roots all the terms 
of the series 

a'j 6x^ 0^x^ ff^x^ .( 1 ). 

But asy(a*) = 0 cannot have more than /a different roots, 
some of these must recur; suppose therefore 

, or ^ (d^x^) - e^x^ = 0 ; 

this shews that the equation d^x — = 0 lias the root 6'^x^ in 
common with f{x) «= 0 ; it consequently admits all the roots 
ofy(a:) = 0 ; 

therefore 6^x^ —x^ = 0 , or ff'x^ = and = ^x^. 

Hence the operation expressed by 6 is such that, after l)eing 
repeated a certain number n of times upon x, it reproduces x ; 
and if the series ( 1 ) be continued beyond the term, the 
same values will recur in the same order; so that in fact there 
will be only the n different values 

6x^ €Fx ^... .(2) 

and if n = /A, which is necessarily the case for /a a prime 
number, these are all the roots of f{x) = 0 . This happens, 

xe- — I 

as we have seen (Art. 76), for the equation-- = 0 when 

/A is a prime number. 
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But if ^ be greater than w, let a?, be another root of 
f{x) = 0 not comprised in group (2); then, as before, it may¬ 
be Bhewn that all the terms of the series 


a-g 0jr^ ... .(3) 

are equally roots of f{x) = 0 ; and that it is only the n first 
that are different from one another; for since the equation 

ff'x — £c = 0 

admits one of the roots o^f{x) = 0 , it admits all the other 
roots; and we have 

so that the terras of (3) are reproduced in the same order after 
the Also the roots 

ic, dx^ GPx^... .(4) 

are all distinct from one another, and from the roots ( 2 ), 

For suppose ^x^ = 6'i and k being both less than n; 
then S lice the equation 6''x — &'x = 0 admits the root x^, it also 
admits the root x^; therefore ^x^ — &'x^^ which is impossible 
because the quantities (2) are all unequal. Neither can we 

iiave = &x ^; for it would follow that 

e~\ex:) = or e^-^x^ = e”x^ = 

so that x^ would belong to series ( 2 ), which is contrary to the 
supposition made relative to x.^ 

Hence the number of different roots ofy(a;) =0 contained 
in the groups (2) and (4) being 2n, we must either have 
/A = 2 n or > 2 «. If /4 > 2 w, then taking another root x^ not 
comprised either in series (1) or (3), we may form another 
group of n distinct roots x^ 6x^ ^x ^... 0'''~^x^, all different from 
the former; from whence it will follow that we must have 
either /u. = 3» or > 3w. By continuing this process we shall 
produce all the roots; and as they appear only in groups each 
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consisting of n roots, the entire number of them will be mn, 
which must equal fi the degree of /(x) = 0 . Hence we shall 
have all the roots distributed into a certain number w of 
groups each consisting of w terms, where vni = fx ; and the 
roots in every group will be liable to the same condition as 
the roots in the first group (2). When ^ is prime so that 
1 , the roots can be all represented by a single group 

jc 6x 0^x ... where = x. 

185. Let j*" + + &c. + p^=0 .(5) 

be the equation which has for its roots the group 

x^ ^x^ ff^x^ .. . 0^~^x^ ] 

then for each of the m groups of roots there will be a similar 
equation; so that any one of the cot'fficicnts will admit 
of m values, and will depend fbr its determination upon an 
equation of the ;«**' degree, 

y" + + &c. -f | 7 „, = 0 .( 6 ). 

‘ Ahel has shewn how to form these reducing equations; 
and he has proved that the coefficients pi, of (, 0 ) are 

all rational functions of the same root i/^ of (tJ); that the 
coefficients of the equation having for roots the next group 

6x.^ ff^x^ ... 

are all rational functions of another root of ( 6 ); and so on ; 
so that the solution of/(.J*) = 0 whose degree is a composite 
number, is thus reduced to the solution of equations of inferior 
degrees. 

The reducing equation ( 6 ) cannot, of course, be solved 
algebraically, when 7n exceeds 4: but the equation (5), whose 
roots have the property that they can be represented by 

6x^ ... 

where 6x denotes a rational function of x such that 6*x = ai, 
and all similar equations belonging to the other groups, if we 
suppose their coefficients to be known, admit of algebraical 
solutions, as we shall shew in the next Article. 
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186. If the roots of any equation jr(a?) = 0 can be re¬ 
presented by a;, dx^ 6x being a rational function 

of <c such that 6'^x = x, the equation may be solved alge¬ 
braically. 

According to Lagrange s assumption, let 

W = (x + a”. 0x-ta^. ff^x + ...-h .. (1), 

a" being a root of a^ — l~0. Then since •= if x be 
replaced by some other root 0^x, it will be found that 

so that the only change wliich 'i^ylr„(x) undergoes, when 0”x 
is substituted in it for a*, is to be multiplied by a*'*"™*”; and 
by the same substitution (x) remains unaltered, and we 
have Therefore, giving m all its values 

from 0 to /X — 1 , and taking t^e sum of the results, we get 

W = (-i-) + yjr,, (0x) + ... + n/r„ (0^-^x ), 

wliich shews (Art. 153) that ■^„(x) is a symmetrical function 
of all the roots of/(a*) = 0 , and can therefore be expressed by 
the coefficients of /(x) and 0x, and may be c 0 n< 5 idered as 
known and denoted by Hence, substituting this value 
f )r yfr„(uj in ( 1 ), taking the /x*** root of both sides, and then 
giving n all its values from 0 to /x — 1 , we get 

x-h 0x -h ff'x 4-.. • 4- 

x-^ a.dx-\- c^, 6^x + ... + 6^~'x ^ , 

a; 4- ot-\ dx 4- 4-... 4- r-^x = 7^^. 

Therefore, adding together these equations, and taking 
account of the properties of the roots 1 , a, a*, &c., we get 

= + + ••• . ( 2 ), 

where — supposing/(a;) = a;'* &c. 

This expression ( 2 ) for x may be transformed so as only to 
admit of /x values. For since by changing x into d^x, is 
only altered by being multiplied by and consequently 
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by being multiplied by a*'*'****'*'^*, therefore Vt?.. 
remains unaltered since it is only multiplied by the factor 
jf therefore we assume 


^ {x), then <^„ (.r) = <^„ (d"a») ; 

from whence it follows, as in the case of that <}>„{x) is 

a symmetrical function of all the roots of /\.r) = 0, and may 
be considered as a known quantity and denoted by ; 




u 


n) 



a formula which enables us to express each of the radicals in 
(2) by a power of ; and we thus get 


fix = 




a value of x expressed as a rational function of and con¬ 
sequently admitting of only fi values, which are. the roots of 
the propo.sed equation. Hence it follows from Art. 184, that 
if two roots of an irreducible equation f{x) = 0 whose degree 
is a prime number, are connected by a rational eejuation 
x' = 6x^, then f{x) = 0 can be solved algebraically; and when 
the coefficients both of f{x) and 6 (x) arc real quantities, the 
only operations requisite for that purpose are those detaih'd 
in the following proposition. 


187. In or^er to solve an equation with real coefficients 
f{x) — 0, whose degree is a prime number fi, and whose roots 
can be represented by x, $x, 6^x, ... 6^~^x, where 6x denotes a 
rational function of x with real coefficients such that = j", 
it is requisite only to divide a right angle and another knowm 
angle each into fi equal parts, and to extract the square root 
of a single quantity. 

Since it has been proved that 

(a;) or v, = (a: + a. da; + a*. ^£c 4- • ■ • + 
is a rational function of the coefficients of f{x) = 0, if those 
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coefficients be all real, and also those of Qx^ then will con¬ 
tain no imaginary quantities except those o£the root a, Which 

equals cos-sin — . Moreover , is deduced from 

fM /4 

Vj^ by changing a into its conjugate ; hence v^^ v^_,, are 
known imaginary quantities conjugate to one another, and we 
may consequently assume 

p (cos CD + V— 1 sin to), 

= p (cos G> — V— 1 sin o>). 

But since ^v„. = w„, making w = /x — 1, we get 

= Now can be expressed rationally by 
tlie coefficients oif{x) and Ox, and contains therefore no other 
imaginary quantities except 4hose found in a; and the value 
just obtained shews that does not cliange when a is re¬ 
placed by its conjugate therefore is a real quantity. 

Let a denote the numerical value of then since 

P® = (Vi)'*’ **• 

* 

tt a/— /-/ 2hK-\-to _ .—r . 2hir + 0i\ 

Hence = Ja ^cos- — - J— I sin — - - j , 

where k is an integer, from which the value of any power 

immediately obtained; also its coefficient —, 

since both u„ and are known quantities of the form 
y9 + 7 may be represented by \^, where 

are rational functions of the coefficients of f{x) and 6x, and of 

cos ~ sin ~, quantities introduced by the root a. Conse¬ 
quently the value of every root is given by the equf^tion (the 
^second member of which has ft — 1 terms) 

I — / Cl) + 2^?jr , . e> + 2^w\ 

fix — (^cos —-h V — 1 sm ———j 


S3 



258 


+ (/.a + vn Bin 

+ (/.+g. yZI) (V^). jcoB ^J ” + yCTBin + &c.. 

and to get all the roots, k must be taken from 0 to fi — 1. 
This result shews, as was asserted, that the determination of 
the roots requires only the division of the angles tt and o 
into ft equal parts, and the extraction of flie square root of a. 
The condition to which the roots are subject, namely, that 
they can be represented by x, 6.r, ... ff* ^x, where Ox 

denotes a rational function of x, shews that the roots of the 
proposed equation are either all real or all imaginary. 



SECTION XI. 


ON SOME PEOPERTTES OF NUMBERS CONNECTED 
WITH THE THEORY OF EQUATIONS. 


As introductory to the propositions which follow on the 
Theory of Numbers, we may consider the properties of the 
successive remainders when the terms of the arithmetical and 
geometrical progressions 

a, 2a, 3a, ... (j? — 1) a, 

1, a, a®, a®, ... a*^\ 

are divided by p, a and p being two whole numbers. 

188. If^ be prime to a, and if we divide by ^ the^ — 1 
successive multiples of a, 

a, 2a, 3a, &c., (^ —l)a, 

the remainders of these divisions will be all different from 
one another. 

For suppose that two multiples ma and w'a, both less 
than pa, give the same remainder r ; then taking q and q to 
express the integral quotients, we get 

ma —pq + r, ma —pq + r; 

.*. {pi —m)a—p{q ^ 

Hence as p is prime to a, it must divide m — m, which is 
impossible siuce^w and m are both less than p ; therefore no 
two remainders are alike. 

Suppose therefore r, /, r", &c. to be the ^ — 1 different 
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remainders obtamed* by diyiding a, 2a, &c., (j> -1) a by 
and g", &c. the conespondlhg integral quotients, then 

a sspq + r, 2a + r\ 3tt <=pq" + r", &c.; 
therefore, adding jw to both sides of each equation, 

(j> + l)a= (j+ a)^ + r, (p + 2)a = ( 2 ' + «)j? + r', &c. 

Hence after having passed pa, wliich is the first term 
. divisible hjp, the following terms give the remainders already 
found in the same order; and it is evident that the same 
period of remainders will constantly recur after every term 
that is exactly divisible by p. 

189. If, p and a being prime to one another, we divide 
by the series of powers 1, a, a®, a', Ac., there will be at least 
one of them before a^, which will leave a remainder unity; 
and up to this least remainder, all the remainders will be 
diflferent; and beyond it, the same remainders will recur in 
the same order. 

As the remainders are all less than p, there cannot be 
more than p—l which are different; therefore amongst the p 
first terms 1, a, a®, o',... of the series, there must be at 
least two w^hich give the same remainder. Let these be a”‘, a"*, 
and let their common remainder be r ; then 

+ r, a"*' =pq' + r .(l); 

and as^ is prime to a, it must divide a™""' -1. 

Hence we get unity for a remainder, on dividing by the 
power a’"”"' which is less than a*. But ifyi be not prime to 
a, the theorem is no longer true; for the equation a** =pq + r 
shews that any factors common to a and p must divide r, 
which cannot therefore be equal to unity; so that no term 
except the first can ever produce a remainder 1, when divided 
hyp. 

% 

190. Next let a* denote the least power, other than a®, 
which, divided by p, leaves the remainder unity; then all 
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the preceding remainders will be unequal. For if for two 
powers a”, less than a", we could have the equations (1), 
we might thence conclude, as before, that the power 0 “'”“ 
would leave a remainder 1; and consequently a” would not 
be the least power that had that remainder. Now let 

a" +1, 

then for the next succeeding powers we shall have 
= <pqa + a, =pqd^ + a“, '5:c.; 

therefore for the period a", the remainders will 

be successively the same as for the period a°, a* ... a""^. 
For a®" the remainder will be the same as for a", because the 
equation =pq + 1 leads to a®" = 'pqa'' + «”; and in the same 
way it may be shewn that from to and for all suc¬ 
ceeding interv’als, the same period of remainders constantly 
recurs. 

191. Moreover we perceive from the equations 

(f = + 1, a*“ = pqa!' + a", a®** =^ 2 'a®” + a®", &c., 

that the remainder unity belongs to all indices that are mul¬ 
tiples of n; and that if any index greater than n gives a 
remainder unity, it must be a multiple of n ; for if it were 
not so, then by continually subtracting 71 from it we should 
at last descend to a power, less than a", leaving a remainder 
1; which is impossible, as a’* is the least power that has that 
remainder. 

Hence we are furnished with an easy method of finding 
the remainder for any power of a, provided we know the 
remainders of the first period; and these are easily calculated, 
by observing that, in order to pass from the remainder of any 
term o‘ to that of it is sufficient to multiply the remainder 
, of a* by a, and to divide the product by p. 

Ex. 1. To find the remainder of 4*® when divided by 11. 

Powers 4® 4‘ 4* 4* 4* 4®, 

Kemainders 1 4 5 9 3 1; 
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eiich Temainder being fonned by multiplying the preceding 
one by 4, and dividing by 11; thus the product 4x4 gives 
the remainder 5; the product 5x4 gives the remainder 9; 
and so on. We stop at 4® because it reproduces the remain¬ 
der 1 , and the first period of remainders has been obtained. 
Hence dividing 898 by 5, we find a remainder 3, which shews 
that 4** leaves the same remainder as 4’, viz. 9. . 

Ex. 2 . The remainder of 3’“” divided by 13, is 3. 

192. If p be a prime number, and a a number not divi¬ 
sible by />, then n’’’* — 1 is divisible by p. 

Let q, q\ q", &c., r, r, r", &c., be the quotients and re¬ 
mainders obtained by dividing by p the p — 1 quantities 

a, 2a, 3a, &c., (p —!)«; 

so that 

a=:pq + r, 2a=pq+r, 3a = pq'r", &c.', 

then multiplying all these equations together, and denoting 
by Q a whole number, we get 

a. 2a. 3a ... (p — 1) a = {pq -f r) {pq + r') ... 

=]) .Q 4- rrV"... 

The first member is 1 . 2 .3 ... (p -- 1 ) ; and as tlie 

p — 1 remainders are all le.ss than p, and all different, rrV".., 
must coincide with 1.2.3 ... — 1); 

.*. 1.2.3... (;?-l) {a^^-l)=p,Q. 

Consequently, the first member is divisible by j?; and if 
we suppose^ to be a prime number, as it cannot divide 

1.2.3 ... (^ — 1), 

p must divide a'"^— 1 , a being any number not divisible by p; 
which is Ferma^a Theorem. 

193. When a*^* is not the least power, other than a®, 
which produces theTemainder 1 , we know from Art. 191 that 
the index of that least power will be a divisor oip — 1 . Thus 
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in the following series of powers of 5, with their remainder 
after being divided hj 11 , 

5® 5' 5*.5®.5‘®, 

1534915349 1 , 

we see that the index of 5®, the least power which has the 
remainder 1 , is a divisor of 11 — 1 or 10 . 

But whenever is the least power, other than a®, which 
gives the remainder 1 , then ^ is a prime nu^iber. For from 
Art, 190 it appears that the remainders which precede the 
division of a^~', are all distinct; they must therefore coincide 
with the number 1, 2, 3, — 1, but not in the natural order. 

Now if p IBmitted a prime factor r, then r would be one of 
those remainders, and we should have an equation such as 
a” + r, so that r would be also a factor of a ; and con¬ 
sequently a and p would not be prime to one another; in 
which case, as we know, there would be no power of o, after 
a®, that would give a remainder 1 . 

.. * 

194. Suppose a and p not to be prime to one another; 
and let p be replaced by^', where ^ is prime to a, andy is 
the product of factors found in a ; and let a“ be the lowest 
power of a that is divisible by p ; then the remainders ob¬ 
tained by dividing the first n terms of the series from a® to 

by pp\ will be all different, and will not recur. 

For if possible, m being less than w, let 

a** =pp. q + r, =pp. q + r. 

Now o"** — 1 cannot be divisible by p since a and p' are 
not prime to one another (Art. 189); therefore oT is divisible 
by p\ which is impossible since m<n. Hence any remainder 
belonging to a power less than a", cannot recur. But if m be 
not less than «, the above equation is possible; and it shews 
that^, which is prime to a”, divides a*^’ — 1 ; so that 

and szpqa* 
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But a** is diviaibk by therefore pa* is divisible by pp ) 
oousequeutly a"**** divided by pp leaves the same remainder 
as a* divided by pp. Hence the terms beprinning with 
when divided by pp\ produce remainders that recur; and the 
n terms that precede a* produce remainders that do not recur; 
n being the index of the lowest jiower of a that is divisible 
by the product of all the’factors equal and unequal that a 
has in common with ip'. 

195. If therefore ^ be a prime number, and a a number 
not divisible by p ; on dividing by p the series 

it is either or o" where n is a divisor of p -- 1 , that first 
reproduces the remainder unity. In the fonner case, the re¬ 
mainders are all distinct and form a complete period of the 
numbers 1, 2, 3, ...p— 1 in a certain order; in the latter case, 
the remainders are different from one another up to the division 
, of o’*, and afterwards recur in the same order, forming only 
an imperfect period of some of the numbers 1 , 2 , 3... ^ — 1 . 
Thus if p=ll and a = 2 , we have a complete j^riod of re¬ 
mainders 

12485 10 9736 

ending with the division of 2 “; because the division of 2 ’® by 
llTeproduees the remainder 1 , and the period of remainders 
comes over again. But if a = 4, we have seen (Art. 191) that 
there is only an imperfect period of remainders 1, 4, 5, 9, 3. 
Any number less tlian p, "khose powers from 0 to ^ — 2 , when 
divided by p^ produce all, the integers less than p for remain¬ 
ders, is called a primitive root of the prime number jo. Hence 
for a number a to be a primitive root of a prime number^, it 
must be less than p, and such that is the lowest power, 
other than a®, which when divided by p leaves unity for a 
remainder. Every prime number p may be shewn to have 
as many primitive roots as there are numbers prime to p — 1 
the series 1, 2, 3 ...p. 
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196. From the result of Art. 194, may be deduced some 

properties of recurring Decimals; for let - be a proper fraction 

in its lowest terms, and let it be converted into a decimal in 
a scale of Notation whose radix is a, so that 


^ = 0, j.j.y,...; 

then is found by dividing ra by^; leaving a remainder q,^ 
by dividing ra^ by j) leaving a remainder r^, and so on; so that 

r r,^, &c. 

arc in fac^ tlic same as the remainders obtained by dividing 
by^> the quantities 

/’ ra m®, &c.(1). 

Now, supposing p not to be prime to a, the division by^ 
of the series of quantities (1), as we have seen, will produce 
first a set of n remainders that do not recur, and then a set 
that constantly recur: so that the recurring period of quotients 
will commence only at the (m + 1)*^ figure from the decimal 
j oiiit, 71 being the lowest power of a that is divisible by all 
the factors equal and unequal that a has in common with 
If 27 be prime to a, the recurring period of quotients will 
commence immediately after the decimal point. Hence in 
the common scale of Notation, the recurring decimal which 


expresses ^ , where ^ is prime both to r and 10, will have 

O 

771 or 71 places of figures before the recurring period, according 
as m or ?< is the greater. 


197. If be a prime number, 1,2.3 ... (^ — 1) + 1 is 
divisible by p. 

It appears by Art. 188 that, a being any number less 
than p, there is one and only one of the products 

a.l a.2 a.3...a(p —1) 

which leaves a remainder 1 after being divided by^. If a = l 
it is evidently the first term, and if a =/» — 1 it is the last 

34 
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term that has this property. Therefore if wc limit the values 
of a to the numbers 2, 3, ... (/> — 2), then there is some one 
term of the series of products 

a.2 rt.3, &c. a.{p — 2) .(1), 

which when divided hy p leaves 1 for remainder. Hence, if 
in wc substitute for a successively the numhers 

i* y 

2, 3, {p — 2), 

and call the resulting series of products S^, &c., there will 
he in each, one term which when divided hy leaves a re¬ 
mainder 1. Let those terms he re8])ecti\ely repre.scnted by 

2.7. 3.^ ... )i.B ... {p- 2) \ . (2), ' 

where the factors that stand tir.st are tlic values 

2, 3, 4,... {p-2) 

that have been a.«»signed to a, and the latter factors all belong 
to the same numher.s 2, 3, &c. (p — 2), which* are the latter 
factors in the series of i)roducts (1). Then the numhers 

oc, .... 3 ... '\t 

are all different from one another; for if wc would have S = a, 
then we should have two terms 2a, na in leaving a re¬ 
mainder 1, after being divided by p, which is impossible. 
And we cannot have the factors of any term nh equal to one 
another, for n® —1 = ( 71 +1) (n — 1) cannot be divi.-iible by p 
imless n = \, Qi n =p — 1, and both tho.se values of a are ex¬ 
cluded. Therefore the numbers a, yS, ... 5, ...\ nm.st in a 
certain order coincide with 2, 3, 4, ... {p — 2). Also in the 
series (2) each j)roduct iiB must be repeated in the form Bn, 
which is the term belonging to the series Si that leaves a re¬ 
mainder 1 after division by p. Therefore out of the scries (2) 
there can be selected ^ {p — 3) terms whose product is 

2.3.4... {p-2); 

and as each of these terms is of the form mp +1, where m is 
an integer, their product will be of the same form; and we 
shall have 

2.3.4... (^ — 2) = mp + 1; 
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therefore, multiplying by ^ — 1 , we get 

1.2.3.. .(^-l)=7wjp(;)-l)+;)-l,or l,2.3...(j?-l) + l = wi?, 

shewing that 1 . 2 .3 — 1 ) + 1 is divisible byj?, wliich is 

Wihgns Theorem. The number p is exclusively a prime 
number ; for if it had a divisor p, then p' would divide 

1.2.3.. . (;> — 1); therefore p\ consequently p, could 
not divide 1 . 2 .3 ... (p — 1 ) -f 1 . 


lOtS. To find the highest power of any prime number p, 
which is contained in the product 1.2.3 ... w. 

Let m be the integral part of the quotient of « divided 
by p ; tlien the product 

p . 2p. 3p ..-. i/?p = 1.2.3 ... m .p”*, , 

contains all the factors of 1 . 2 .3 ... w that are divisible by p. 
Next let m' be the integral part of the quotient of m divided 
by p; then 1.2.3... m'p”‘' contains all the factors of 1.2.3... w 
tliat are divisible by p. In the same way, if m" be the quo¬ 
tient of m' divided by 1.2.3... w'yr' contains all the factors 
of 1.2.3 ... m' that arc divisible by p; and so on, till we 
arrive at a quotient less than p ; supjjosc this to be m"; then 
the index of the highest power of contained in 1 . 2 .3 ... 
is m 4 - + f/i”. 

Ex. To find how often 7 is contained in 1.2.3 ... 1000. 


Here 


1000 


= 142, 




.*. m + in 4- w" = 164. 


199. Hence if w, p, < 7 , &c. be whole numbers, and 
•in = n +p 4- 2 ' 4- &c. 

then the quotient of 1 . 2 .3 ... m divided by 

1.2.3 ... nx 1.2.3 ...^x 1.2.3 ...<7 X &c. 
will be a whole number. For let t be any prime factor 
the divisor, then 


m 

1 


= ^+£4.f + &0.; 


of 
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or, calling w', p\ q\ &c. the integral parts of the several 
quotients, 

m’ = or > n' + j?' -f 12 ' + &c. 

Dividing again by t, and calling w", 71", &c. tlie inte¬ 

gral parts of the new quotients, we get 

m = or > 71 +p + <2 4- etc., 

and so on, as long as the quotients are not all less than t. 
Therefore, by addition, we get 

{771 4 - 77i" + &€.) = or > 

(«' 4- 7t" 4- &c.) + {]7 + 2 /' 4- &c.) 4 (v' 4- q" 4 «S:c.) 4 • ■ •; 
but these different sums express the highest power of t con¬ 
tained in the several products of ^^hich the jnoposed expres¬ 
sion fs made up. As, therefore, there is no prime factor of 
its denominator which does not enter to at least an equal 
power in its numerator, the value of the proposed expression 
must be a whole number. 


TRANSFORMATIONS OF ( ONGRUENCES ROOTS OF 

CONGRUENt'ES. 

200. If rt — ?> = a multiple of p, where ]> i‘5 a positive 
integer, and a and h integers positive or negative; a and h 
are said to be congruent, or equivalent, relative to j ); and arc 
called residuals one of the other relative to p, which is tei-med 
the modulus. Instead of writing 

a = h + 

the notation generally adopted is 

a = b, mod. jk 

Hence if r be the remainder after dividing a by ^ 7 , 

o = r, mod. p, 

where r is comprised between 0 and p; or, if wo do not con¬ 
fine ourselves to positive remainders, but take r to be the least 
number by which a must be either diminished or increased 
so as to become divisible by^, r will lie between — ^p and 
ip. Hence every number has a residual whose absolute 
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value is less than half the modulus, and is called its tninimum 
residual; hut if we consider only positive residuals, r lies 
between 0 and^>. 

201. The advantage of this notation is that it is analo¬ 
gous to that employed for equations ; and most of the trans¬ 
formations which equations arc capable of, may be applied to 
congi-iienccs. Thus if we have, relative to a modulus two 
congruences 

a'= }/ .( 1 ), 

then, adding or subtracting, we shall have 

a ± a' = }) ± y .(2). 

Tor the congrnences (1) amount to 

« = -I- a multiple of y>, = // -j- a multiple of _ (3) ; 

a + a' =h± y + a multiple of ; 
which is what (2) exjnesses. 

Again, we may multiply a congi’uence by any whole 
number m ; for if we have 

= h + a multiple ofp, or a = b, 
then ma = mb + a multiple of p, or ma = mb. 

Also we may multiply together any number of congruences 
relative to the same modulus. For, multiplying together the 
e(iuations (3), we get 

aa' = by + 0 multiple of p, or ao' = bh\ 

the result of multiplying together the two congruences (1). 
Similarly, if we multiply by a third congruence relative to p, 
u" = y\ we get aa'a!' = hyb "; and so on, to n congruences; 
and if they all become identical with the first a = 5, we find 
o" = h ”: so that we may raise to any power the two members 
of the same congruence. Hence if 

fix) + ••• +i>n 

be a rational and integral function of x, with its coefficients 
whole numbers; and if we have, relative to a modulus p, 
a = h, then we shall have the congruence /(«) =/(^) relative 
to the same modulus. • 
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202. Also we may simplify a congruence by rejecting 
from both its members the same divisor, provided it be prime 
to the modulus. For if we liave ma ~ mb, then 

ma = mh + a multiple of j} = inh + m'p suppose ; 

and as «n is prime to jy, it must divide and consequently 
we get 

a = J + a multiple ofj), or a = h. 

Or, we may reject dilFcrcnt divisors provided they be prime 
• to the modulus and congruent relative to it. For suppose 
that we have itui = nb, and that the divisors vi and n are both 
prime to the modulus p, and such that m = n ; then w e shall 
have a = b; for if not, let a = Z» + r where r is less than p ; 

ma ■= nb nr, 

or, since ma = nb, nr = 0; 

but n is prime to and r is less than p, therefore we must 
ha\e r = 0, or a = b. Ilcncp we cannot from a" = ?>", mod. p, 
infer a = h, mod. p. Thus 7® = 3®, mod. 5, does not lead to 
7 = 3, mod. 5; but 7® = 3®, mod. 4, leads to 7 = 3, mod. 4. 

203. If a be any number not divisible by the prime 
number then — 1 is di^^siblc by p; in other terms 

a*^* = 1, mod. 

If we form the^; — 1 multiples of a, 

o, 2a, 3a, ... {p — i)a .(1), 

wc see that not one of them is divisible by ; and that every 
one of them, when divided by p, leaves a different remainder; 
for if two of them ma, na, left the same remainder, then their 
difference {m — n) a would be divisible by which is im¬ 
possible because m — n is less than Those remainders 
m^t therefore be, in a certain order, the numbers 

1, 2,3, ... .(2). 

Hence the numbers (1) being congruent with the numbers (2), 
we might form with them p — l congruences of the form 
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ma = fjL, where ma is one of the products (1), and one of the 
remainders (2). Then multiplying all these congruences to¬ 
gether, vvc should find 

1.2.3... (;3-l)a^‘=l .2.3 ... (^-1); 

and as tlie common factor of tliis congruence is prime to p the 
modulus, wc may sup])ress it, and we get 

= 1, mod. p. 

This proof of Format's Theorem, it will be perceived, does 
not in reality difler from that at Art. 192; but it shews the 
advantages, in point of brevity and clearness, of the Notation 
for Congruences, for conducting researches of this sort. 

204. If p be a prime number, then 1.2.3 ... — 1) + 1 

is divisible by p ; or in otlier terms 

1.2.3 ... (^ —1) =-1, mod./>. 

Let a be one of the numbers 1, 2, 3,... (i? —1), and let 
tlie p — l products be formed 

o, 2a, 3a, ... — 1) «• 

In this series there is some one term ma tliat, when divided 
bv leaves a remainder 1; and its factors must be unequal 
unless a = 1 or - 1, for a* — 1 = (a + 1) (a - 1) cannot be di¬ 
visible by as a is less than j?, unless either a = l or a=^ —1; 
consequently the numbers 2, 3, 4, ... (p —2) may be grouped 
in ]»airs, so that the product of each pair is congruent with 
unity; and multiplying together all the congruences thus 
obtained, wc find 

2 . 3.4 ... (^ — 2 ) = 1 ; 

therefore multiplying this by — 1, 

1 . 2 . 3 ... (i?-l)=i?-l, or 1.2.3... (p-l) +1 EE 0; 

which is Wilsons Theorem. As was observed at Art. 197 
this proj^erty belongs exclusively to prime numbers. For 
if be a composite number, and p one of its divisors, and 
therefore less than p', then p will divide 1.2.3... (j? — 1) 
and cannot therefore divide the same product augmented by 
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unity; and of course cannot divide a number which one of 
its factors docs not divide. 

205. If by y\^j*) we denote as usual a polynomial of the 
form+ ... +p„ whose coefficients are whole num¬ 
bers; and if wlien x receives any integral value a or—a, 
J{x) becomes divisible by the po-^itivc integer p, theny\./-) for 
that value of x is said to be congruent with zero relative to p: 
so that, as has been stated, the c<piation 

f = a multiple of p 

is called a congruence, and is generally expressed by 

f[x) = 0, mod. p, 
and (t is called a root of it. 

The Theory Numbers solves several of the same 
Problems relative to congruences, that the Theory of Equations 
solves relative to equations: and in particular proposes to find 
the values of x which satisfy the congruence 

f{x) = 0, mod. j>. 

200. If this congruence is sati-afied by x = «, it will also 
be satisfied by x = a + m being any integer; fory’(u j by 
this substitution ■will evidently become/\#/) + a multiple of 
Hence every solution ofy*(j") = (», furnishes an iniinite number 
of other solutions, which however arc all equivalent relative 
to the modulus p. The different solutions contained in the 
formula a: = a + mp may be deduced from any one of them; 
and such a value may always be assigned to the integer m, 
that every value of a + itip may be comprised between tlie 
limits — and or between 0 and p. It is only necessary 
therefore to consider the solutions contained within these 
limits; so that the roots of the congruencey*(a") = 0, mod.p, 
may be restricted to mean the values of x between 0 and p, 
which render f{x) divisible byp. A congruence f{x) = 0 is 
identical when all its coefficients arc divisible by the modulus; 
and it is impossible, if all its coefficients arc divisible by the 
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modulus except the term which is independent of a?; for no 
integral value of x can make divisible by jp, \£p^ 

be not divisible by p. 

207. If F{x) denote another rational polynomial with in¬ 
tegral coefficients, we may for the congmence 

f {x) ~ 0, mod, p 
substitute the equivalent congruence, 

f{x) + pF{x) = 0, 

and dispose of the indeterminate coefficients of F{x) so as to 
reduce below j?, or below \pj all the coefficituts of the con¬ 
gruence. Wlien the modulus is a prime number, we may 
always transform a congruence so that the coefficient of its 
first term shall be unity. 

Let + ... -|-^« = 0 be a congruence whose 

modulus jt? is a prime numljer, and whose coefficients are all 
comprised between 0 and p, or between — \p and ^p ; then 
if we add to its first member another polynomial 

p + ... + we get 

p. (a;" + x''~' 4- &c.) = 0, mod. p ; 

Po 

now p^ being less than p is prime to p ; and we may determine 

&c., so that , &C., may be whole numbers 

pa 

&c., comprised between 0 and p ; or between -“^p and 
I p. The congruence will then become 

p^ (jj" + + ... + t„) = 0, mod. p, 

or, since p^^ is prime to the modulus, 

£C** + '+...+ = 0, 

where the coefficient of the first term is unity. 

Thus the congruence ( 20 ? — 1) (3a; — 2) = 0, mod. 7, which 
has 3 and 4 for roots, may be reduced to 

3x^ + 1 = 0, or a;® — 2 = 0, 
by adding or subtracting multiples of 7. 


35 
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208. A congruence relative to a prime modulus, and 
which is not identical, has at most as many roots as there are 
units in its degree. 

Let a congruence of the degree, and having unity for 
the coefficient of its first term, be 

/(.r) = 0, mod. j) .(1), 

and let a be a root; then dividing/(x) by a: — o, we get 

/(.r) = (a--rt)/;(.f)+/(«), 

and 81000 /( 0 ) is divisible by p, the congruence is reduced to 

{x — o) /j (.r) = 0, mod. jr>. 

Now let h be a second root, then 

{h — = 0, mod.^); 

but i — a is less than and therefore prime to it, 

* * .A (^) ~ mod .Pf 

so that h is a root oi f^(x) = 0 (2), the coefficient of its first 
term being unity. Hence it results that the congruence (1) 
whose degree is can have only one root more than the con¬ 
gruence (2) whose degree is w —1. Similarly, the latter can 
have only one root more tlinn f^{x) = 0 (II), whose degree is 
ra — 2, and the coefficient of its first term unity. Consequently 
the proposed congruence can have only tw’o roots more than 
(3); and in the same way it may be shewn that the proposed 
can have only « — 1 roots more than the congruence of the 
first degree, x — l = 0, which admits but the single root /. 
Therefore a congruence of the n*** degree, relative to a prime 
modulus, cannot have more than n roots; but it may have 
fewer or none at all. 

209. Suppose that f{x) = 0j a congruence of the w*** 
degree and with unity for the coefficient of its first term, has 
actually n roots a, h, c, ...I; then tliese n roots will also 
belong to the congruence 

f{x) — {x — a) (x — h) ... (x — I) = 0; 
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but this is only of the (w -1)* degree; it is therefore iden¬ 
tical, and consequently we have (Art. 206) 

f{x) = (aj—a) {x—h)... {x — l)+p.F{x), 
where F{x) denotes a rational and integral function of x with 
its coeflScients whole numbers. 

210. By Fermat's Theorem, the congruence 

— 1 = 0, mod.^, 

admits of the — 1 roots 1, 2, 3, &c. (jp — 1); if therefore/(a*) 
be a divisor of £C^"‘ -1, or more generally of — 1 increased 
by a polynomial of the degree p — l such as pF{x), then the 
congruence f{x) = 0 will have as many roots as it has dimen¬ 
sions. For let 

F{x) =f{x) .f, {x ); 

then the congruence of the degree^ — 1, 

/(ar)./(a-) = 0, 

admits the roots 1, 2, 3, &c. (p —1); but these roots also 
belong-to the following congruences 

and therefore each of them has as many roots as it has dimen¬ 
sions ; for if one of them had fewer roots than the units in its 
degree, the other would have more, which is impossible. 

211. We are hence conducted to a simple process for 
determining the roots of a congruence relative to a prime 
modulus. First we observe that if q denote the quotient of 
the division of/^.r) byand};(a;) be the remainder, 
we have 

/(»•) = 

which shews that if any value of x make (ar) along with 
either/(a;) or f^[x), divisible by p, it must make the third 
function also divisible hyp. Consequently the roots common 
to two congruences f{x) = 0, f^{x) = 0, must also belong to 
{x) = 0, where <l> (x) denotes the greatest common divisor 
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of f{x) and f^ (a?); regard being had to the way in which 
(x) is found. Now if f (x) = 0 be any proposed con¬ 
gruence relative to a prime modulus it can only have for 
roots whole numbers less than which all belong to the 
congruence — 1 = 0 relative to the same modulus. There* 
fore we have only to find the roots common to the two con¬ 
gruences f{x) = 0, — 1=0; and these belong to <f> (x) = 0, 

where tf> (x) is the greatest common divisor of their first 
members. If (f> (x) docs not exist, the proposed congruence 
has no root; if (x) exists and is of the degree, the pro¬ 
posed has m roots which are those of ^ (x) = 0; roots that 
necessarily exist, because <f> (x) is a divisor of x*^^ — 1. In 
finding this greatest common divisor, we may pursue the 
ordinary method; except that we may neglect all the terms 
that have p for a factor; and in order that all the divisions 
may be effected without introducing fractional coefficients, we 
may add to the coefficient of the first terra of each dividend 
such a multiple of p as t<j make it di\dsible by the first term 
of the corresponding divisor. 

Ex. To find the roots of the congruence 

X® — 3x* — 2x'’ — 2x® + .r — 2 = 0, mod. 7. 

Dividing x* — 1 by the first member and neglecting mul¬ 
tiples of 7, we find for the first remainder 

-3x" + x®-2x"-x-2. 

Next dividing the first member of the congruence by this 
remainder, we find 2x® — x® — 2x + 1 for the second remainder; 
in which operation the terms — 7x® and — 7x* have been suc¬ 
cessively added to the dividend to avoid fractional coefficients. 
Finally, dividing the first remainder by the second and neg¬ 
lecting, as before, multiples of 7, we find the third remainder 
equal to zero; it having been necessary to add the terra — 7x* 
to the dividend before effecting the division. Hence the pro¬ 
posed congruence has three roots belonging to the congruence 
of the third degree 

2x’ — x® — 2x + 1 = 0, mod. 7; 
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or, adding lo? 7 to the first member and dividing by 2, 

X*Za? — X — or (a; --1) (aj +1) (05 + 3) = 0. 
Consequently the proposed congruence admits the three roots 
1, — 1, — 3; which may be replaced by 1, 6, 4. 

212. If the modulus ^ be a prime number, the con¬ 
gruence 

(x —1) {x — 2) (a5 —3)... (a5—^ + 1) — 05^* +1 = 0, mod./?, 
admits of the /? — 1 roots 1, 2, 3, .../? — 1; and as its degree 
is only j) — 2 when its first member is arranged according to 
powers of a5, all its coefficients must be divisible by p. If 
therefore we denote by s,, «fec. the sum of the numbers 
1, 2, 3,.../? — 1; the sura of the products of every two; &c., 
and by 8p_^ the product of all of them, wc have 
Sj = 0, = 0, &c. + 1 = 0, 

relative to the modulus/?. The last of these congruences is 
Wilsons theorem. Moreover the coefficients of the equation 
{x — l){x — 2) (vC — 3) ... (a5 —p + 1) = 0, 

when arranged according to powers of x, being, with the 
exception of the last term, multiples of p, Newtons formulas 
for the sums of the powers of the roots of an equation (Art. 
ir>l) shew that the sum of the powers of the/? — 1 roots 
], 2, 3, ... (/?--l) is always divisible by /?, unless m be a 
multiple of/? — 1. 


BINOMIAL CONGEUENCES, PEIMITIVE ROOTS. 

The properties of Binomial Congruences are analogous to 
those of Binomial Equations ; and throughout the following 
investigation of them we suppose the modulus ^ to be a prime 
number. 

213. The roots common to the two congruences 
a5’’*=l, x^ = l .(1), 

also belong to u;' = 1, where i is the greatest common measure 
of M and n; this follows from Art. 211, because a;* — 1 is the 
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greatest common divisor of a" — 1 and a" — 1; and conversely, 
every root of the congruence ar*=l, satisfies the two con¬ 
gruences (1). 

Hence the roots of any proposed congruence, j-"* = 1, since 
they are integers between 0 and p, all satisfy = 1 by 
Fentiat's theorem; and, consequently, are also roots of x'= 1, 
t being the greatest common measure of m and p — l. As a*— 1 
is a divisor of 1, x'e 1 has exactly i roots Art. 210), 
the same number of rwts os the projvosed ha.s: if m is prime 
to p—l, then 1, and the congruence j"' = 1 has no root be¬ 
sides unity. Ilonce we may limit our investigation of the nwts 
of the congruence 

a'" = 1, mod.;; 

to the case where m is a divisor of p—L 

214. If a be a root of a-” = 1. mod.;>, where m is a divisor 
of;;—1, then a", any power of a, or the minimum residual 
of a", is also a root. 

“ For if we have a" e 1. then a"'* = 1, or /a" i" e 1 ; and if /9 
denote the minimum rc-idual of a", then a"E^, /^“e I. 

Consequently all the term^ of the series a. a*, a’, &c., as well 
as the minimum residuals of tho^^c quantities, arc roots of 
a-" E 1 . But since a" s 1, we have aKo a""* e a, e Ac. ; 
so that the scries of jwwcrs of a contain', at most //i terms 
having different rcsidmils; and these residuals recur in jtcriods 
of m terms. If no two of the first m terms a, a®, a\.. a” are 
equivalent, that is, congruent relative to the modulus jj, then 
their residuals arc the m roots of the pr(»posed congruence. 
In the contrary case, it we have two tenns whose indices arc 
less than «t congruent with one another, a"^" e a"; then, a 
licing prime to p, we get by div^ling by a"', a" = 1, and con¬ 
sequently a is a root of the congruence x" = I, of a degree 
inferior to m. 

It hence results that if a be a root of the congruence 
«"* = 1, not belonging to any congruence = 1 where n<m, 
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then the m roots of the proposed will be the residuals of the 
m powers of a, a, a®, a*, ... a“. The primitive roots of the 
congruence a;*" = 1, where m is a divisor ofp—1, are those 
which do not belong to any congruence x*—l, where n<m. 
Any primitive root by its different powers can produce all 
the other roots. Any non-primitive root of a:”‘= 1, belonging 
to a;" = 1 wliere n<m but is not a divisor of w, belongs also 
to a tliird congruence aj"* = 1 where n' is a divisor of w. 

Ex. 1, mod. 7; here a; = 3; and the powers of 3, 
1, 3} 3®, 3®, 3*, 3® or tlieir residuals 1, 3, 2, 6, 5, are the six 

roots. Also the numbers 1, 2, 2®, 2®, 2^ 2® are roots; but as 
their residuals are 1, 2, 4, 1, 2, 4, they only furnish three 
different roots. lienee 3 is a primitive root of the con¬ 
gruence 1, and 2 a non-primitive root; and we perceive 
that 2 is a root of 1,” mod. 7, a congnience whose degree 
is a divisor of 6. 

215. In the congruence let m = then every 

non-primitive root of.r’'^=l, (2) belongs tox'=l where t is 
a divisor (»f (f - and aUo of ; consequently the root belongs 
to ^ = 1, (3). Moreover all the roots of (3) are roots of (2), 
and their niimlx'r i^ con>>cquently the number of primi¬ 
tive roots of the proj)osed is ^ 

Suppo^e now that ni —... s'^, q,r, ...8 being its un¬ 
equal prime factors. J^et a, ...X be primitive roots re¬ 
spectively, of 

=1, = 1, &c., = 1; 

then will ...\ be a primitive root of the proposed congru¬ 
ence, a*’" = 1. First of all, it is evident thata)S...X, or its 
residual, is a root: for having 

a* = 1, = 1, &c., X**^^ 1, we have 

(a^... X)’'"=1. 

Now if the product a/9 ...X be not a primitive root of 
the proposed, it will be a root of as* = 1 whose degree ^ is a 
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divisor of m ; and there will be at least one of the prime 
factors of 7n, a less power of which will bo found in t than 
in m. Let this bey, then^ will dividey'‘“V...s', and con- 
scquentljr oyS ... X will be a root of the congruence 

^9^ V = 1 j gjiall therefore have 
(fly9... X)^ 1; blit we have also 

()i3y... X)*^ ** = I; therefore by division we get 

= 1 ; 

from which we see that a is a root of the two congruences 

= 1, and = 1 ; 

and consequently of = 1, since y*'“‘ is tlie greatest common 
divisor of the degrees of tlic two preceding congruences. 

Tlierefore a is not, as was .siipjwa<‘d, a })rimitive root of .r^= 1. 
Consequently a/?...X, or it> residual, is a primitive root of 
the proposed congruence. 


216. By reasonings similar to tho.se employed at Art. 79 
it may be shewn that all the roots, both primitive and non¬ 
primitive, of x"= 1, where = are comprised in llie 

formula .r = a^...X, which is composed of the product of one 
root a belonging to 1, one root Ixdonging to 1, 
&c., and one root X belonging to 1. And the same 
formula furnishes the primitive roots of the propo.scd con¬ 
gruence, if we take for a. y9,... X the different primitive roots 
of the congruences to which those roots res|>cctively Ixdong. 


And as the number of primitive roots a is 

number of primitive roots is r*' /1 — , &c., and that of the 


primitive roots X is ; therefore the number of j)ri- 

mitive roots of the proposed congruence, x" = 1, is 
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a formula which also expresses how many numbers there are 
prime to m and less than m. • 

Ex. j:* s 1, mod. 13. The roots will be found to be 
10-4 3 9 12 1; 

and the congruences of inferior degrees with their roots, are 
x* = l, 5 8 12 I 
3 9 1 

12 1 . 

All the roots of the proposed are the residuals of the pro¬ 
ducts of every root of x'* = 1 multiplied by every root of jc* = I; 
and its j)rinutivc roots, of whicli there can be only two, and 
which are evidently 10 and 1, are the residuals of 3 x 12 and 
9x12, the products of the primitive roots of the same equa¬ 
tions. The root 12, which belongs to a;*=l, belongs also 
to = 1, 


PUIMITJVE IIOOIS OF PUI.ME NUMBERS 

217. The ju'iniitive roots of a prime number^? are'the 
])nmiti\c roots of the congruence = 1, mod. and they 
Innc the property that the se\eral powers of any one of them 
from 1 to _/> — Ij ^\hen divided by p, leave different remainders. 
For let a lx* one of them, then a, a”, o',... are roots of 

1, and tin refore their residuals relative to p) ai’e roots; 
and consequently coincide wuth 1, 2, 3, ... p) —I, which 
by Ftrnmfs theoiem are all the roots of —1=0. The 
jnimitivc roots of any prime number may be found by means 
of the following propositions. 

218. If p> be any prime number, and p — \ = mn, then 

the residuals of the jiowers of 1, 2, 3, — 1, relative to 

p), are roots of the congruence j*"=1 , and are therefore in 
number n and cannot be primitive roots of = 1; and, con¬ 
versely, if a be any root of a;" = 1, then will a be the residual 
of the powers of »i of the numbers 1, 2, 3,...^ —1, the 
congruence j(f = a admitting of m roots. 




36 
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For let a denote one of the numbers I, 2, 3’, 1, and 

p the residual of its w*** power so that a" = p; then raising 
both members to the |K)wer, a"" = p *; but by Fermat^a 
theorem a"** = a'"* is congruent with t, therefore p* is con¬ 
gruent with 1, or p is a root of j*" = 1. 

a\18o if a be a root of x* = 1, then — 1 = 2 )<i where q is 
a wliole number; and subtracting each member of this equa¬ 
tion from — 1, we get 

x'-* - - 1 -pq. 

But the first member, w'hich is the same as r'"'* —o", lias 
x"* —a for a divisor, therefore the second mcniln'r admits the 
same dmsor; and consequently (Art. 210) the congnience 
x* = a admits of m root.« taken from the numlxTs 1, 2, 3,... 
p — 1 ; and therefore a is tlic rc»idual of the powers of in 
of the same numbers. 

219. Generally, if p be a prime iiumlnT, and 

p - 1 = .. .v", 

the non-primitive roots of x’”* — 1 = 0, wliicli necessarily 
belong to one of the congruences 

p-i />—1 f~i i*-i 

x»=l, x«=l, jf'^=l,....r'==l. fl), 

are, by the preceding proposition, residuals, after dividing by 
p, of the squares of the numbers 1, 2, 3 ... (y>— 1) ; of the 
jiowers of the same, &c., and of the jwiwers of the >aine. 
And, conversely, every number that is a re-^idual of tlie 
square, of the power, &c. or (»f the power, of one of the 
numliers 1, 2, 3, ...p —1, is a root of one of the congruences 
(I) and cannot therefore be a primitive root of ./*^”' — 1=0, or 
a primitive root of p. We see likewise that half of the num¬ 
bers 1, 2, 3 ...p — 1, are the remainders wiien the squares of 
the whole of them are divided hy p\ a q^ part of them arc 
the remainders when the q'^ powers of the wliole of tliem 
are divided byp; an r”* part are the residuals of their r*** 
powers, &c. ; and an part of the powers. And, more 
generally, if we only consider those amongst the numbers 
1, 2, 3 ...p — 1, which are at once residuals of the squares, 
j*** powers, powers, &c., the s*** part of these latter will be 
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at the same time residuals of the «*** powers. For the num¬ 
bers which are at once residuals of the squares, powers, 
powers, &c. of the numbers 1, 2, 3, ...p — l satisfy the 
congruences 

p-1 p—t p-i 

a: * = 1, x '« =1, £c ’■ = 1, &c., 
and consequently arc roots of = 1 ; their number there- 
fore is -. Similarly, the number of those which are at 

the same time residuals of the 6^** powers is —— , which is 

^ 2gr...s 

the .s^ part of — . 


220. To find the primitive roots of a prime number. 

Let j> be a ])rinie number, 2, q, r, ... n the unequal prime 
factors of p—l [ if from the series of numbers 


1, 2, 3, 4, ...p-l, .(1), 

we successively remove all tliose which are residuals of the 
s<iiiares of the above numbers, of the powers of the same, 
of their powers, &c., and of their .s*** powers, when divided 
by p there will at last remain only primitive roots of p. By 
means of the residuals of the squares, we exclude half of the 
numbers (1); by means of the residuals of the g*** powers we 
exclude a g*** part of tho-^e that remain; and so on, till we 
amve at the re'<iduals of the powers which are the last to 
be excluded; and the number of those that finally remain, 
i. e. the number of primitive roots will therefore be 



Ex. 1. To find the primitive roots of 13. 

Here p — l = 12 = 2’ x 3; and writing down all the num¬ 
bers less than 13, and the square of the first half of them, 
{as the latter half, by reason of the relation (13 — 
must give the same remainders as the first half}, we have 

I 2 3 4 5 6 7 8 9 10 11 12,.(1) 

-1 4 9 16 25 36, 
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and dividing by 18^ we get tbe residuals of the squares 

1, 4, 9, 3, 12, 10, 

which when removed from (1) leave 

2 5 6 7 8 11,.(2). 

The cubes of these, and their residuals after being divided 
by 13, arc 

8 125, 216, 313, 512, 1331, 

8 8 8 5 5 5. 

Suppressing, therefore, the residuals of the euljes from (2), 
we find 2, 6, 7, 11 for the primitne roots of 13; their num¬ 
ber being 12 1 — 

If we liad divided by 13 the cuIh's of all the numbers (1), 
we should have found only four ditferent remainders; since 
all those remainders are root- of 1. 

Ex. 2. To find the primitive roots of 17. 

» As 17 —1 = 16 = 2\ we have in this case only to reji'ct 
from tlio .-erics 1, 2, 3 ... l.>, 16, the re-iduals of tlve sipiares 
of the fir-t half, which are 

1, 4, 0, 16, 8, 2, 15, 13 ; 

so that the eight primitive roots of 17 are 

3, 5, 6, 7, H), 11, 12, 11. 

For further details on thi.s subji'Ct the reader is referred to 
Seiret’a Cours iVA.hjhhrt> from which considerable 

assistance has been derived. 


THE END. 


Camt/r%dgt JPrmted at the Univeniiy Prtu. 








